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Preface 


The word ‘Trigonometry’ (Tri + Gono + Metry) means measurement of triangle and is derived from the Greek word 
‘Goni,’ which means an ‘Angle’. This branch of mathematics was nurtured on the Indian soil for a number of 
centuries by Hindu Scholars Arya Bhatt (Sth century AD), Varhamiuhira (6th century AD), Brahma Gupta (7th century 
AD), Bhaskara (12th century AD), and later it was passed on to the West through the Arabs. After 16th century AD, it 
evolved there in the form of Modern Trigonometry out of the monumental works of great European mathematicians like 
Vieta (16th century AD) and Leonahrd Euler (18th century AD). 

In my school days, I was taught Trigonometry by conventional approach of cramming identities and formulae. There- 
fore, I developed a strong phobia of this subject, but later on, when I tried to understand the need and origin of trigonomet- 
ric functions and their properties, I found that this branch of mathematics is equally interesting and challenging and can be 
learnt through conceptual approach to minimize cramming of results. 

In my yesteryears, during my high school days, as an IIT-JEE aspirant, and later as a tutor of Mathematics for 
past fifteen years, I always felt the need of a comprehensive text book on Trigonometry that deals with the subject matter 
conceptually. 

This book has been written with the objectives of providing a text book as well as an exercise book, focussing on prob- 
lem solving. I feel this will not only fulfil the need of beginners, pre-college students (Students of Standard XI and XII), 
but also meet the requirements of advance level students who are preparing for various entrance examinations like IIT-JEE, 
AIEEE, BIT-SAT, and other state engineering entrance examinations. This book, 7rigonometry, develops a deep insight 
into topics: Trigonometric Functions, Trigonometric Equations and Identities, Inverse Trigonometric Function and Proper- 
ties, and Solutions of Triangles. The well arranged content list will help students as well as teachers to access conveniently 
the chapters and sub topics of their interest. Each chapter is divided into several topics; each topic contains its theory and 
sometimes subtopics with sufficient number of worked out illustrative problems. Students can develop applicative abil- 
ity of the concepts learned. This is followed by a textual exercise of both objective and subjective type problems, per the 
requirements. At the end of the theory of each chapter, a large set of solved examples of both objective and subjective type 
is given. This will involve application of all the concepts learnt in the chapter so that students can develop mastery over the 
chapter. The tutorial exercise given at the end contains a large number of multiple choice problems with single and multiple 
correct options, comprehension passages, column matching problems, numerical integer type questions to facilitate the 
students to do a thorough revision of the entire chapter and to raise their level of understanding of the topics. For teachers, 
this text both will be quite helpful as it will provide a set of well graded problems, arranged topic and subtopic wise, that 
can be used as home assignments to be given to their students. 

All suggestions for improvement are welcome and shall be gratefully acknowledged. 


---Sanjay Mishra 
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Trigonometric 
Ratios and Identities 


es iNTRODUCTION 

In previous classes, you must have read the pythagoras 
theorem in Geometry that, in a right angled triangle the sum 
of square of two sides (perpendicular and base) is equal to 
the square of the biggest side (hypotenuse). This theorem 
was very widely used for ages in various applications e.g., 
laying down the boundaries of the field at right angles or 
designing right angular crossings of roads etc. 

The above theorem is true for all right angled triangles 
whatever be the lengths of the sides. Such an equality rela- 
tionship is called an Identity. 

The word ‘Trigonometry’ means the measurement 
of tnangles. It is a word derived from Gonia, a greek 
word, means an angle. This branch of mathematics was 
nurtured on Indian soil for a number of centuries by Hindu 
scholars like Aryabhata (Sth Cen. AD), Varahamuihira 
(6th Cen. AD), Brahmagupta (7th Cen. AD) and Bhaskara 
(12th Cen. AD) but later it passed on to the west through 
the Arabs. After the 16th century modern trigonometry took 
shape out of the works of European mathematicians like 
Vieta (16th Cen. AD) and Euler (18th Cen. AD) and many 
other eminent scholars. 

A triangle has 6 basic components; 3 sides and three 
angles. If you take a triangle and increase its one side, then 
you will have to increase either some other side or some 
angle. It means that the three sides and angles are mutually 
dependent or there 1s some relationship between them. In 
this chapter, we shall examine these relationships. Some of 
these relationships are always true and hence we call them 
trigonometric identities. We shall learn these identities and 
also learn their various applications in various streams of 
mathematics and physics. 

The contents of this chapter form elementary tools of 
a scientific worker. We should not only know the shapes 


CHAPTER 


and size of these tools but we should also know how these 
tools were made 1.e., we should be clear how these identi- 
ties are derived. In this process, we will also learn how to 
apply these mathematical tools to solve various problems in 
mathematics and other branches of science. 


fs BASIC CONCEPTS 


Supose a student is looking at the top of the Eiffel Tower, 
a right triangle can be imagined to be made, as shown in 
the figure. Can the student find out the height of the Eiffel 
Tower, without actually measuring it? 

In all situation like the one given above, the distance 
or the height can be found by using some mathematical 
techniques which comes under a branch of mathematics 
called trigonometry. 
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FIGURE 1.1 


The word ‘Trigonometry’ is derived from two Greek words: 
(i) Trigon and 
(41) metron, the word trigon means a triangle and the 
word metron means a measure. Hence trigonometry 
means science of measuring triangles. Thus this is a 
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branch of mathematics which deals with the study of 
measurement of triangle and its component and their 
various relations. 


Angles and Measurements 


A physical quantity which defines the amount of inclination 
between two straight lines is called as angle between those 
two lines. S.I. units of its measurement 1s called radian. 
Being ratios of two lengths, it 1s a dimensionless quantity. 

There are three systems used for the measurement of 
angles. 


1. Sexagesimal system or English system (degree system) 
2. Centesimal system or French system (grade system) 
3. Circular system of measurement (radian system) 


Sexagesimal or English system (degree) 


Here a right angle 1s divided into 90 equal parts known as 
degrees. Each degree is divided into 60 equal parts called 


minutes and each minute is further divided into 60 equal 
parts called seconds. 


60 seconds or (60’’) = 1 minute (1’) 
60 minutes or (60’) = 1 degree (1°) 


90 degree or (90°) = | night angle. 


Centesimal system or French system (grade) 


Here a right angle is divided into 100 equal parts, called 
grades and each grade is divided into 100 equal parts, called 
minute (’ ) and each minute is further divided into 100 equal 
parts called seconds (” ). 


100 seconds (or 100”) = 1 minute (1’) 
100 minutes (or 100’) = 1 grade (18) 
100 grades (or 1008) = 1 night angle. 


ILLUSTRATION 1: If x and y respectively denote the number of sexagesimal and centesimal seconds in any angle 


then show that 250x = 81y. 


SOLUTION: 
90 degrees = 1 nght angle. 


We know, in sexagesimal system: 60 seconds = 1 minute, 60 minutes = 1 degree and 


Expressing the angle into right angles using both systems, we have 


x 
x seconds = ———————_ 
60 x 60 x 90 


and in the centesimal system: y seconds = 


x = y 
60 x60x90 100x100 x100 


ILLUSTRATION 2: 


right angle 


¥ 


———_—_— right angle 
100 x 100 x 100 


= 250 x = Sly 


The angles of a triangle are in A.P. and the number of grades in the least 1s to the number of 


radians in the greatest 1s 40: 7; find the angle in degrees. 


SOLUTION: 


Let the angles be (x — y)°, x° and (x + y)° 


Since the sum of the three angles of a triangle is 180°, we have 


1I80=x=—y +x +xt+ y= 3x > x= 60 
The required angles are therefore (60 — y)°, 60° and (60 + y)° 


a 


Now (60 —-y)° = x (60-—y)* and (60+ y)°= ia (60+ y) radians 


10 
Therefore a y): 40 00+ y):: 40: w@ (given) 


> 5(60-y)=60 + y> y= 40° 


80 


ba 6o-y\_ 40 
“ha 60+ y 


The angles are therefore 20°, 60° and 100° 
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TEXTUAL EXERCISE-1 (SUBJECTIVE) 


1. (a) Find radian measures corresponding to following 
degree measures. 
(a) 240° 
(c) 125° 30’ 


(b) 56° 
(11) Find degree measures corresponding to following 


radian measures. 
& ) 
(b) 24 


Sa) 

Once 
(c) (2.64)° 

2. One angle of a triangle 1s 2x/3 grades and another is 


3x/2 degrees, while the third is on radians; express 


them all in degrees. 


Answer Keys 


2517 
360 


l4z 


4 - 
1. @ (a) = o) T= © (ii) (a) 300° 


3. 30°, 60°, 90° 


20 


3. pie and —— Z radians 
3 Ss . 2 


Nm] 


Circular measurement or radian measure 


In this system, a unit called ‘Radian’ has been defined for 
the measurement of angle and it follows from the fact that 
the ratio of circumference of a circle (other than a point 
circle) to its diameter is always constant for all cirlces. 
Hence if we take the length of arc of any circle to its 
radius, it will always bear a constant ratio. This gives rise 
to circular measurement of angles and the unit ‘Radian’ 1s 
defined as: 


FIGURE 1.2 


3. The angles of a triangle are in A.P. and the number of 
degrees in the least is to be number of radians in the 
greatest 1s 60:7, find the angles in degrees. 


4. Find the radians and degress of the angle between the 
hour and the minute hand of a clock at 


(i) half past three, 
(11) twenty minutes to six, 
(111) quarter past eleven 


5. The angles of triangle are in A.P. and the number 
of radians in the least angle to the number of 
degrees in the mean angle is 1:120. Find the angles 
in radians. 


(b) 37°30’ (c) 151° 12’ 2. 24°, 60° and 96° 


_ (5r \ baat ory ( xy zm ($2) 
AG yi '| 2295s 23> it) |e ||, Soa iii) | — | =112.5° = (125)* 
o (=) ( "| ai) (7) 9 _ 8 ( 


arc length of magnitude (r 

One radian (1°) = ale Senet oy enue 
radius of circle(r) 

1.e., one radian corresponds to the angle subtended by arc 

of length r at the centre of the circle. Since the ratio is 

independent of the size of a circle it implies that ‘radian’ is 


constant quantity. 
arc AD 


For a general angle, ZAOD = radian (s) 


Perimeter of a circle 
Definition of x = ——_——__————_ 
Diameter 


Since the angles subtended at the centre of a circle are 
in proportion to their respective arc lengths. 


/ZAOB arc AB 5s ,) 
rs “Toc ae AC Fr 
Bit WAC =i =F eal) = IOP 


a (a (A 
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NOTES 


1. Radian is the unit to measure angle and it does not mean that x stands for 180° (z is a real number) 
Where as 2‘ stands for 180°. Remember the relation 2 radian = 180 degrees = 200 grade. 


2. The number of radians in an angle subtended by an arc of a circle at the centre is ai See 
radius r 
Polygon and Its Properties (1) Convex Polygon: A polygon in which all the internal 


angles are smaller than 180°. 
(1) Concave Polygon: A polygon in which at least one 
internal angle is larger than 180°. 


C7 Cy Properties 


Convex Convex Convex 1. An angle is called reflexive angle if it is greater than 
Triangle Quadrilateral Pentagon or equal to 180° or z radians. 


Polygon: A closed figure surrounded by n straight lines 1s 
called polygon. It is classified in two ways: 


2. Sum of all internal angles of a convex poly gon = (n— 2) 
m = (n — 2) 180°, irrespective of regular/irregular 


poly gon. 
Concave Concave 3. Each internal angle of regular polygon of n sides 
Quadrilateral Octagon (n—2)x 
FIGURE 1.3 n 


NOTES 


1. Perimeter of a circular sector of sectoral angle 0° = r (2 + 9) 


eee. 
2. Area ofa circular sector of sectoral angleQ = 5 r?0 


POLYGON 


Triangle 


Hexagon 


5 


/ 
Pentadecagon | 1 
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ILLUSTRATION 3: If the three angles of a quadrilateral are 60°, 20% and 27/3. Then find the fourth angle. 


90 
SOLUTION: First angle = 60°; Second angle = 20% = 20 x 100 degrees = 18° 


. 2 ' 2180 
Third angle = = radian = = = 120° 


Fourth angle = 360° — (60° + 18° + 120°) = 162° 


ILLUSTRATION 4: If the diameter of circular wheel of Konark Sun temple be 40m, and the length of a chord is 
20 m. Find the length of minor arc corresponding to this chord. 


SOLUTION: Let arc AB =. It 1s given that OA = 20 m and chord 
AB = 20m. Therefore, OAB is an equilateral triangle. 


zr \ (nv 
Therefore Z AOB = 60° = 60 <a) = =| , since @= ae 
180 3 radius 3 


B 


GS 
S 


FIGURE 1.4 


ILLUSTRATION 5: Express the interior angle of a regular decagon in three system of angular measurement. 
Rae ae 
SOLUTION: By geometry, sum of all interior angles of n sided poly gon (convex) = (2n — 4) a radian 


Let each interior angle of a regular decagon contains x radians, so that all the angles are together 
equal to 10 x radians (".. = 10) 


c 


now 10x = [2 (10) — 4] = radians > x = = radians = = 


= 8/5 right angles = (8/5) x 90 degrees = 144° = (8/5) x 100 grades = 1608 


TEXTUAL EXERCISE-2 (SUBJECTIVE) 


1. The number of sides in two regular polygons are as 5: 4. The radius of a carrrige wheel is 50 cm, and in 1/9" 
4, and the difference between their angles is 9°; find of a second turns through 80° about its centre, which 
the number of sides in the polygons. is fixed; how many km does point on the rim of the 


2. The angles of a quadrilateral are in A.P. and the greatest wheel travel in one hour? 


is double the least; express the least angle in radians. 5. Consider an equilateral triangle with sides = 4 m. 


3. The wheel of a railway carriage is 90 cm in diameter Now, if a man runs around the triangle in such a way 
and makes three revolutions in a second; how fast is that he is always at a distance of 2 m from the sides of 
the train going? triangle then how much distance will he travel? 
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6. Consider a square of sides 4 m. Now, if a man runs at 
a distance of 2 m from the sides of the square. How 
much distance will he travel? 


7. Consider a triangle with sides 3, 6, 8 m respectively. 
Now, if a man runs around the triangle in such a way 
that he is always at a distance of 2 m from the sides of 
triangle then how much distance will he travel? 


4. 22.6 km approx. 


Answer Keys 
1. 10 and 8 2. 2/3 3. 848.5cm/sec 
§.12+42 6. 16+42z 7.17+42 


‘QUADRANTS AND ITS SIGN 
SCONVENTIONS 


Let XOX’ and YOY’ be two mutually perpendicular lines, 
then the plane gets divided into four parts called quadrants. 
XOX’ is called X-axis and YOY’ is called Y-axis. Right 
portion from O 1s called positive X-axis and left portion 1s 
called negative X-axis. Regions XOY, X’OY, X’OY’, XOY’ 
are called first, second, third and fourth quadrants respectively. 


y 


Quardrant | 
x-coordinate & 
y-coordinate are +ve 


X 


Quardrant Il 
x-coordinate is —ve while 
y-coordinate is +ve 
x! 
Quardrant III 
x-coordinate & 
y-coordinate are —ve 


Quardrant IV 
x-coordinate is +ve while 
y-coordinate is —ve 


y’ 
FIGURE 1.5 


ESIGN CONVENTION OF ANGLE 


We know that the direction opposite to that of the hands of a 
watch 1s called anti-clockwise direction, and the direction of 
the hands of a watch 1s called clockwise direction. Naturally 
few questions arise in your mind like: 


(1) Whether the angle 0 can be greater than 27? 
(11) Can the angle 0 be negative? 


Answers can be obtained in following case analysis: 


Casel: In one complete revolution in anti-clockwise direc- 
tion, OP, with respect to OX, traces an angle of 27 radians. 
So the angle made by OP with x-axis depends upon the num- 
ber of revolution OP has taken w.r.t. origin O. e.g., Z XOY = 
W/2, ZXOX' = n, ZXOY' = 37/2. If the angle is greater than 
27, then case becomes interesting. 

Let us suppose that the angle 1s larger than 20 by some 
magnitude @ (say). This can be represented by an equivalent 


angle in the range 0 to 2a. Reason 1s very simple, if one 
moves around a circle after every 27 angle, he reaches the 
initial point. Thus this angle 8 can be represented in the 
form of (2nz + 0), where 0 < 0 < 27 and n 1s any positive 
integer, representing number of revolutions. 


a 'n’ Revolutions 


FIGURE 1.6 


Case Il: By convention we define an angle as positive 
if it is measured anti-clockwise with the positive X-axis. 
Thus any angle measured clockwise from the positive 
X-axis would be negative. This is analogous to the case 
of coordinates in the cartesian system, where we take 
distances to the right of origin as positive and distances 
towards left as negative. 


¥ 


P(x,-y) 


FIGURE 1.7 


Let us take a nght angled tnangle ABC as shown in figure. 


Here ZCAB is an acute angle, Note the position of the 
side BC with respect to angle. It faces ZA. We call BC, the 
side opposite to angle A. AC is the hypotenuse of the right 
triangle and the side AB 1s a part of ZA. So, we call AB, side 
adjacent to angle A. 

We now define certain ratios involving the sides of 
right triangle, and call them trigonometric ratios. 


Siéorezre side opposite to angle A a BC 


hypotenuse AC 


Ce ae side adjacent to angle A AB 


hypotenuse ~ AC 
= sine of ZC = sin (90° — 8) 


2 
2 
Q < 
0) 
sD 
oO Cc 
o 14) 
3 
” 
. . B 
Side adjacent to 
angle A 
FIGURE 1.8 


tavgentor 7a sideopposite to angle A BC 


side adjacent to angle A ~ AB 
= cot of ZC = cot (90° — 8) 


NOTE 


secant of ZA = 


Trigonometric Ratios and Identities < 1.7 


Cosecant of ZA 


l = hypotenuse 


sine of ZA side opposite to angle A 


= — = Secant of Z = sec(90 -— @)=cosec@ 


l 
cosine of ZA 


hypotenuse _ AC 


~ side adjacent to angle A ~ AB 


= cosecant of ZC = cosec (90 — 8) 
cotangent of 


l _ side adjacent to angle 


7 tangent of ZA side oposite to angle A 


_ AB _ snot Z = tan (90 > ) 
BC 


Co 
= 
®o O 
oO 
Hypotenuse & 4 
oc 
© 14) 
9 
“” 
A B 
Side opposite to 
angle C 
FIGURE 1.9 


1. The ratios cosec A, sec A and cot A are respectively, the reciprocals of the ratios sin A, cosA and tanA 


ATM: Some Person Had Curly Brown Hair Turn Permanently Black i.e., S = P/H; C = B/H; T= P/B where S, CT, P. B 
and H stands for Sine, Cosine, Tangent, Perpendicular, Base and Hypotenuse respectively. 


2. Note that the symbol sin A is used as an abbreviation for’ the sine of the angle A’ sin A is not the product of ‘sin’ and 
A. Sin separated from A has no meaning. Similiary for CosA, Sec A, TanA, CosecA and CotA. 


Hypotenuse 


A 


FIGURE 1.10 


For the sake of convenience, we may write sin7A, cos?A, etc. in place of (sin*A), (cos?A), etc. respectively. But cosec 
A = (sin A)"' # sin" A(it is called sine inverse A). sin-' A has a different meaning, which will be discussed in the 


chapters to come. 
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ILLUSTRATION 6: What will be the trigonometric ratios for negative angles? 


SOLUTION: Now let us establish relation between trigonometrical ratio of positive angle and negative angle. 
ee eee 
sin(—@) = ae 2 =-—sin@ => sin (9) =— sinO 


ee 2 
x ty 


Similarly, we obtain that, cos@ = 


From the figure, it is clear that sin @ = and 


xX 


2 2 
a/X a 4 


and cos(—@) = — =cos@ => cos(—9) = cosd 


FIGURE 1.11 


NOTE 


If the revolution is clockwise, then the angles measured are negative. An angle is said to be in that quadrant in which 
its ray lies. If ray OP makes an angle 0 with positive X-axis, then we say that it has made an angle (2nz + 9) where n € 
Z and represents |n| number of complete revolutions of OP around O (anticlockwise for n > 0 and clockwise for n < 0). 


From, the figure, we can visualize that after every Y 
revolution or any 7 revolutions, the co-ordinates of the point 
P(x, y) (x and y are distances from origin or the initial point) 
remains same and therefore, the trigonometrical ratios in 
such cases will be unaltered. So the results are, 


sin(2na + 0) = sinO, cot(2nz + 8) =cot 8 


cos(2nz + 0) = cos®, sec(2nz + 0) = sec 0 in| Revolutions 


tan(2nz + 8) = tan 8, cosec(2nz + 8)=cosec 0; Vn € Z FIGURE 1.12 


NOTES 


1. That is the reason why every trigonometric function of 0 is periodic with the period 27. 
But then, that does not mean that the fundamental period of every trigonometrical function is 27. 


(This will be discussed in the pages to come) 


Trigonometric Ratios and Identities < 1.9 


2. Since the hypotenuse is the greatest side in a right angled triangle, sin 8 and cos 6 can never be greater than unity 


and cosec @ and sec @can never be less than unity. 


Hence | sin @|< 1,|cos @|< 1, |cosec @| = 1,| sec @| = 1, while tan 6 and cot 6 may have any numerical value lying 


between — co to + °°, 
3. Students must remember the following results: 

(a) —1<sinO8<1 

(d) cosec9 € (-0, —1] U[T, «) 


Domain and Range of Function 


Function A function is defined as a relation in x 
which generates exactly one output for each value (in- 
put) of x. It is denoted by f(x) and read as fof x or func- 
tion of x. e.g., f(x) = 2x + 1, fix) = 2%, fix) = x’ sinx etc. 
The relation y” = x, y’ = sinx are not functions because 
they generate more than one output (values of y) for 
one input. e.g., for y = x at x = 1 we get two values of 
y, (+1 and —1). 


Domain of function Domain of a function f(x) 1s 
defined as set of independent variable x for which function 
is defined and takes a real and finite value (here we have 
considered only real valued functions). If a function is 
defined from set_X to set Y, then set_Y is known as domain 
and set Y is known as co-domain of function. e.g., y = log x 


NOTE 


(0) —Tscos0 <1 


(e) sec0 >1 orsecO<-—1 


(c) tanOeR 
(f) cot0e R 


is defined for x > 0, therefore domain of y = log,x is (0, 
co) and y = sinx is defined for all x, therefore domain of 
sinx 1s R. (1.e., set of real numbers). A subset of domain 
of function in which the function takes up its complete 
range of values exactly once 1s called principal domain of 
the function. Conventionally, it is selected nearest to the 
origin. 


Range of function Range of the function f- X > Y is the 
collection of all outputs corresponding to the real numbers 
in the domain of function 1.e., the set of all f— images of 
elements of set_X 1s known as the range of function f(x) and 
is denoted by R pR = &yeY and y = f(x) for some x € 
X}. Range is also called domain of variation and it is always 
a subset of codomain (Y). 

e.g., the range of log(x) 1s set of real numbers while the 
range of Vx is [0, 00). 


Detailed explanation of Domain and Range is given in our book on Calculus. 


‘PERIODICITY AND PERIODIC 

i: FUNCTIONS 

A function is known as periodic if it repeats its values after 
a constant interval of length T. In mathematical terms, a 
function f (x) 1s said to be a periodic function with period 


T, if there exists a non-zero real finite positive constant T 
(independent of x) such that f(x + T) =f(x) Vx © D . 


e.g., sin x = sin (x + 22) = sin (x + 472). The least positive 
value of such 7, if exists, 1s known as fundamental period of 
the given function f(x). 


e.g., The fundamental period of an analog clock is 12 hours 
and that of a digital clock 24 hours. 


Properties of periodicity 


1. Constant function is a periodic function without any 
period. This happens because of the non-existence of 
the least positive real number 7 which is due to the 
continuity of real number system. 


2. If f(x) has its period T, then f(ax + 5) has its period = 

3. If f(x) has its period 7, and g(x) has its period 7,,, then (a 
f (x) + bg (x)) has its period < LCM (1, T,). Moreover 
if f (xc) and g(x) are basic trignometric functions, then 
period of [a f (x) + bg (x)] = L.C.M (1, T,) provided 
Ff (x) and g (x) are not interconvertible and the LCM of 
their periods exists. 


1.10 > Trigonometrry 


ILLUSTRATION 7: 


SOLUTION: 


ILLUSTRATION 8: 


SOLUTION: 


ILLUSTRATION 9: 


SOLUTION: 


ILLUSTRATION 10: 


SOLUTION: 


Examine whether sinx is a periodic function or not. If so, find its period. 


Given f (x) = sinx. Let us assume sinx to be periodic. 
So, it must have some positive value 7 independent of x such that f(x + T) = f(x) 
=> sin(x + T) = sinx 
> x+T=na+ (1)'x, wheren € Z 
The positive values of T independent of x are given by nz, where n = 2, 4, 6.... 


According to the definition of fundamental period, it should be least. So here we have 
T = 22. Thus it is proved that sinx is periodic function having fundamental period 
(generally called period) 27. 


Prove that sinJ/x is not a periodic function. 

Let the positive real number 7 be such that f(x + 7) = fx) 
=> sin Vx+T = sin Vx 

= Vx+T =na+(-l)"Vx 


This above relation does not give any positive value of T independent of x because it holds 
only when 7 = 0 


.. f(x) 1s non-periodic function. 
Find the period of sin4x sin 3x. 


sin4x sin 3x = (1/2) (2 sin4x sin 3x) 


= = [cos(4s — 3x)—cos(4x+ 3x)] = = (00s x—cos7x) 


[".. 2 sind sin B = cos (4 — B)— cos (A + B)] (this will be disussed in the chapters to come) 
Period of cosx = 27 

period of cos 7x = 22/7 

LCM of 22, 22/7 1s 27. 


Hence periodicity = 27. 


: 2sin x 
Find the domain and range of f(x) = peers 
sin’ x 


Domain: since D’ can never be equal to zero and sinx is defined VxeR 
2 


y= ae and domain = R 
[sinx 
sin x 


using AM > GM; we can say that sin x +——_} > 1 
2 sin x 
2 2 
and ] <1 => <[< <] and hence range = [-1, 1] 
sinx+— (sin. E 
sin x sin x 
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TEXTUAL EXERCISE-3 (SUBJECTIVE) 


1. Find period of f(x) = sinax + cosx (c) fix) =cos® x + sin® x 
2. Find the periodicity of the function f(x) = a sindx + (d) f(x) = sin? (a+ js tan (a+) 
bcosAx. 3 6 
| 1 if xeQ (e) fix) = 20" 
3. Given f(x) = . Is f(x) periodic? 
-1 if xeR-Q 6. Find the range of 


Can you find the fundametal period of f(x)? IOs 7s l 
4. Find period of Vl—|cosec x | 


(a) sin x. sin 2x 7. Find the range of 


l 


(b) cot 2x. sec 3x (a) f(x)= —— 

(c) cot mx. sec?(37x) vl—tan~ x 

(d) cot’ x. sec (32x) (b) f (x)= J2-secx 
2sin’ 3x—3tan 4x + 4cot 6x (f= Jfeotx|=1 


(©) | cosec8x | —sec? 10x-+ Vcot 12x 
2sin* 6x—3tan (4x/3)+4 cos’ 6x 


l 
| cosec8x | — sec’ nee: cot ae (ce) f(x) = —— 
3 5 | tan x |—tan x 
5. Find periods of [EN ee cero my 
(a) fix) = sin Qax + w/4) + 2sin (32x + 17/3) (f) f(x) =.4/(-cosx),/(1— cos x),/(1- cos x)...... 


(b) f(x) = cos? x + sin? x (g) fix) = cos’?x —5 cosx—6 


(d) f(x)= tan Et) where [x] denotes the G.LF. 


8. Fill in the blanks in each case with the fundamental period. 


| fod | fey | Poo | Lx] lx)_ | fo | 
| Sinx | 27 | ~ | Notperiodic | ot | -~ | 67 | | 
a 


| Tanx | | ~ | Notperiodic | - | - | 37 | ~ 
| Cote | — | oe | CN | | Ke 
—————————— eee 

| | | | | | | 


Sec x 


Answer Keys 
1. not periodic 2. 7 3. yes, no 4. (a) 2x (b) 2x (c) 1 = (d) not perodic (e) x (fh) 15/2 
5. (a) 2 (b) periodic but no fundamental period (c) m/2 (d) not periodic (e) 27. 
6. (a) 0 (b) ¢ 
: an [1, 20) (b) [0, 1] U [N3,©) ©) [0,%) ) {0} © O,”) & [0,2] (@ [10,0] 
A Sr Sr ie eee 
Sin x 1 Not ee Ms Not periodic 


a 
Hain 


es ea 

(“tins |» | 8 | ‘Not periodio [| Notperiodio | 3" [= 

| Cotx | m | 2 | Notperiodic | | Notperiodic | 32 __| 

| Coseex | 27 | m | Notperiodic | = | Notperiodic | 67 | ot _| 
Sex | 27 | om | oa | am | om | 6 | a 


alalala 
ot 
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NOTES 


(i) Students are advised to relate this topic of periodicity with the graphs of trigonometrical functions. 


(ii) We can also find the periodicity of composite function like cos(sinx), tan(cosx), sin(cosx) etc., but that will be 
discussed in our book on Calculus. 


EVEN FUNCTION IBS:0pD FUNCTION 
A function f: R — R 1s said to be an even function if A function f: R > R is said to be an odd function if f(—x) = 
f(x) =f (x) for all x € R. 1.e., f(x) —f Cx) = 0 — f(x) for allx € R.1¢., f(x) + f(x) = 0. 


e.g., Kx) = x, f(x) = sinx, f(x) = cotx, fix) = x") fix) = 


(tan x)”"*! are the examples of odd functions. 


FIGURE 1.13 


eg, fx)=xVxeER, fx) =cosx Vx € R, 


fix) = seox, f(x) = x" FIGURE 1.15 
f(x) = (sin x)”, are the examples of even functions. 
Properties of odd function 
Properties of Even Function 1. Odd functions are always symmetrical about origin or 


ee they are symmetric in opposite quadrants. 
1. The product of two even functions 1s an even function. 
2. The sum and difference of two odd functions is odd 


2. The sum and difference of two even functions is even ; 
function. 


function. oe 
3. The division/product of an even and an odd function 


x = y? is always an odd function provided D”’ is not equal to 
Zero. 


FIGURE 1.14 


FIGURE 1.16 


3. The division of two even function is even provided 
denominator is not equal to zero. 4. It 1s not essential that every function is even or odd. It 


is possible to have some functions which are neither 


4. For real Domain; even functions are not one-one 
even nor odd function. 


function. 

5. Even function with respect to x is symmetrical about 5. The sum of even and odd function is neither even nor 
y-axis €.g.,y =x? odd function. 

6. Even function with respect to y is symmetrical about 6. The first derivative of an even function is an odd func- 


x-axis €.g.,x =y" tion and vice versa. e.g., f(x) = x*; f(x) = 4x° 
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7. Every odd continuous function passes through origin. f(O4+fCx 

[But the vice versa may not be true] Let h(x) = (Losses) and 
9. Every function can be expressed as the sum of an even 

and an odd function. g(x) = | 


It can now easily be shown that A(x) is even and g(x) is 


Batene [feees : oma) te 


Z 2 


NOTE 


f(x) =0, V x € R; is a function which can be considered an even function as well as an odd function. 


TEXTUAL EXERCISE-4 (SUBJECTIVE) 


1. Check whether following functions are even or odd. fox 
(a) x3 — 2x° (b) x sinx (©) 1+ x’ (f) log F +x 
().2) 23 (d) 2*-2* (g) log(2x+ 4x" +1) 

Answer Keys 


(a) odd (b) even (c) even  (d) odd (e) odd (f) odd (g) odd 


TEXTUAL EXERCISE-1 (OBJECTIVE) 


1. How many times do the minute and hour hands of a 5. How many times do the hands of the watch form an 


clock coincide in a period of 12 h? 


(a) 12 (b) 10 
(c) 22 (d) 11 


. How many times do the hands of the watch coincide 
in a complete day? 
(a) 24 times 
(c) 48 times 


(b) 32 times 
(d) 22 times 


. How many times do the hands of the watch form a 
right angle during a complete day? 

(a) 48 (b) 24 

(c) 22 (d) 44 


. How many times are the minute hand and the hour 
hand are at right angles in a week? 

(a) 308 (b) 336 

(c) 168 (d) 154 


angle of 180 degree during a complete day? 
(b) 22 times 
(d) 24 times 


(a) 11 times 
(c) 12 times 


. A watch which gains 5 seconds in 3 minutes was set 


right at 7 am. In the afternoon of the same day, when 
the watch indicated quarter past 4 o’clock, the true 
time was 


We sac 
(a) arr minutes past 3 pm 
pad 
(b) 14.— min to 4 
37 
(a 
(c) eT minutes past 3 pm 


3 
(d) aE minutes past 4 pm 
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7 


10. 


11. 


12. 


13. 


The lengths of the sides of a triangle are 12 cm, 16 cm 
and 21 cm. The bisector of the greatest angle divides 
the opposite side into two parts. Find the lengths of 
these parts. 

(b) 8 cm, 3 cm 

(d) None of these 


(a) 9com, 12 cm 
(c) 7 cm, 6 cm 


Interior angles of the regular dodecagon is 

(a) 32/5 (b) 52/7 

(c) 32/4 (d) 52/6 

The angles of a polygon are in A.P. The least angle is 


52/12 and the common difference 1s 10°, then number 
of sides is equal to 


(a) 18 (b) 4 
(c) 10 (d) None of these 
Find the sum of angles A,B,C,D and E. 
A 
E 
D B 
CG 
FIGURE 1.17 
(a) 240° (b) 180° 
(c) 360° (d) None of these 


The angle subtended at the centre of a circle of radius 
3 metres by an arc of length | metre is equal to 
(a) 20° (b) 60° 


(c) - radian (d) 3 radians 


The radius of the circle whose arc of length 15 cm 
makes an angle of 3/4 radian at the centre is 
(a) 1Ocm (b) 20 cm 


l l 
1] — d) 22— 
(c) i (d) 5 


An ant has to go from A to D where AB = BC =CD 
= Im. Such a poison is kept at place B and C that 
anything within |m of it dies immediately. What is the 
shortest distance, the ant must travel to reach D alive? 


im im im 
A B Cc D 
FIGURE 1.18 
(a) m+2 (b) 22 


(d) None of these 


14. 


15. 


16. 


Li. 


18. 


19. 


The sum of the interior angles of a regular polygon is 
twice the sum of its exterior angles, the polygon 1s a 
(b) Octagon 

(d) Decagon 


(a) Hexagon 
(c) Nonagon 
The diagram given below shows three circular cans 
each of diameter 2m they are tied with rope. The 
length of rope (in metres) 1s 


FIGURE 1.19 
(a) 2n +4 (b) 2n + 6 
(c) n+ 4 (d) 32 +6 


In the figure below, logs are piled in a particular 
manner and each log has the same diameter. If the 
diameter of each log is 3 feet, then the length ‘h’ 
(in feet) of a pole that consists three layers is 


FIGURE 1.20 


(b) 3+ V3 
(d) None of these 


(a) 2+ V3 
(c) 3 +33 


In the above question, if the length of a five layered pile 
is 11 feet, then the diameter of each log (in feet) will be 
(a) 2V3 -1 (b) V3 — 1/2 

(c) 2V3 — 3v2 (d) 3V¥3-2 

At what time between 2 and 3’O clock, both the hands 
will be at nght angle? 


(a) or minutes past 2 
Bo 5 a 

(b) rl minutes past 2 
3, 

(c) 27 nH minutes past 2 

(d) 27 = minutes past 2 


The minute hand of a clock 1s 10 cm log. What 1s the 
area on the face of a clock described by the minute 
hand between 9 am and 9.35 am? 

(a) 183.3 cm? (b) 11 cm? 

(c) 80 cm? (d) 84 cm? 


Answer Keys 
1. (d) 2. (d) 3. (d) 4. (a) 5. (b) 
11. (c) 12. (b) 13. (c) 14. (a) 15. (b) 


TRIGONOMETRIC RATIOS AND 
: THEIR PROPERTIES 


We have already defined tngonometrical identities like sinO, 
cosO, tanO, cosecO, secO and cot@ in the previous chapter. 

This chapter will elaborate a few more properties of 
these trigonometrical ratios. 


Sign of Trigonometric Ratios 


Si voor e= Z0,0P = 2&1. 
ince sin ZQ, rope QO OP = OP’ 
ten Z0,0P,= = G=1,2,3 
an ZQ, og, oer 
y 


x co-ordinate is —ve| x co-ordinate is +ve 
y co-ordinate is +ve| y co-ordinate is +ve 


xX co-ordinate is —ve | x co-ordinate is +ve 
y co-ordinate is —ve | y co-ordinate is —ve 


FIGURE 1.22 


Therefore depending on signs of OQ, and PQ, the 
various trigonometrical ratios will have different signs. 

The coordinate or cartesian system is represented in 
figure. If the angle 0 lies in the first quadrant 


xX 


age tan 


(All trigonometrical ratio are positive) 
But when 9 lies in the IInd quadrant (x < 0, y > 0) so 
cos8 and tanO becomes —ve but sinO remains +ve and so on. 


sin 0 = : cos@ = 


x+y" 


NOTE 


Trigonometric Ratios and Identities < 1.15 
6. (b) 7. (a) 8. (d) 9. (b) 10. (b) 
16. (c) 17. (a) 18. (c) 19. (a) 


FIGURE 1.23 


Quadrant | 
All ratio + ve 


Quadrant II 
sin8, cosecé + ve 


Quadrant IV 
cos8, sec0 + ve 


Quadrant III 
tand, cot@ + ve 


y’ 
FIGURE 1.24 


Funny face: An easy way to remember which of the ratios 
are positive is by using the mnemonics. 
After School To Cinema or Add Suger To Coffee 
Here dark initial letters represent the angles which are 
positive in respective quadrants. 


A: stands for All; 
S: stands for sine 
T: stands for tangent; 


C: stands for cosine 


Angle 8 and 90°-9 are complementary angles, 8 and 180°—9 are supplementary angles. 
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= TRIGONOMETRIC IDENTITIES Application of pythagorian identity 


cos?8 + sin?0 


A relation between trigonometric ratios (functions) cos’0 = | — sin’0 
of one or more unknown angles which 1s satisfied by (cosO) x (cos0)= (1 — sin@) (1 + sin9) 
all values of the unknown angles is called Universal ease ising 
Trigonometric Identity, provided no conditions on lean = 6080 
unknowns are applied. 
_ sin @ l—cos@ 
similarly, =—— 
a3 1+cos@ sin @ 
Pythagorian Identities Also, 1 + tan20 = sec?0 
By Pyiasotousiiicoren => 1=sec’0—tan’?0 => 1 =(secO —tanO) (secO + tanO) 
1 
2 2 => ——=secd-tand 
+y-r(4] (2) =| sec@+ tan @ 
‘i P And; 1 + cot?@ = cosec?0 => 1 = cosec?@ — cot? 
=> cos’0+ sin’ O0= 1 = 1 =(cosecO — cotO) (cosec8 + cotO) 
=> 1+ tan'o = sec’ 0 => cosecO + cot0 = poe es 
=> 1+cot? 0 =cosec’ 0 cosec@ — cot 8 
TEXTUAL EXERCISE-5 (SUBJECTIVE) 
1. Which of the following reduces to unity for iease | ) lease 
0° <A < 90°97 (b) ———— = (cosec@+cot @) and ———— 
1—cos@ 1+cos@ 
(a) (sec?4 — 1)cot?4 = (cosec § — cot 6) 
(b) cos A cosec Av/sec* A-1 =a 
c) (cosec?A — 1)tan’A (c) = saa =|sec@—tan@ | 
(c) ( ) 1+sin@ 
(d) (1 — cos?4)(1 + cot?A) 
(e) sin A cosecA 7 ae 3. Prove that (sec 0 + cosec 9)(sin 0 + cos 8) 
= sec 0 cosec 9 + 2. 
(f) (1 + tan*A)(1 — sin?A4) 
(2) sec?A — sin2A sec?A 4. Prove that (sec? 8 + tan? 9)(cosec? 8 + cot? 0) 
1 1 = ] + 2sec? Ocosec’ 0. 
1+sin*A 1+cosec’*A eee ; 
6) inn en 5. Io prove a = tan” x+tan° x+tanx+1 


tan’ A-—sin? A 


; ; 6. Prove the following identities: 
cot” Acosec”A 


2A... 2 i-s; 
cot” A—cosec”A (a) sl ey eer 
2. Prove that 1+sin 6 
l-tan?@_ ; aa nh (b l+cos@+sin@ _ 1+sin@ 
(a) oe @-sin’ @=1-2sin’é l+cos@-sin@  cos@ 
= 2cos” 6 -1 (c) 2(sin® 8 + cos® 8) — 3(sin* 8 + cos* 8) + 1 =0 


Answer Keys 
1. a,b, c,d, f, g, h,1 


“TRIGONOMETRIC RATIOS OF SOME 
SPECIFIC ANGLES 


From geometry, we are already familiar with the construc- 
tion of angles of 30°, 45°, 60° and 90°. In this section, we 
will find the values of the trigonometric ratios for standard 
angles 1.e., 0°, 30°, 45°, 60° and 90°. 


Trigonometric Ratios of 45° 


In AABC, nght-angled at B, if one angle is 45°, then the 
other angle is also 45°, 


ZA = ZC = 45°. 
So, BC =AB as equal angles have equal sides opposite 


to them. 
Now, Suppose BC = a 


1.€., 


A B 
FIGURE 1.25 


Then by Pythagoras Theorem, AC? = AB? + BC? =a? + 
a? = 2a? and therefore AC = a2. 
Using the definitions of the trigonometric ratios, we have: 


sin 45° = side opposite to angle 45 
hypotenuse 


BC a 1 


AC a2 V2 


side adjacent to angle 45° 


cos 45° = 
hypotenuse 
AB a 1 
AC aV2 a2. 
igndee= sige guseile to angle 45° Z BC Oy 
side adjacent to angle 45° AB a 
Also, cosec 45° = — = 2, sec 45° = =e 
sin 45° cos 45° 
& cot 45° = = | 
tan 45° 


Trigonometric Ratios of 30° and 60° 


Consider an equilateral tnangle ABC. Since each angle in an 
equilateral triangle 1s 60°, therefore, 7A = ZB = ZC = 60°. 
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Draw the perpendicular AD from A to the side BC. 


Now, AABD = AACD 
Therefore BD=DC 
and ZBAD = ZCAD 


FIGURE 1.26 


Now observe that: 
AABD is a right triangle, nght-angled at D with ZBAD = 
30° and ZABD = 60°. Let us suppose that AB = 2a. 


1 
Then BD= 3 BC =a 
and AD? = AB? — BD? = (2a)? — a= 3a”, 
Therefore AD = av3. 
Now, we have: sin30°= = = 1 
AB 2a 2 
cos 30° = a ay3 = v3 
AB 2a ) 
BD a | 
tan 30° = —— = ee 
AD a3 5 
lso cosec30° = = 2, sec 30° = 1 2 
one ~~ gin 30°” ~ cos30°— 3” 
1 
& cot 30° = ———_ = v3 
tan 30° v3 
Similarly, 
sin 60° = AD = av3 _ v3 cos 60° = Zs 
AB 2a 2 é) 


tan 60° = 3, cosec60° = 7a sec 60° = 2 and 
Pan | 
cot 60° = —. 


V3 


Trigonometric Ratios of 0° and 90° 


Let us observe what happens to the trigonometric ratios of 
angle A, if it is made smaller and smaller in the right triangle 
ABC, till it becomes zero. As ZA gets smaller and smaller, 
the length of the side BC decreases. The point C’ gets closer 
to point B, and finally when 2A becomes very close to 0°, 
AC becomes almost the same as AB. (see fig.) 


1.18 > Trigonometrry 


point B. Finally, when ZA is very close to 90°, ZC becomes 
very close to 0° and the side AC almost coincides with BC. 


C C C 


A BA BA B 
FIGURE 1.27 


When ZA is very close to 0°, BC gets very close to 0 


and so the value of sin A = =~ is very close to 0. Also, 


FIGURE 1.28 
when A is very close to 0°, AC is nearly the same as AB 


So, we define: sin 90° = 1 and cos 90° = 0. 


d so the val f A= wl lose to 1 
and so the value of cos A = AC BS VEN Poe toh Fill in the rest of the blanks yourself. 


With the help of the above information, we can define 
the values of sin A and cos A when A = 0°. 
We define: sin 0° = 0 and cos 0° = 1. 
Using these values, we have: 
sin 0° 


tan 0° = ——— = 0, 
cos 0° 


cot 0° = = , which 1s not defined. 
tan 0° 


| 
sec Q° = —, =1 
cosQ 


cosec 0° = 


——, > which is again not defined. 
sin Q 


Now, similarly, we can get the trigometric ratios for the 
angle 90° when ZA is made larger and larger; and hence 
ZC gets smaller and smaller. Therefore the length of the 
side AB goes on decreasing 1.e., the point A gets closer to 


REMARK 


From the table given above you can observe that as ZA increases from 0° to 90°, sin A increases from 0 to 1 and cos A 
decreases from 1 to 0. 


Every trigonometric function can be discussed in | Sjn x and Cosec x 
two ways L.e., 


(a) f(x) = sinx: 
Circle Diagram: Consider a circle of radius ‘1’, 1.e., unit 
(11) Circle (Phaser) diagram circle on the trigonometric plane as shown in the figure. 


(1) Graph diagram and 


Then sina = a/1, sinB = 5/1 
siny = —c/1, sind = —-d/1... 


sinx generates a circle of radius 1. 


x = (4n+1)n/2 


xX = (4n+3)x/2 


FIGURE 1.29 


Graph diagram: Let f (x) = sinx, increases strictly 
from —1 to 1 as x increases from —7/2 to 2/2, decreases 
from 7/2 to 32/2 and so on. So the graph of sinx will be 
as shown 1n the figure given below. 


¥ 
0, 1) y=sinx (n/2,1) 
V3/2 § 
re 
X'< ol”. 4 
(0,0)}) © ©@ TM NM 2H 3N ST T 
6 43232 3 4 6 


Yr 
FIGURE 1.30 
Properties 


1. Domain of sin x is R and range 1s [-1, 1]. 
2. sinx 1s periodic function with period 27. 


3. Principal domain 1s [—7/2, 7/2]. 


FIGURE 1.31 
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4. It is an odd function. 


5. It is a continuous function and increases in first and 
fourth quadrants while decreases in second and third 
quadrants in trigonometric plane. 


(b) f(x) = cosec x: cosec x 1s reciprocal of sinx. 
Properties 
1. The domain is R- { naz|ne Z}. 
2. Range of cosecx is R — (-1, 1). 
3. Principal domain 1s: [—7/2, 2/2] — £ O} 


4. The cosec x 1s periodic with period 27. 


2 


FIGURE 1.32 


5. It is odd function discontinuous atx =na,n € Z 


6. It decreases in first and fourth quadrants while increases 
in second and third quadrants in trigonometric plane. 


Cos x and sec x 


(a) f(x) = cosx: 
Circle Diagram: Let a circle of radius 1,1.e., a unit 
circle where OA = a; OB = b; OC = c,; OD = d. Then 
cosa = a/1, cos B = —b/1, cosy =—c/1, cosd = d/1 


‘. cosx generates a circle of radius 1. 


x = (4n+1)n/2 


xX = (4n+3)x/2 


FIGURE 1.33 
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Graph Diagram: As _ discussed, cosx decreases 
strictly from 1 to —1 as x increases from 0 to 2, 
increases strictly from —1 to 1 as x increases from 2 to 
27 and so on. 


of 
7 
ay 


FIGURE 1.34 


Properties 


1. The domain of cos x is R and the range is [-1, 1]. 
2. Principal domain is [0, 7]. 
3. COS x 1s periodic with period 27. 


4. It is an even function so symmetric about y-axis. 


¥ 


FIGURE 1.35 


5. It 1s continuous function which decreases in Ist and 
IInd quadrant and increases 1n [IIrd and [Vth quadrant 
in trigonometric plane. 

nez} 


(b) f(x) = sec x: sec x 1s reciprocal of cosx. 


1. The domain of sec x is R {amen 
and range is R — -1, 1) 

2. The secx is periodic with period 27. 
Principal domain is [0, 2] — {2/2}. 

4. Itis discontinuous atx =(2n + 1) 7/2;nE€ Z 


NOTES 


FIGURE 1.36 


Tan x and Cot x 


(a) y=tanx: 
1. The domain of tanx is R — {(2n + 1)z/2} and range 
R or (—00, 0). Principal Domain is (2/2, 1/2) 


-2n -3nj2 - 


FIGURE 1.37 


2. Itis periodic with period z. 

3. It is discontinuous at x € R — {(2n + 1)z/2; 
n € Z} and it 1s strictly increasing function in 
its domain 

(b) y=cot x: cot x is reciprocal of tanv. 

1. The domain of f(x) = cotxis R - {na:n © Z}and 
Range = R. 

2. It is periodic with period a and has x=nz,ne€ Z 
as its asymptotes. 

3. Principal domain is: (0, 7) 

4. Itis discontinuous atx =na;neZ 


5. It is 
domain 


strictly decreasing function in _ its 


FIGURE 1.38 


From observation using the theory just covered, we can generalize that 


(i) sinfna+ (-1)" 0} =sinO;n € Z. 


(ii) cos (2nz+0)=cose, ne Z 


(iii) tan(na+0)=tanO0,ne Z. 
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TEXTUAL EXERCISE-6 (SUBJECTIVE) 


1. Find the value of cos4 — sind and tand + cot A when 2. Find the sign of sin « — cos a when a = 825° and sina 


A is equal to + cosa when a = 140°. 
(a) 1122/3 


3. Find the sign of tan a — cot a where a = 235°, 325°. 
(b) 77/4 


4. Find the sign of sec a@—cosec a where a = 125°, 215°. 


5. Fill in the rest of the blanks yourself. 


quad quads | quad | WV quad. 


PLY from 0 to ] t from —1 to 0 


¥ from 1 to 0 oo PF from 0 to 
ftm@ | P from—coto 0 | FfromOtom | 
jcotO — frometoO | Pd from 0 to 20 
seoO@ | dP from—eto-t | 
cosec 0 1 from © to 1 Poo t from —s0 to —1 
Answer Keys 
1. (a) oe and a (b) V2 and — 2 2. tve,—ve 3.+ve, +ve 4.—ve, +ve 
3; 


ee 
Tom — 100 
fet ftom oto 0 | V ftomOto—» | Vfrom to 


cosec 0 | \ from © to 1 t from 1 to « t from —« to —1 JY from —1 to — 


SOME IMPORTANT GRAPHICAL DEDUCTIONS 


To find relation between sinx, x and tanx 


y = sinx 
(x/2,1) 


x! 


xX = cos0 and 


FIGURE 1.39 


y=sinx T Vx €(-2/2, 2/2) > “ : 
xX 


d*y >0 if xe(-7/2, 0) 
= — six 
<0 if xe€(0,.7/2) 
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And hence in the graph of sinx, the curvature is concave 


down in (0, 2/2) and concave up in (-7/2,0). 
tan x is an increasing function since 


IX 


ay = 2sec’ xtanx>0 Vxe (, =| 
dx” 2 


FIGURE 1.40 


TEXTUAL EXERCISE-7 (SUBJECTIVE) 


1. Find solution of the following equation. 


(a) inoaear- 
x 


(b) secO= a ; 
l+x° 
(c) sn@= ate for [0,271] 
x 
(d) sin’? @= ames 


2. Find ordered pairs (x, 0) satisfying sin 8 = |x| + 1 


when 0 € (-27, 37). 


3. How many values of x are there in [0, 2] when 
(a) sin x = 5/7 (b) cotx =-7 


Answer Keys 


1. (a) No solution (b) No solution 


2. (0, —32/2); (0, 2/2) and (0,52/2) 


dy 2 (a 
Me ea =sec'x>0 Vxe (, =| tan x has concave up graph 


(c) {2/2, 32/2} 


1.e., graph of tanx 1s increasing with an increasing rate. 
To summarise, we conclude that 


snx<x V x€ (0,0) 
snx>x V x€(-c9, 0) 


tanx >x v xe(0,4] 
tanx <x v xe(-4.0] 
: N 
=> tanx>x>sinx vre(0.= | and 


n 
sinx>x>tanx vre(-.0) 


Y 


y’ 
FIGURE 1.41 


4. Prove the following inequalities: 
(a) 4 tan?x + 49 cot? x > 28 
(b) 8 sin*x + 2 cosec*x > 8 


5. Are the following equations possible for real x? 
(a) 2cos*x — 7 cosx +3 =0 
(b) 6 cos’x + 7sinx — 8 = 0 


(c) sin? x+2sin’—+4=0 


6. For 0 < o < w2 if x= ¥ cos”, y= isin” ¢, 
n=0 n=0 


z= >) cos” gsin*” @ , then prove that 


(a) =z (b) x+y +z=m% 
xy—1 
(d) O=(2k+)sx= y #0 
(b) 1 3. (a) yes (b) Yes (c) No 


TRIGONOMETRIC RATIOS FOR ALLIED 
‘ANGLES 


Two angles are said to be allied when their sum or 


difference is either zero or a multiple of 90°. eg, 


—@, a 6,2+60,27+6 etc. are called allied angles of 0. 


ee ce 


(4n + 1)7/2 (2n +1) a#+60 


ere Qnt te | Gn dase 


| (4n — 1) Ww | _Gn— - 1) t+ 0 


sin ‘Onn + 8) = = sin n 8 cos (2nm + 0) = cos 0, 
tan (2nz + 9) = tan 0. 


FIGURE 1.42 
sin (Qn — 9) =— sin 8, cos (2nt — 8) =cos 0 
tan (2nt — 0) =— tanO 
; T : 
Trigonometric ratios of (F a) in terms of 0 


Ist Method 


To find the trigonometrical ratios of the angle (90° + 9) asa 
trigonomatric ratios of the angle 8, VOeER. 


FIGURE 1.43 


Consider a line initially at OX, that rotates about the 
point O such that it traces an angle 8 when it 1s at OA. 
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ZAOX = 9 
Let the revolving line turn through a right angle from 
OA in the positive direction to the position OA’, so that the 
angle XOA' is (90° + @). 


FIGURE 1.44 


Take OA' equal to OA and draw AB and A'B' perpendic- 
ular XO, produced if necessary. In each figure, since AOA'is 
aright angle, the sum of the angle BOA and A'OB'1s always 
a right angle. 

Hence ZBOA = 90° — ZA'OB' = Z OA'B'. 

The two triangles BOA and B'A’O are therefore, con- 
gruent. 

In each figure, OB and B'A' have the same sign, while 
BA and OB' have the opposite sign, so that 


B'A'= OB, and OB'=— BA 
Hence, 
sin(90° + 8) = sin ZXOA’= oes = Oe cos @ 
OA' OA 
cos(90° + 8) =cos ZXYOA' = ak = aoa ——=-sin0, 
OA" OA 
tan(90° + 0) =tan ZXYOA'= ee ae : 
OB' -BA 
cot(90° + 8) = cot ZXOA'= Be i een 
B'A' OB 
sec(90° + 8) =sec ZXYOA'= cae - = =—cosec@ , 
OB' -BA 
and cosec(90° + 8) = cosec ZXOA' oe = ae 
B'A' BA 
= sec 0. 
Example: 
sin 150° = sin (90° + 60°) = cos 60° = 7 


l 
cos 135° = cos(90° + 45°) =— sin 45° = ee 


and tan 120° = tan(90° + 30°) = —V3 
sin((4k + 1)2/2 —0)=cos 0; 
cos ((4k + 1)2/2 — 0) = sin 0; 


tan ((4k + 1)a/2 — 08) =cot 0. 


=— cot 30° 
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FIGURE 1.45 
sin((4k + 1)x/2 + 0) =cos 0; 
cos ((4k + 1)2/2 + 8) =-sin 0; 
tan ((4k + 1)a/2 + 8) =—cot 0. 


FIGURE 1.46 


lind Method: To Prove 


cos| Tt 0 |= +Fsin@ and sin (F+6 |- cos@ 


Proof 


i| +0 
Ae | =c0s( 420 | isin{ +0 
Z zZ 
= 9 2. ef) = ggg Zs 8) + isin Zs a) 


=>  icos(+6@) + i° sin(t @) = cos [Fs Jes [+0 | 


Comparing the real and imaginary parts of L.H.S and 
R.HLS we get the desired results. 


“TRIGONOMETRIC RATIOS OF (7+ 6) IN 
‘TERMS OF 0 
Ist Method: 


To find the tngonometrical ratios of the angle (180° — @) as 
a function of trigonometric ratios of angle '6'V 0 € R. 


FIGURE 1.47 


Consider a line initially at OX, that rotate about the 

point O such that it traces an angle 8 when it is at OA. 
ZAOX = 8 

To obtain the angle 180° — 9, let the revolving line start 
from OX and, after revolving through two right angle (1.e., 
into the position OX’), then revolve back through an angle 
8 into the position OA’, so that the angle X'OA’ 1s equal in 
magnitude but opposite in sign to the angle XYOA. 

The angle XOA' is then 180° — 8. Take OA’ equal to OA, 
and draw A'B' and AB perpendicular to XOX". 

The angles BOA and B'OA' are equal and hence the tri- 
angles BOA and B'OA' are congruent triangle. 

Hence OB and OB’ are equal in magnitude and so also 
are AB and A'B’. In each figure, OB and OB’ are drawn in 
opposite directions, while BA and B’A' are drawn in the 
same directions, so that. 

OB'=— OB, and B'A'’= + BA 


Hence, sin(180°—8)=sin ZXOA'= oe = es = sin @ 
OA' OA 

cos(180° — 8) = cos ZXOA'= clea CLLR PY 
OA' OA 

tan(180° — 6) = tan ZYOA' = Bape ee Sea 
OB' -—-OB 

cot(180° — 8) = cot ZXOA' = ceases cot é 
B'A' BA 
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OA’ OA sin((2n + 1)a + 8) =— sin 8; 
sec(180° — 8) = sec ZXOA' = 7a eae a ; Sos (On > ee 0) = 6586: 
and cosec(180° — 8) = cosec ZAOP' tan ((2n + 1)x + 8) = tan 8. 
OA' 
= ——=— =cosec@. Y 
B'A' BA 


Example: 


V3 


sin 120° = sin (180° — 60°) = sin 60° = a. 
l 
cos 135° = cos(180° — 45°) =— cos 45° = — Yo’ and 


l 
tan 150° = tan(180° — 30°) =— tan 30° =—- Be 


sin((2n + 1)a— 98) = sin 8; 
cos ((2n + 1)a—9) =— cos 9; FIGURE 1.49 


tan ((2n + 1)w— 90) =— tan 0. 
lind Method: Trigonometric Ratios of (z + @) in Terms of 0 


Proof: 

Since, e“**® = cos (w+ 8) +i sin (7+ 9) 

el, 9) = cos (w+ 0) + isin (47+ 9) 

—[cos(+ 0) + isin(+ 0)] = cos(z+ 0) + i sin(a+ 0) 
—[cos 8 +i sin 09] =cos(z+90) +i sin (7+ 0) 


—cos 8 + isin9=cos (x+98)+isin(a+0) 


YW YU y 


Comparing real and imaginary parts, we get 


FIGURE 1.48 => cos (xz+0)=-—cos 9; sin (7+ 8) = ¥sin 8 


Similarly, other relations can be defined and are summarised in the following table. 


Eaueren of Sa gUMEMDEINS functions for allied angles 


I — te eS SS 


The generalized forms of the previously discussed 3. cos(kKa+0)=(-l)¥cos8 whenke Z 
conversions: 


4. sin (kK 2+ 90)=(-1)'sin 8 whenk e Z 
1. cosk x= (-l1)'sink x=0; whenk € Z Aad 
ea 5. cos (k 7/2 + 8) =(—1) ? sin@ where k € odd integer 
2: ee a6. in =e whee Ope ie L ue . 
2 2 6. sin (k 7/2 + 8) = (-1) ? cosO where k € odd integer 
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TEXTUAL EXERCISE-8 (SUBJECTIVE) 


1. Find the value of 3. If A, B, C are the angles of a triangle, then cos 
(a) sinl20° (b) tan 150° (A + B) = cos (1 — C) =-cos C and hence show that 
c) cos 300° d) tan 1140° B+C 
et ans “ in| ad js sin(7/2— A/2) = cos A/2 
2. Prove that 4. If ABCD 1s a quadrilateral, then show that 
(a) sec (32/2 — A) sec (a/2 — A) — tan (32/2 — A) tan BEC A+D 
(n/2 +A)+1=0 (a) cos +co = 0 
(b) cot A + tan (a + A) + tan (#/2 + A) + tan A+C _B+D 
67 AO (b) tan = cot ——— 


5. Fill in the rest of the blanks yourself. 


ae ae ee eee eee 
sina fo [12 [usa [vaatr | | | | | | | ft 


a ee ee 


FC 52 A 


CosecA | ND | 2 


ec [fafa fa pm] 
cota [ND [v3 [1 finato | | tT | | tT 7 tT | ft tf 


Answer Keys 
1. (a) sin60° or cos30° (b) -tan30° or — cot60° (c) cos60° or sin30° 
(d) tan60° or cot30° (e) —sec60° or — cosec30° 


5. 

Za_|@ | 30°| 45° | 60° | 90° | 120°] 135°) 150° | 10°| 210° | 295° | 240° | 270" | 300°] 315° | 330° | 360" 
Sind | 0 | 12 | wn2| Vso] 1 | N32 | avo | 12 | 0_| 2 [-n2|-V32] 1 [-V32|-1v2| -12 | 0 
be [ xfs as | [-anaN-tl -  l [wa s n| 
TanA 0 |1/V3} 1 ND | -V3 | -1 |-1/43] 0 | 1/3] 1 ND | -v3 | -1 |-1/v3] 0 
aah ste fae] tae] et [eo] 2 [oe peel ot foe oe Po 
BSE EE) ee EL Ee 3 
Cota [ND] V3 | 1 [tW3] 0 [as] a | v3 | ND | v3 | 1 | IN3] oo | -13| -1 | -95 | ND | 


TEXTUAL EXERCISE-2 (OBJECTIVE) 


1. Which one of the following is possible? 2. AABC is right angled at C, then tan A + tan B is 
+ equal to 
(a) sin8 = 7>(a#b) i? 
a (a) — (b) a+b 
(b) sec 0 = Pg ac 
(c) tan 8 = 45 a’ 


(d) cos 6 = 7/3 oD) a oY 


3. sin? 17.5° + sin? 72.5° is equal to 
(a) cos? 90° 
(b) tan? 45° 
(c) cos? 30° 
(d) sin? 45° 


4. The value of expression cos 1°. cos2°..... cos 179° 
equals 
(a) 0 (b) | 
(c) 1/V2 (d) -1 
5. sin? 5° + sin? 10° + sin? 15° + .... + sin? 90° is equal to 
l 
(a) 8— (b) 9 
2 
l l 
c) 9— d) 4— 
(C) 5 (d) ; 


N 32 By /A TH . 
6. The value of cos’ ic” cos’ ——+ cos” ——+cos* —is 


16 16 16 
(a) 2 (b) | 
(c) O (d) None of these 
7. 3(sin x — cos x)* + 6(sin x + cosx)? + 4(sin®x + cos®x) 
is equal to 
(a) 12 (b) 13 
(c) 14 (d) 11 


8. The value of (1400s |[14+008 ](1+-c08 = | 


( =) ) 
1+ cos— | is 
6 


(a) 3/16 (b) 3/8 
(c) 3/4 (d) 1/2 
Answer Keys 
1. (c) 2. (d) 3. (b) 4. (a) 5. (c) 
11. (d) 12. (d) 13. (a) 14. (d) 15. (d) 


4NTER-CONVERSION OF 
TRIGONOMETRIC RATIOS 


It is possible to express trigonometric ratios in terms of any 
one of them. 

To express all the trigonometrical ratios in terms of the 
sine: 

Let AOP be any angle 9, the length OP be unity and let 
the corresponding length of MP be s. 


10. 


11. 


12. 


13. 


14. 


15. 


6. (a) 
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. The value of cos 480° sin 150° + sin 60°. cos 390° is 


equal to 

(a) 0 (b) | 

(c) 1/2 (d) -l 

sin 120° cos 150° — cos 240° sin 330° is equal to 
(a) | (b) -1 

(c) 2/3 (d) (a 


The value of cos(270° + 8) . cos (90° — @) — 
sin(270° — 8) cos 9 is 
(a) 0 

(c) 1/2 


(b) —1 
(d) 1 


The value of the expression sin°@ + cos®® + 3s1n70. 
cos” 8 equals 


(a) O (b) 2 

(c) 3 (d) | 

For x € R, 3cos (4x — 5) + 4 lies in the interval 
(a) [1,7] (b) [4, 7] 

(c) [0, 7] (d) [2,7] 


The value of tan 1° tan 2° tan 3°.... tan 89° is equal 
to 

(a) —l 
(c) 2/2 


(b) 2 
(d) | 


If cos x + cos*x = 1, then the value of sin’x + 
3 sin’? x + 3sin’x + sin®x — | is equal to 

(a) 2 (b) | 

(c) -l (d) 0 


7. (b) 8. (a) 9. (c) 10. (b) 


Then OM = JOP? — MP’ 


= abe 
OM ; ss 
Hence ee = Jl-—sin’ 6 


MP sin @ 
tan @ = —— 
O 


AY 
Mofi-s? Ji-sin?@ ° 
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P 
S 
O 4 A 
4/ 1-92 M 
FIGURE 1.51 
FIGURE 1.50 
Therefore, we get 
spe Oe = a ae Ca ees l = l 
MPs sind OP Jixx’ Viveot"6 
cosec 0 = cae a and 
MP s_ sin@ ere —— — cotO 
OP l l 7 l+x° ae Perce) +cot” 
sec@ = —— = a 
M l-s’ yl-sin’é@ MP 1. 1 
tan @ = ——=—= 
To express all the trigonometrical ratios in terms of the OM x coté 
cotangent. 5 : 
Taking the usual figure, let the length M/P be unity, and sec @ = OP =eea. l+x eee Macca 1+cot" @ and 
let the corresponding value of OM be x. OM x cot 0 
Then OP = (OM? +MP? = y1+x’ Vl¢x? fp —>a 
i 7 ge 1+ cot” @ 
OM x MP ] 
Hence cot @ = ——=—=x 
MP 1 


Similarly, we can express all trigonometric functions in other trigonometric ratios. 


a a a a 


tan @ Caan 7 
sin 9 sin 0 sf —cos? 6 cos’ —————————— a sec” 0-1 | 
Vl+tan? @ aa sec @ cosec@ 


cos 0 l—sin’ @ —_ 2 _ cto /cosec’@ — | 
V1+tan* @ 1+cot? @ cosec@ 


sin @ ] 
0 — ¥o Se sec’ @-1 SS 
Vl—sin’ 6 ie 4/cosec’@ — | 


Vl—sin? 6 cos 0 | : 
0 —— = 6-1 
ne Pere ‘alii 


l | 2 cosec@ 
sec 0 [———— Vl+tan’ @ vitcot @ sr 
V1l—sin“ @ cot @ /cosec 9-1 


ih / 2 : sec 0 
cosec 0 7] aed ai tan Vv1+cot” @ SS cosec 0 
sin @ V¥l—cos* @ tan @ sec” 9-1 
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ILLUSTRATION 11: If cos 8 equal 3/5, find the magnitudes of the other ratios. 


SOLUTION: Along the initial line OA take OM equal to 3 and construct a perpendicular W/P. Let a line OP of 
length 5, revolve round O until its other end meets this perpendicular in the point P. Then AOP 
is the angle 0. 


FIGURE 1.52 


By geometry MP = JOP? —-OM’ =5°-3° =4 
Hence sin9 = 4/5, tan0 = 4/3, cot0 = 3/4, cosecO = 5/4, and secO = 5/3 


TEXTUAL EXERCISE-9 (SUBJECTIVE) 


1. Supposing 0 to be an angle whose sin@ is 1/3, to find 3. If tan? 6 + sec 6 = 5, then find cosO 


the magnitude of the other trigonometrical ratios. . 
; ; 4. If tan 0 + cot 0 = 2, then find sin 0. 
cosec’@—sec’ @ 


| 
2. If tanO = ——, find the value of ———————__— 
=" ae eorsene er cosec’6 + sec” @ 5. If sec? 0 =2 + tan 0, then find tan9. 


Answer Keys 
2/2 3 
1. cos0 = ——, tanO = ——, cotO0 = 22 , cosecO = 3, secO = [= 
3 2/2 - 2/2 
2.3/4 3. 1/2or-13 4, sg, 1tv5 


J2 2 


TEXTUAL EXERCISE-3 (OBJECTIVE) 


1. Ina AABC, ZA = 7/2, then cos*B + cos’C equals. 4. The equation (a + b)= 4 ab sin’0 1s possible only 
(a) -2 (b) -1 when 
(c) | (d) O (a) 2a =b (b) a=b 
cot 54° tan 20° - (c) a=2b (d) None of these 
2. The value of + 1S 
tan 36° cot 70° S. log tanl° + log tan2° + ..... + log tan 89° is 
(a) O (b) 2 (a) | (b) 0 
(c) 3 (d) 1 (c) m/4 (d) None of these 
3. If ¥ sin @ =n, then the value of ¥ cos @. is 6. The value of 2(sin® 8 + cos® 8) — 3(sin* 8 + cos‘ 8) + 1 
i=l i=l iS 
(a) n (b) 0 (a) 2 (b) 0 


(c) | (d) None of these (c) 4 (d) 6 


1.30 > Trigonometrry 


7. If S = cos’0 + sin”, then the value of 3S, — 2 S,is 


10. 


given by 

(a) 4 (b) 0 

(c) | (d) 7 

If ee: = oo = z= we (A,B) <0, then value of 
3 4 a. . 22 

2sinA +4 sin Bis 

(a) 4 (b) -2 

(c) -4 (d) 0 

If sec 8 = m and tan 0 = n, then Li mens 

; m (m+n) 

is 

(a) 2 (b) 2m 

(c) 2n (d) mn 


3 3 
If cos0 = a and sin a = _N3 , Where 9 does not 


lie in the third quadrant, then 25¢o0s? wv + Me tan@ 1s 
equal to 


Answer Keys 
1. (c) 2. (b) 3. (b) 4. (b) 5. (b) 
11. (c) 12. (c) 13. (c) 


m@ FORMULAE ON TRIGONOMETRIC 


RATIOS OF COMPOUND ANGLES 


An angle made up of the algebraic sum of two or more angles 
is called a compound angle. Let us discuss some of the stand- 
ard formulae and results of the compound angles: 


WU sin (4 + B)=sinA cos B+cosA sinB 


Proof: ‘Trigonometrical expansion does not follow 
the distributive law. Now, let us try to establish the 
above trigonometrical identity. Let Z}OX = A and 
ZTOV = B. Let P be any point on O7. Draw PM per- 
pendicular to OX and PQ perpendicular to OV’ and ON 
perpendicular to OX. Also draw QR perpendicular to 
PM. 


FIGURE 1.53 


11. 


12. 


13. 


(a) 22 
(c) 23 


(b) 21 
(d) None of these 


3 5 
Thevalueof cos‘ (= cos’ (=) cos’ (= |, cos’ 


(b) 1/2 
(d) 1 


If 12 cot? 8 — 31 cosec 8 + 32 = 0, then the value of 
sin 9 1s 


(a) 3/4 or | (b) 2/3 or —2/3 


(c) 4/5 or 3/4 (d) +1/2 
tan A l+secA | iH 
l+secd tand BP Aree 
(a) 2 sin A (b) 2 cos A 
(c) 2 cosec A (d) 2sec A 
6. (b) 7. (Cc) 8. (c) 9. (a) 10. (b) 
ZPOM=A+B 
From the given diagram it 1s clear that ZRPQO =A 
now sin (4 + B) = sin ZPOM = wee ee = 
OP OP 
QN |, RP _QN OQ RP PQ 


— + ——_ 
OP Op. OQ OP PO OP 
(Multiplying and dividing by OQ and PQ respectively) 
=sinA cos B + cosA sin B 

Hence sin (A + B)=sin A cos B + cosA sin B 
Similarly, an expression can be developed for sine of 
the difference of angles (A — B) 
sin (A — B) = sinA cosB — cosAsinB 
sin (A + (—B))1.e., replacing B by (-B) 
=> sin(4—B)=sin(4+(-B))=sinAcos(-B)+cosA sin(—B) 

=> sin (4—B)=sinA cos B—cosA sin B. 
cos (A+ B)=cos Acos B-sinA sin B: 
Consider the unit circle with centre At the origin (fig. ). 
Let A be the Angle P,OP, and B be the angle POP... 
Then (A + B) is the gael P,OP,. also let (—B) be 
the angle P,OP,. Therefore P., P, and P, will have 


the coordinates P (cos A, en A), la (cos(A + B), 
sin (A + B)), P, (ees (—B), sin (—B)) and P 4(1,0). 


(cos A,sin A) 


[cos(— B), sin(— B)] 


FIGURE 1.54 


By SAS congruency, we get AP,OP, = AP,OP, There- 
fore, PP, And P,P, Are equal. By using the distance 
formila. we get 


P,P,’ = [cos A — cos(—B)]? + [sin A — sin (-B)]? 


= (cos A — cos B)? + (sin A + sin B) [using cos(—B) 
= cos B And sin (—B) = — sin B] 


= cos? A + cos? B— 2cosA cos B + sin? A + sin?B + 
2sin A sin B. 


= 2 —2(cosA cos B— sin A sin B) 

Also P,P, = [1 —cos (A + B)]* + [0 — sin (A + B)/’ 
=]1-2cos(A + B)+cos? (A + B)+ sin? (A + B) 
=2-2cos(A + B). 

Since PP. PP. we have? P= 27. 


Therefore 2-—2(cos A cos B — sin A sin B) 
=2-2cos(A + B). 


Hence cos(A + B)=cos A cos B—sin A sin B. 
Therefore replacing B by (—B); we get 

cos (A— B) = cos A cos B + sin A sin B. 
Replacing B by —B, we get the desired result. 


Aliter: ‘The result of the sine, cosine and tangent of 
compound angle can also be derived using the concept 
of complex numbers as discussed below: 


cos (4+B)+isin(4+B)= e“** =e%e*” 
=(cosA + isin A). (cos B +i sin B) 
=(cosA cosB + sinA sin B) + i (sind cosB + cos A sin B) 


Comparing the real and imaginary parts of the left and 
right hand side, we obtain 
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cos (A + B)= (cos A cosB + sin A sin B) ... (1) 
and sin (A + B) = (sind cosB + cos A sin B) ... (1) 


sm(A+B) sinAcosB+cosAsinB 
a aia cos(A+ B) 7 cos AcosB F sin Asin B 
Dividing N’ and D’ by cos A cos B; we get 

tan Attan B 

l=tan Atan BD 

cot AcotB Fl 


cot B+ cot A 


tan (4+ B)= 
Similarly, cot (A + B) = 


Corollary: In the above results; we can also get the 
trigonometrical functions of the multiple angles like 
2A by replacing B by A. 


sin 2A = sin A cos A + cosA sin A = 2sin A cos A 


now multiplying NW’ and D’b 


) sin Acos A 
eet cos*A 2tan A 7 2tan A 
] sec’ A 1+tan’A 
cos’ A 


and cos 2A = cos A cos A-—sinA sin A 
= cos?4 — sin?d = 2 cos? A — | 
= 1-2 sin’*4 

= cos 2A =cos?4 — sin? A 


Multiplying N’ and D’ of R.H.S. by es we get 
cos’ A 


ey eee 
1+tan~ A 
= Bios ae ZA saa aes 
l—tan” A l—tan” A 


A#(2n+ I) = 


Trigonometric functions of ‘34’ 

sin 3A = sin (QA + A) 
= sin 2A cos A + cos 2A sin A 
= 2 sin A cos’ A + (1 — 2sin7A) sin A 
= 2 sin A (1 —sin?A) + sind — 2sin’A 
= 3 sin A —4 sin? A. 

Similarly, cos 34 = 4 cos*d —3 cos A 


sin3A  3sinA—4sin’ A 
cos3A4 4cos’A-—3cosA 


ate jl Sas 
4cos? A-3 


tan 3A = 
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3tan A—4tan’® A 


Dividing N’ and D’ by cos?A, we get . 
1—3tan° A 


where A # (2n + 1) 1%. 


Multiple Angle Results in the General Form 


From the Demoivre’s theorem, cosna + i sinn a@ = (cos a + 
i sina)” for any integer n. (1) 
Binomically expanding the the equation, we get (cosa 
+ i sina)” ="C, cos" a + "C, i cos*’ a sina + "C,i?cos”? 
asivat "CP cos’ asm atin oe (11) 
Comparing the real and imaginary parts, we get 


cosn a ="C, cos" a—"C, cos”’ asin? a + "C, cos’ a 


sinn a = 4 Oe cos”! @ sina — OF cos”? @ sin? a + Or 
cos*> asin? A+ oe... 


NOTE 


Taking cos”a~ common from the RHS of the above two 
equations, we obtain the following two identities: 
sin n a = cos"a ("C, tana —"C, tan’a + "C, tana...) 
oeee(V) 
cosn a = cosa (1 —"C, tan’a + "C, tanta —....) 
(V1) 


Dividing the relation (v) by (v1), we obtain 

"C, tana —"C, tan’ a +" C, tan’ @.... 
CU a a a a Se ne ee ee, oe 
I—"C, tan° a+" C, tan” a—"C, tan’ a@ +... 


Adding and subtracting the equations (v) and (v1) we 
can also derive the following two identities 

sinn a + cosna=cos’a (1 +"C, tana —"C,tan?a—"C, 
tanta + "C,tan*a + "C. tana —"C, tan®a......) 

sin na — cos na = cos”a (-1 + "C, tana + "C,tan’ a — 
"C tan’ a —"C tanta + "C.tan?a + "C, tan®a.....) 


These formulae will be used in finding trigonometric functions of submultiple angles in the chapter to come. 


ILLUSTRATION 12: 


SOLUTION: °*. 4 + B = 45° 


= tanA + tanB = 1 —tanA tanB 
=> tand (1 + tanB) + tanB + 1=2 


ILLUSTRATION 13: Evaluate the following: 


(a) sin 75° 


SOLUTION: 


(c) tanl5° = tan(45° — 30°) = 


ILLUSTRATION 14: 


tan(A + B) =tan45°=1> 


(b) cos 75° 


If A + B = 45°, then show that (1 + tan A) (1 + tan B) =2 


tan A+tan B _ 
1—tan A tan B 
= tanA +tanB + tand tanB = 1 


=> (1 +tanB) (1 + tandA) =2 


(c) tan lo? 


(a) sin75° = sin (45° + 30°) = sin 45° cos30° + cos45° sin30° = —=- 


Prove that [ {sin (x — y) cosy + cos(x — y) siny} + {cos (x — y) cosy — sin(x — y) siny}] x 


[{sin (x — y) cosy + cos(x — y) siny} — {cos (x — y) cosy — sin(x — y) siny}] = — cos 2x 


SOLUTION: 


Starting from bigger expression and applying compound angle results, we get; 


LHS = [sin(x— y+ y)+cos(x— y+ y)] [sin(x — y+ y)—cos(x— y+ y)] 


= (sinx+cosx)(sinx—cosx) = sin’ x—cos’ x =—cos2x 


ILLUSTRATION 15: 


SOLUTION: 


ILLUSTRATION 16: 


SOLUTION: 


ILLUSTRATION 17: 


SOLUTION: 


ILLUSTRATION 18: 


SOLUTION: 


ILLUSTRATION 19: 


SOLUTION: 


Trigonometric Ratios and Identities 


Prove that tan (= 9 tan (7 a): —| 


LHS = tan{ +0 }xtan{ +] = tener tand tan lA) + tend 
: 4 l—tan(z/4)tan@ 1-tan(3a/4)tan@ 


: (rn (=n ig 
l1—tan@ 1+tan@ 


If tan @ = ~ and tang = = , find tan (8 + @¢) and tan (6 — ¢) 
k n l 
t t 2k? +k+k+1 
 tan(9+g)= SOF Ne _ k+l ke] _ AR SEE oy 
l-tan@tang =| _ 2k°+3k+1-k 
kel Qe] 
k l 
tan@-t 7 2k’? +k—-k-1 2k? 
sd tanOspyson ee ee a oe 
l+tanOtang 1, * 1 2k? +4k+1 2k? +4k+1 
k+1 2k+1 


< 
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If 2 sina cos#sin y= sinfsin(a + y). Then show tana, tanZ and tany are in Harmonic Progression. 


2 sina cosf siny= sin sin(a + 7) 
or 2 sina cos siny = sin B {sina cosy + cosa. sin y} 
=> 2 sina cosf sin y= sina sinf cosy + cosa sinB siny 


Dividing both sides by sina. sinf. siny, we get 


2 | | 
= = —_ + —— 
2 cot B= cota + coty or | Bt tan 


l l l 


tana’ tanB’ tany are in A.P. or tana@,tan #,tany are in HP. 


1.€., 


If 3tanO tang = |, then prove that 2 cos(®@ + $) = cos(® — 9) 


Gwencint Simon Voeatoengesiiec = 

iven that 3tan0 tang = | or, cot Ocot d = Ot Osin oo 4 
= cos@cos@+sin@sing 4 
Using componendo and dividendo we have —————_.__ = = 


(0-9) 
=> ae or 2cos(@+ @) = cos(@ — @) 


cos@cosg@-—sinOsing 2 


Show that 2cos@ = 2+ J2+2cos4@ where —2/4 <0 < 7/4 


RHS = 2+V¥2+2cos49 = 2+ /2(1+ cos 48) 


= 2 +.4/2(1 + 2cos? 20-1) ~ ¥2+~4cos? 26 
= 2+2|cos20| = ./2(1+cos26) (.” cos20 = 0) 
= /2(1+2c0s?6-1 = J4cos’6@ = 2\cos6| = 2 cosO (.. cos 8 > 0) 
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ILLUSTRATION 20: Prove that cos 5a= 16cos*® a— 20 cos’ a + 5cosa 
SOLUTION: We have cos 5a@ = cos(3a + 2a) 
cos3q@ cos2@ —sin3q@ sin 2@ 
= (4cos’ a—3cosa@)(2cos’ ~a—-1)— Bsina —4sin’ @). 2sina cosa 
= (8cos’ a@—10cos’ a@+3cosa@)—2cosa@ sin? a(3—4sin’ @) 
= (8cos’ a@—-10cos* @+3cosa@)—2cosa@ (1—cos’ a@)(4cos’ a —1) 
(8cos’° ~a—10cos’ @+3cosa@)—2cosa (5cos’ ~@—4cos* a —1) 


l6cos’ ~a—20cos* a+ 5cosa 


ILLUSTRATION 21: Express sin? 0 in the terms of sin (9); n € N. 


l l 
SOLUTION: si (= = | [using our knowledge of complex numbers z = cos0 + i sin0] 


beige erase ee 
| ee 
Zz 221 ‘ -s 


1 58 +isin 50) —5(cos3@ +i sin 30) +10(cos @+isin 6) 


325 -10(cos (—@)+isin (-@)) +5 (cos (-30)+isin (—36)) - (cos (—5@)+isin (—56)) 


(sin 50 Ssin 30-+10sin8) 


TEXTUAL EXERCISE-10 (SUBJECTIVE) 


1. Prove the following universal identities: 2. Prove that: 
(a) sin(A-B) , sin@B-C) | sin(C-A) _ 4 (a) cot( = +9 }xcot( 4-0 J 1, 
cosAcosB cosBcosC  cosCcosA 4 4 


(b) cosa cos(7— @)— sin @ sin(Y — &) = cos 7 (b) 1+ tan tan = tan @cot <1 = sec 


(c) cos(a+ B)cosy—cos( f+ 7) cosa 


=sinB sin(y— a) 3. Prove that cos (60° — A) cos A cos (60° + A) = 
(d) sin(n+l@ sin(n—1l)@+cos(n+ De cos(n — 1)0 1/4 cos 3A. 
=cos 20 
(ey sine NG Sse ACO DG ae 4. Prove that tan (60° — A) tan A tan(60° + A) = tan 3A. 
= cos a 5. Find the expression cos’0 in the terms of cos nO; n € N. 
Answer Key 


5. = (c0878+7 cos 50 + 21cos30 + 35cos6) 


A few more results can be derived using the theory 
just covered 


1. sin (4 + B) sin (A— 8B) = sin? A — sin? B= cos’ B —cos*A 
Proof: ‘This result can be obtained from compound 
formulae 
= (sin A cosB + cosA sinB) (sin A cosB — cosA sinB) 
= sin74 cos? B — cos’ A sin? B 
= sin74 (1 — sin? B) — (1 — sin?A) (sin? B) 
= sin? A — sin?A sin? B-sin?B + sin?A sin? B 
= sin?A — sin*B oth) 
which is also equal to 1 — cos?4 — 1 + cos*B 
= cos*B — cos’A ell) 

2. cos (4 + B) cos (A —B) = cos? A — sin? B= cos? B — sin? A 
Proof: 
= (cosd cosB — sin A sinb) (cosd cosh + sind sinB) 
= cos74 cos’ B — sin74 sin*B 
= cos74 (1 — sin? B) — (1 — cos” A) sin’B 
=cos’4 — cos*4 sin 7 B — sin? B + sin? B cos?A = 

cos*A — sin’ B 
which 1s equal to 1 — sin?d — 1 + cos*B = cos? B — sin? A 


3. 1 +cos 2A = 2cos? A; 1 —cos 2A = 2si1n7A 


]- 2A ) 
4. ao ieee = tan (A); where A # Li EZ 
sin 2A 2 
2A 
5. BT EOSAS est tan whew de ee 
sin 2A Z 
|- 2A . 
6. a SE ton alt where A#(2n+)l)-neZ 
1+cos2A Z 
7. Lt BUS2e _ sot’ Ay where A een RE L 
l—cos2A 
3sin A—sin3 
% aage 2M oe 
4 
NOTES 


(i) Any formula that gives the value of sin A/2 in terms of sin A will also give the value of sine of . 
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3cosA+cos3A 


9. cos?4 = ; ‘AER. 


Using these formulae, we can also find the 
formulae for the sub-multiple angles 


| 1+cosA 

1+cosA = 2cos? 4/2 > cos A722 = + —— 
; l—cosA 

L—vcos 2 = 2sin* A? => sin. 4/72. = = 3 
l—cosA 

=> tan A/2 = +,/———_ 
l+cosA 


Intercept Application of Submultiple of 
an Angle 


_ 1|=tan* A/2 


cos A ee a ee 
1+tan~ A/2 


1. 


sin +608 = Jl+sinA 
or sin A/2+cos4/2=+ J1+sin A 


3 
: taht whens — se ia 
1:6. 4° 2 


—, otherwise 


sin 0 = Jil—sin A 
or (sin cos =+ J/l—sinA 


+ if seep gt ot yg a 
Le 4 2 4 


“2 


—, otherwise 


+,/tan? A+1-1 


tan A 
are removed by locating the quadrants in which A/2. 


3. tan A/2 = , the ambiguities of signs 


2nz +(-1)"A 
—=3  - 


AnrxtA 
(ii) Any formula that gives the value of cos A/2 in terms of cosA will also give the value of cos of (Ane : 


(iii) Any formula that gives the value of tan A/2 in terms of tan A will also give the value of tan of ( 


nd 
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m/2 


3n/2 
FIGURE 1.55 


ILLUSTRATION 22: Find the values of sin18°. 
SOLUTION: LetO0=18° .. 50=90° => 20 + 30 = 90° = 20 = 90° — 30 
Taking sine on both sides, we get 2sinO0 cosO@ = 4cos°*0 — 3cos0 
Dividing both sides by cos@0__[".. cos® = cos18° # 0] 
=> 2sin0=4cos?0-3 => 2 sinOd = 4(1 —sin*0)—3 
=> 2sn0=1-4sin?®9 => 4sin’0 + 2sin0—1=0 
It is a quadratic equation in sin 9, 


24/4416  -242V5 — -145 


8 


sin @ = 


, 5-1 me , —~5 
But sin@ = —— (positive) or sin 8 = Fi (negative) 


Now 0 = 18° lies in the first quadrant. So sin is positive 


eee , 5-1 
Therefore rejecting the negative value, we get sinO = = ,1 


° 


ILLUSTRATION 23: Evaluate the following sin 22 and cos 22 — 


o 


SOLUTION: Let 22- = @ , 2cos’0 — | = cos20 


= este l+cos2@ a I+c0s45°_ 2 +1 
2 2 2/2 


ILLUSTRATION 24: 


SOLUTION: 


ILLUSTRATION 25: 


SOLUTION: 


ILLUSTRATION 26: 


SOLUTION: 


Trigonometric Ratios and Identities 


=> cos = cos{ 222 = v2 +1 
2 942 
Similarly sin0 = eee = v2-1 

2 2/2 


V¥1+sin2A+-+1-—sin2A 


Find the value of <= when | tan A | < 1 and |A] 1 te. 
ind the value o Wiisnot-. Isa en | tan A | and |A| is acute 


“ss  . ¥1+sin24+-Vl-sin2A 
iven expression 1S ean a San. 
1+sin2A —Jl—sin2A 


= (cos A+ sin AY - (cos A—sin A)” 
|cosA+sin A|+|cosA-— sin A | _ cos A+sin A+cosA-—sin A 
|cosA+sinA|—|cosA-—sinA|  cosA+sin A—(cosA-sin A) 
{*.. —n/4 < A < 7/4 and in this interval cosA > sin A} 


2cos A P J¥1+sin2A+-+1—sin2A ij 
2sin A i a V¥1+sin2A —- Jl-—sin2A4 on 


when | tan A | < 1 and | A | 1s acute 


Find - if it satisfy, 2sin = = Vl+sinA+¥Jl-sinA . 


_A : : _A A : 
ne = V¥l+sin A +-+Jl-—sin A a a V¥1+sin A and sin=—cos— 


AY Se 
1.e., when SS. is positive and sin< > teos~ 


1.e., when a lies between, np < cid <2n + om nEeZ, 
2 4 2 4 
Be Inn +. Treas 
2 4 4 
mee ; A 
Find A/2 if it satisfy, Ls = Vl+sinA+Jl-sinA 
Given 1s 2008 = V¥l+sin A +J1l—sin A 
when, sin +008 = Jl+sin A and sin — cos = J1l—sin A 


i.e, when cos 4/2 > 0 and cos > sina 


A 
=> ip ee ei nie Dak nETZ 
4 2 4 2. 4 4 


< 
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J1l—sin A 
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TEXTUAL EXERCISE-11 (SUBJECTIVE) 


1. Prove the following: 


(1) cosl8°= oe (ii) sin36°= eee 
J5 +] 


111) cos36° = ——— 
(111) Fi 


2. If cos(x — y), cosx and cos(x + y) are in Harmonic 
Progression, then evaluate | cosx.sec y/2]. 


] ] 
3. Ifcosa= s{x+4],008 p= (v+4] , then evaluate 
2 x 2 y 


cos(a — fp) 


4. In the x - y plane consider the unit circle (centre O, 
radius = 1) and take two points P = (cos4, sinA) and 
O = (cosB, sinB) on the circle as shown 1n the figure. 
Use the distance formula for PQ 1n two ways to obtain 
cos(A — B) = cosA cosB + sinA sinB. 


P(cosA,sinA) 


Q(cosB,sinB) 


FIGURE 1.56 


Answer Keys 


2 2 3. = oly + y/x) 


Sum and Difference of Tangent and 
Cotangents 


Following mentioned conversions are sometimes very 
useful while simplifying the sums: 


sin(A + B) 


1. tan A + tan B= ae eee 


= tan (A + B) x (1 -tanA tan B); where A, B #na+ n/2 


_ sin(A — B) 
2. tan A — tan B= eas eae. 
= tan (4 —B). x (1 + tan A tan B); where A, B #na+ 7/2 
sin(A + B) cot Acot B-1 
a ONE sinA.sinB  cot(A+B) 


where A, Be nn,neZ 


Xn XK 
8. (a) [2 = Gee + 4 


5. Prove the following identities: 
sec8@—1_ tan80 
sec49-—1 tan20 


(a) 


(b) sin’ a@—sin” B <a ee 


sina cosa@—sin B cos B 

. Ac ee Fey 
cosA-sinA cosA+sinA 

(d) sin(2n + 1) A sin A = sin?(n + 1)A — sin’nA 


(e) tan3a@ tan2a tana = tan3a — tan2a — tana 


(c) cosA+sin A 


6. Prove that: 
(a) sin40 = 4sin0 cos? 6 — 4cos6 sin*0 
(b) cos48 = 1 — 8 cos”0 + 8cos*0 


7. Prove that 


a a a a >a 
1+tan ——sec— || 1+tan—+sec— |= sina sec’ — 
2 2 p) 2 2 


8. Within what respective limits must A/2 lie when 


(a) 2sin = = Vl+sin A —~Jl-sin A ? 


(b) reos<= Vi+sind- l-sin A ? 


(b) 2 + Sng + an 
4 4 


sin(B — A) cot Acot B+1 
cot (B-— A) 
where 4,B#na,neZ 


4. cotA—cot B= ay er ae 


5. tan A + cot A = 2 cosec 2A 
6. tan A —cotA = —2cot 2A 


Conversion Formulae (Product into Sum) 


Using the formulae for sin (A + B), sin (A — B), cos(4 + B) 
and cos (A — B) one can easily deduce the following impor- 
tant conversion formulae: 

1. 2smAcosB=sin (4 + B)+sin (A-B) 

2. 2 cosA sin B= sin (4A + B)-sin (A- 8B) 

3. 2cosA cos B=cos (4 + B)+ cos (A-B) 

4. 2sinA sin B=cos (A -B)-cos (4 + B) 


ILLUSTRATION 27: 


SOLUTION: 


ILLUSTRATION 28: 


SOLUTION: 


ILLUSTRATION 29: 


SOLUTION: 


Trigonometric Ratios and Identities 


 _. sin4@ cosa@/2—sin 3a cos3a/2 
pumipitty cosa@ cosa@/2—sin 3a@/2 sin2a@ © 


By the above formulae, the expression 


Ll. 9@ .. 7a ll. 3... 3a 
—| Sin —_—-+F Sin —_— | — | Si: — + sin — 
2 2 2 2 


7 2 2 
Al l a 
—| cos —-+cos— |——] cos —— cos — 
2 2 2 2 
3a I. 
eee ae 2cos—sin @ 
et = eee 


a 
aie a 


l 
Prove that sin(60°— A) sin Asin(60°+ A) = yo 3A. 


| 
Given that sin(60°— A)sin Asin(60°+ A) = =u A[ 2sin (60°— A)sin(60°+ A)] 


Nfl 


j i eee 
sin A [cos2A—cos120°] = ee cos 2A —2c0s120°sin A] 
using 2 cosA sinB = sin(4 + B) — sin(A — B) and cos120° = —1/2 

ee . 
we get = me + A)-—sin(2A—A)— 2(—1/2)sin A] = zsin 3A 
Show that sin]2°. sin48°. sin54° = 1/8 


| Drie ener 
LHS = 7 [eos 36° cos 60°| sin54° = + | e0836 sin 54 i 
| ee ee 
= 7l2cos36°sin 54°— cos 54°] = qisin 90° + sin 18°- sin 54°] 


= [1 (sin 54° sin18°) = _[1-2sin18°cos36" 


l 


< 
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1a 
cos 18° 
7 =f 28S eee i 


4 2cos|l8° 


cos18°cos 36" = +1 


4 


fe sin 36 cos a 


4 cos 18° 


esi aa 
2sin72°| 4, 2] 8 


TEXTUAL EXERCISE-12 (SUBJECTIVE) 


1. Prove that 
(sin @ + sin @/3)sin @/3+(cosa@ -cos @/3)cosa/3 = 0 


2. Prove that 


sin x sin2x+sin3x sin6x+sin 4x sin13x 
eee 0 tan 9x 
sin x cos2x+sin3x cos6x+sin 4x cosl3x 


3. Prove that cosa@ sin(f — v)+cos # sin(y— @)+cosy 
sin (a — B)=0 


] 
4. Prove that sin(45°+aq@)sin(45° — @) = Bee 2a 
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{CONVERSION FORMULAE 
{SUM INTO PRODUCT) 


Many formulae are being derived here from the above 
found identities which relates sum and difference of sine 
(cosines) to product. 


sin (4 + B)=sin A cos B+ cosA sin B ...(1) 
and sin (A — B) = sin A cos B—cosA sin B ... (11) 
By adding and subtracting (1) and (11), we get 

sin (4 + B)+sin (A-B)=2 sin A. cos B .... (111) 
sin (4 + B)— sin (A —B)=2 cosA. sin B ...(1V) 


heat = — nape or: 
D 


Putting these values in equation (111) and (iv), we get 


C-—D 


Ss 


2 


Ba (Oo2 


Similarly, we get the following formulae 


<P) cos (<=? | 


2 2 
and cos C — cos D =2 sin (<=?) . sin (P55) 


Notice the term (D — C) and think of its reason 


sin C + sin D=2 sin (<=?) 


. C+ 
sin C—sin D=2 00s [ 


cos C + cos D=2 cos ( 


ILLUSTRATION 30: Prove the following: (a) sin 70° + sin 10° = Wa sin 40° (b) cos 20° — sin 20° = V2 sin 25° 


OP a My 
——— cos 


SOLUTION: (a) sin 70° + sin 10° = 2sin 


(b) cos 20° — sin 20° = cos 20° — cos 70° 

20°+ 70° . 

——sin 
2 


= 2sin 


ILLUSTRATION 31: Simplify the expression 


SOLUTION: Applying the CD formulae, we get 


G43 3a-a SA+2a 


2s1n <x 2si1n 


(ie 


10P = 20? 


: = 2 sin 40° cos 30° = V3 sin AQ? 


5 = 2sind5°cos2>° = J/2 sin 25° 


(cosa — cos3@)(sin8@ + sin 2@) 
(sin 5a@ — sin @)(cos4@ — cos6a@) | 


8a—-—2a 


2 
40 +6a@ 


2 
SaA+a . 


2 


5a-a 


2 


sin x 2 sin 
. 


_ 4sin2q@ sin@. sin5a@.cos3a@ 4 
4. cos3q@ sin2q@ sin5q@ sing 


ILLUSTRATION 32: 


. 64a-4a 
sin 


2 


2 4 
Prove that sin@+sin +2 sin (a+ aE =0 


; 1 ; 1 
SOLUTION: L.H.S = sing@+sin (a (Za) sin (n+ Zsa] 


: 4 ; (4 
sin @ + sin [= a} sin +a] 


: a ibs 5 RHE ; 1 
sina-|sin( 2a )-sin( =a} = BEE a OS oe = sina — sina = 0 = RHS. 
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TEXTUAL EXERCISE-13 (SUBJECTIVE) 


1. Prove that 2cos (4 — Joo aS) 


= cos(2A + B) + cos(4 — 2B) 
2. Prove that 


sin(A + B). sin(A — B) = =12 sin(A+ B). sin(A— B)] 


(cos2B—cos2A) 


hy |e 


3. Prove the following: 
sin(x+y)—2sinx+sin(x—y) _ oe 
cos(x+ y)— 2cosx+cos(x— y) 


sin(a—c)+2sina+sin(a+c) sina 
sin(b—c)+2sinb+sin(b+c) sinb 


Answer Keys 
4. (a) 2sin(@+n@)sin3¢/2 


m@ TRIGONOMETRIC RATIOS OF THE 
SUM OF THREE OR MORE ANGLES 


The formulae for the compound angles can be extended to 
multiple angles as given below: 
1. sn (4 + B+ C) = sind cosB cosC + cos4 sinB cosC + 
cosA cosB sinC — sind sinB sinC or 


sin(4 + B + C) = cos4 cosB cosC (tan A + tan B + tan 
C — tanA tanB tanC) 


Proof: sin(4d+8B+C)=sin(4 + B)cosC + cos (A 

+ B)sinC 

= (sin A cosB + cos A sin B) cos C + (cosd cos B— sind 
sinB) sinC 


= sin A cosB cosC + cosA sinB cosC + cosA cosB sinC 


— sind sinB sinC _ . . 
ee ert, snA sinB sinC _ 
cosA cosB cosC 
sin Asin B sinC 
cos Acos BcosC 
= cosA cosB cosC (tan A + tan B + tan C — tanA tanB 


tanC) 


Generalized form: sin (4, + A, + ... + 4.) = cosA, 
cosd,...cosd (S,—S,+ S.—S,+...) 


sin A+sin B A+B A-B 
(=e cot 

sin A—sin B 2 

cosA+cosB A+B A-B 
(d) ——————_ = -cot cot ——— 

cos A—cosB 2 2 


(ce) cos(--B + C + A)+ cos (4 +8B+C)+cos(4 + 
B—C)+ cos (A+ B+C) = 4cosd cosB cosC 


4. Simplify the following identities: 


(a) cos} 0-4(n-2 Jo} -cos|a4(ns-2 ol 
(b) sin{o+(n—1 pb +sin| a+(n+-2}o} 


(b) 2sin(@+n@)cos@/2 


2. cos (4 + B+ C) =cosA cosB cosC — sind sinB cosC — 
sind cosB sinC — cosA sinB sinC 


or cos(A + B + C) =cosd cosB cosC (1-tanA tan B - 
tan B tan C —tanC tanA) 


Proof: =(cosA cosB— sin A sin B) cosC — 


(sin A cosB + cosA sinB) sinC 

= cosd cosB cos C — sin A sinB cosC — sin A 
cosB sinC — cosA sinB sinC 

=cosA cos B cosC 


| _ sin Asin B _ sin Asin C _ none | 


cosAcosB cosAcosC cosBcosC 


= cosd cosB cosC (1-tan4 tan B — tan B tan C —tanC 
tanA) 


Generalized form: cos (4, + A, + sus + A) = cosd, 
cosd,....cosA (1 —S,+8,—-S,+.....) 


Method II: The above two results can also be derived 
with use of polar form of a complex number. 
cos(4+B+C)+isin(4+8B+C)=(cosA + isin A) 
(cos B + isin B) (cosC + i sinC) 
=cosA cos B cos C + i Yicosd. cosB. sinC + i? Cos. 
sin B. sinC + 7? sinA. sinB. sinC 
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=(cos A cos B cos C) (1 + ittan A + 7? Stan A. 3. tn (4+ B+C) 
tan B+ 7(tan A.tan B.tan C). _ tanA+tanB + tanC— tanA tan B tanC 
Now, equate and imaginary parts. 1 ged tae — tan Pda = an anc 
Generalizing using this method Generalized form: tan(4, + A, +... + A) 
cos (4, +A,+A,+A,+..... +A) +ism (4, +A,+A, + 1 6 OI ate oe 


at as +A be (cos. cosd, cosd4,....cos A) x (1 + Stan = 
A. +i? Xtan A tan A, + Pitan A tan A, tanA,+(i)” Xtan A, 

Ga A, tan A,......tan A). 4. cot(4+B+C) 
Comparing the real and imaginary parts, we get the desired 
formulae for cos (4, + A, + A, + A, + ..... + A) and sin = 
(AeA AA acs +A) 


cot Acot Bcot C — (cot A+ cot B+cotC) 
Y' cot Acot B-1 


NOTES 


Representation of the variables S., S, S,..... used in the generalized form: 

S,=tanA, + tanA,+......+ tan A, =the sum of the tangents of the separate angles. 

S,=tanA, tanA,+tanA, tanA, +...... =the sum of the product of tangents of angles taken two ata time. 
S,=tanA,tanA,tanA,+tanA, tanA,tanA, +.....=sum of the product of tangents of angles taken three at a time, 
and so on. 


fA.=A.3..0=A, =A, thenS.="C.tanA;S.="C. tan A’S, =". tan’ A... 
1 Pa n 1 1 2 2 5 5 


ILLUSTRATION 33: If tan 0,, tan 0,, tan 0, and tan 0, are the roots of the equation x*— (sin 2£)x* + (cos 24)x’ — (cos) 
pan be 0 then tan (0 a o, +6) + @,) 1s equal to 


(a) cos B (b) sin B (c) tan B (d) cot B 


5,53 
SOLUTION: (d) tan (0, + 0,+0,+O)=j7_949 


sn20-cosp  cosp(2sin fp —]) 


= = ; = cot. 
l-cos2f/-sinf sin f#(2sin B-1) 


TEXTUAL EXERCISE-4 (OBJECTIVE) 


1. Which of the following 1s rational? 7 : 
(a) sin15° (b) cos15° (a) =v5 Os 
(c) sin]5°cos15° (d) sin]5°cos75° 
= 
ee eee (c) — (d) None of these 
2. The value of ————————_ 1 
1+sin@+cos@ 
(a) cot 0/2 (b) tan 6/2 4. If tanO = 1/V3, then the value of V3 cos20 + sin 20 is 
(c) tan 0 (d) None of these (a) V3 (b) 1 


(c) 1+ V3 (d) None of these 
3. If cosa = 3/5, cosB = 4/5,a,B> 0 and are acute angles, 


a-p o 5. The value of cos(a/13)+cos (227/13)+....+cos(1227/13) 
is equal to 


then cos 


(a) 0 (b) 1 
(c) 9 (d) None of these 
6. The expression 
] 
—_______ —- —__———- equals 
tan3A-—tanA cot3A-—cotA 
(a) cot 24 (b) tan2A 
(c) cot 3A (d) tan3A4 
7. In a triangle ABC, disinAd sin(B — C) equal 
(a) | (b) 0 
(c) —32 (d) None of these 
8. If tan A = 2tan B + cot B, then 2 tan (A — B) = 
(a) tanB (b) 2 tan B 
(c) cot B (d) 2 cot B 
9. If sm A = sin B and cos A = cos B, then 
(a) qo = 0 (b) Gq = 0 
2 2 
(c) cos “= = 0 (d) cos(4 + B)=0 
10. If cos?48° — sin712° = 
5-1 V5 +1 
a —E———E —— es 
(a) A (b) 3 
¥3+1 @) V3 +1 
(Cc) Fi 2/2 
11. sin 75° = 
2-3 yy 9341 
Oe OMea 
v3-1 » 932 
(c) ~ 2 (d) a 
12. The value of cos 15° — sin 15° 1s equal to 
l l 
(a) a (b) 
] 
=== d) 0 
(Cc) 17 (d) 
13. If tanw = (1 + 2*)", tan B= (1+2*")', then a + B 
equals 
Answer Keys 
1. (c) 2. (b) 3. (d) 4. (a) 5. (a) 
11. (b) 12. (a) 13. (b) 14. (a) 15. (a) 
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(a) 2/6 (b) 2/4 
(c) 2/3 (d) x/2 
14. If cosA =m cos B, then 
(a) ee = ee 
2 2 
(b) tan A* 8 _ m+], B-A 
2 m—1 2 
(c) cot AtF _ mt tan AB 
2 m—1 2 
(d) None of these 
15. cos? = 0) — sin’ (za) = 
6 6 
l 
(a) cos 20 (b) O 
l 
(c) ac cos 20 (d) — 
sin(x + tan x 
16. If aan) = ae hen is equal to 
sin(x-y) gq-—b tan y 
(a) — 
a 
by 
(b) ; 
(c) ab 
(d) None of these 
3 
17. Pune = epee = 
2 2 l1—cosA 
(a) -5 (b) 5 
(c) 9/4 (d) 4/9 
18 sin 2A cos A _ 
" 1+cos2A 1+cosA 
A A 
a) tan — b) cot — 
(a) > (b) 5 
A A 
c) sec — d) cosec — 
(c) 5 (d) > 
6. (a) Ts) 8. (c) 9. (a) 
16. (b) 17. (d) 18. (a) 


1.43 


10. (b) 
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(c) tan(C + A) = tan(180° — B) = -tanB 


m@ CONDITIONAL IDENTITIES 


(d) sin((A + B)/2) = sin(90° — C/2) = cos(C7/2) 


Using the fact that the sum of the angles of a triangle ABC 1s 
180 degrees, we can derive several identities, which will be | (e) cos((B + C)/2) = cos(90° — A/2) = sin(4/2) 


useful later. Generally, in these identities we express sums 
into products. If the sums are symmetric functions of A, B, 


C so are the products. 


First we mention a few simple relations governed by | (g) sin (a 
the condition A + B + C = 180° 


(a) sin(A + B) = sin(180° — C) = sinC ae e + 
(b) cos(B + C) = cos(180° — A) =—cosAd 


ILLUSTRATION 34: 


SOLUTION: 


ILLUSTRATION 35: 


SOLUTION: 


ILLUSTRATION 36: 


SOLUTION: 


ILLUSTRATION 37: 
SOLUTION: 


ILLUSTRATION 38: 


SOLUTION: 


(f) tan((C + A)/2) = tan(90° — B/2) = cot(B/2) 


Bato (tS pat 220 
: 


Prove that if A + B + C =z, then tan A + tanB + tanC = tanA tanB tanC 


We know thatd + B+C=az2 
> A+B=2-C = tan (4 + B)=tan(z-C) 
tan A+ tan B 


—————=-tanC => tan4d+tanB+tanC =tan A tan B tan C 
1—tan Atan B 


If A + B + C =z, then prove that sin 2A + sin2B + sin 2C = 4 sinA sin B sinC 
L.H.S = sin 24 + sin2B + sin2C = 2 sin (4 + B) cos (4 — B) + 2sinC cosC 
= 2 sin C [cos (A —B)+ cos (a1-(4 + B)] [.A+B=a2-C 
= 2 sin C [cos (A — B) — cos (A + B)] = 2.2 sinC. sind sinB = 4 sind sin B sin C = R.H.S 
IfA +B+C =a, then prove that 
cosd cosB cos C—cosA sinB sin C — sind cosB sinC — sin A sinB cosC = -1 


We know that 
cos (A + B + C)=cosA cosB cosC — sin A sin B cos C — sind cosB sinC — cosdA sinB sinC 
So, putd + B + C = 7, then we get, required result 
To prove sin2A + sin 2B — sin 2C = 4cosA cosB sinC 
L.H.S. = 2sin(4 + B) cos(4 — B) — 2 sinC cosC = 2 sin (180° — C)cos (4 — B) — 2sinC cosC 
= 2 sin C{cos (A — B) — cosC} 
=2 sin C {cos (A — B)+ cos(A + B)} ['. cos (180° — (4 + B)) = cos(A + B)] 
= 2 sinC (2 cos A cos B) = 4 cosd cosB sinC 


: : AB 
To prove sin A + sin B + sinC = SES CPS nag 


(HS. SI cae a TI ee 
2 2 2 


= A B 
a 2 sin(90°—C/2) cos Z ne = (. re ce 
2 Zz @2 2 2 


+sin/2| = 208/24 é _ +cos 


205/24 0s 


= 2 cos C/2 {2cos A/2 cos B/2} = 4 cos A/2 cos B/2 cos C/2 
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ILLUSTRATION 39: Prove that cos” 4+cos* B+cos* C = 1—2cosA cosB cosC 


SOLUTION: L.H.S = cos’ A+cos* B+cos’C = Oe REE 0087 C 


2 
=[24 cos2A+cos2B]+cos*C = =12 + 2cos(A + B)cos(A— B)]+ cos” C 


1+ cos(180°— C)cos(A— B)+cos” C = 1—cosC cos(A— B)+cos’ C 
1—cosC [cos(A-— B)—cosC] = 1—cosC[cos(4A— B)+ cos(A+ B)] 
1—2cos Acos BcosC 


ILLUSTRATION 40: Prove that cot(4/2)+ cot(B/2)+ cot(C/2) = cot(A/2) cot(B/2) cot(C/2) 
SOLUTION: We know that (4/2)+ (B/2) = 90° = C/2 


Hence cot|(A/2 + B/2)]= cot[(90°-—C/2)] 
cot(A/2)cot(B/2)—-1 _ 


tan(C/2) = ———— 
cot(A/2)+ cot(B/2) cot(C/2) 


cot(A/2) cot(B/2) cot(C/2) — cot(C/2) = cot(A/2) + cot(B/2) 
cot(A/2) cot(B/2)cot(C/2)— cot(C/2) = cot(A/2) + cot(B/2) 
cot(A/2) + cot(B/2) + cot(C/2) = cot(A/2) cot(B/2) cot(C/2) 


NOTES 
IfA+B+C=rn1, then 


1. sin2mA+sin2mB + sin 2mC = (-1)™*! 4.sin mA. sin mB. sin MC 


. MA. mB. mc 
2. cosmA+cosmB+cosmC= gre I, (+ form=4n +1, —-form=4n +3) 


A B C 
1+ 4cos——cos~ cos (+ form =4n +4, - form= 4n 42) 


A+B B+C C+A 
3. cOsA + cosB + c0sC +-cos(A+B-+C)= Acos| - Jeos{ = Jeos{ 


ya t22 (es 


A, sinA-tsing +<inC — sin(A+B+0)= asin( A 


TEXTUAL EXERCISE-14 (SUBJECTIVE) 


1. If4A+B+C=R prove that > cos2d =—1-4]] cosA 3. fA +B+C =A, prove that 


A BD 2. 
2. If4 +B+C =q, prove that cos A + cos B—cos C =—1+ 4cos —cos —sin % 
(i) cot4 cot B + cot B cot C + cot C cot A = 1 4. If4 +B+C =n, prove that 


(a) sin?A + sin? B+ sin?C =2+2cosA cos BcosC. 


A B B C C A 
(a1) tan —tan —+ tan —tan —+ tan—tan — = 1 
yA 2 2 2 py Z (b) cos?.A + cos? B—cos?C = 1-2 sin A sin B cos C. 
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5. If 4 + B+ C =f, prove that 


A B 
(a) cos —+cos—+cos— = 

Z 2 2 

(2-4) (2-4) (#=<) 

4cos Cos cos 
4 4 4 

(b) sin ae rae ee 

Z 2 2 


sin = 
sin 
A 


1+ dsin( 2 


6. If4+B+C =z. Prove that 
cotA+cotB cotB+cotC ecotC+cot Ad 
a ee 
tanA+tanB tanB+tanC tanC+tan A 

7. Prove that tan(x — y) + tan (vy — z) + tan (z — x) = tan 
(x — y) tan(y — z) tan(z — x). 

8. If4+B+C =z. Prove that 


cos A cos B cosC 


snBsinC sinCsinA sinAsinB 7 
(b) sn (B + C—A)+sin(C +A-—8B)—- sin 4 + 
B-—C)=4cosAcosB sinC 


TEXTUAL EXERCISE-5 (OBJECTIVE) 


1. If4+B+C= (n+ 1) 2, then 
tand + tanB + tanC is equal to 
(a) tand tanB tanC (b) >tan A tan B 
(c) Stan? A (d) None of these 


2. Ifa+ B—y=n, then sin? a + sin’ — sin’y = 
(a) 2sine sin B cosy 
(c) 2sine sin B cosy 


(b) 2cosa cos B cosy 
(d) None of these 


3. If A, B, C, D are the angles of a cyclic quadrilateral, 
then cos A + cos B + cosC + cos D= 
(a) 2(cos A +cosC) (b) 2(cosA + cos B) 
(c) 2(cosd + cosD) (d) 0 


4. In a triangle ABC the value of sinA + sinB + sin C'1s 


(a) 4 sin ces sin Zz sin es 
2 2 2 


(b) 4 es wee es 
2 Z 2 


Answer Keys 


1. (a) 2. (c) 3. (d) 4. (b) 5. (b) 


m@ APPLICATION OF TRIGONOMETRY 
FOR ELIMINATING VARIABLES 


Suppose we have two independent simultaneous equations 
in one unknown quantity. Then generally it 1s possible to 
eliminate one unknown from the two equations to generate 
a relation connecting the other parameters in the given 


(c) 4 cos een Gh 
2 2 2 


(d) 4 cos ee eige 
2 2 2 


5. In a triangle tan A + tan B + tan C = 6 and tan A 
tan B = 2, then the values of tan A, tan B and tan C are 
(a) 1/2, 4, 3/2 (b) 2,1, 3 
(c) 1,2,0 (d) None of these 


6. IfA +B+C = 180°, then the value of (cotB + cotC) 
(cot C + cotA) (cot A + cot B) will be 
(a) sec A sec BsecC (b) cosec A cosec B cosec C 
(c) tand tanB tanC (d) 1 


7. If A+ B+ C = 180°(A, B > O) and the angle C 1s 
obtuse, then 
(a) tan A tan B> | 
(c) tan A tan B = 1 


(b) tan A tan B <] 
(d) None of these 


6. (b) 7. (b) 


two equations. Such relation obtained is called eliminant 
equation. e.g., suppose we wish to eliminate x from the 
equations px + g =0...4i) and ax’ + bx +c =0 ...(1) 
From equation (1) we have x =—q/p. Substituting this in 
the equation (11), we get a (— q/p)*? + b(-q/p) + c = 0. 
1.e., ag? + bp’ q—cp°’ =0 which 1s the result of elimina- 
tion so called the eliminant. 
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ILLUSTRATION 41: Eliminate the parameter a from the two equations x = a sin’a and y = a cos?’ a and obtain the 
eliminant equation in x and y. 


SOLUTION: Given equations are x = a sin’a on) 


and y = a cos*a 


1/3 1/3 
; ; x y 
Solving for sina and cosa from the above sina = =] and cosa = = 


2iS 


2/3 
x y 
Since we know that sin? a + cos? a = 1, so =) + =) 


=> x78 + y?8 = a? which is the required eliminant. 


NOTE 


Similarly, ifwe have 3 independent equations in 2 unknowns or in general (n + 1) independent equations in 'n'unknowns, 
theoretically we can eliminate the unknowns from the given system and obtain the eliminant. There is no general method 
which is applicable to all cases (or even majority of the cases) and each problem has to be treated in its own special way. 
Acertain amount of ingenuinity is required in some cases to arrive at the eliminant. Thus to eliminate these parameters 
we have to use basic trigonometric formulae. It could be more clear by some examples given below: 


ILLUSTRATION 42: Eliminate 0 from the equations a tan” 9 = b and c sec”9 = d. 


SOLUTION: From the given equations we have tan 9 = (b/a)! and sec 0 = (d/c)!" 
But 1 + tan?0 = sec’@ for all values of 0 


2/m 
So ( =1 which is the required eliminant. 


ILLUSTRATION 43: Eliminate 0 from the equations 
acosx + bsinx =e 
and dcosx+csnx =f 
SOLUTION: Solving for cos x and sin x by cross multiplication, or otherwise, we have 


cosx sinx = | ; 2. (bf —ce)’+(ed-af)’ 


bf—ce ed-af bd-ac “T= cos’ x+sin' x= (bd — acy? 
so that (bf— ce)? + (ed — af)’ = (bd — ac)’ which is the required eliminant equation. 


ILLUSTRATION 44: Eliminate @ from the following two equations: 


xsin @— ycos@ = 4/x’ - 


sin’@ cos’@ 
+ 


ys 


and —— = 
a b x+y? 


SOLUTION: From (i) squaring both sides, we have x° sin’ 9— 2xy sin@ cos@+y* cos’ 9 =x"? +y” 


Therefore x’ cos’ 6+ 2xy sin@ cos@+ y’ sin? @=0 giving (x cos 6 + y sin 0)? = 0 
sin@ cos@ 


Hence = = 
x —y 
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l 
=> sin’ + cos’O =O" +) > P= = ae 
x 


Therefore from the equation (11), we get 


9 


= ~ 


x y 
Sass | <= 
axerry) Fe+y) x+y 


sin@+sin P =/ 
cosa +cos 8 =m 
tan(@/2).tan (B/2)=n 


ILLUSTRATION 45: Eliminate a and # from the equations 


—n _ |—tan(@/2)tan(f/2) 


SOLUTION: = 
l+n 1+tan(a@/2)tan(f/2) 


From the given equation (111), we have 
l-—n cos(a@+ f)/2 

= Neg eT 
l+n cos(@a—f)/2 
Also from the equation (1) and (11), we get 
l’+m> =24+2(cosacos #+sinasin f) 
= 2+2cos(a — B) = 4cos’ (a — B)/2 


From (ii) alone, 2m = 4cos [(@ + f)/2] cos [(@— B)/2] 


2m OS [(AH + P)/2| 


Hence ——— = 
@d°+m*) cos [(@— B)/2] 


From (iv) and (v) we obtain (/ 7 + m?) (1 —n) = 2m (1 +n) 


TEXTUAL EXERCISE-15 (SUBJECTIVE) 


ax+ by=c 
1. (a) Find x, y eliminant of the following ; bx-—ay=d 
x+y =1 


ax+ by=c 
(11) Find x, y eliminant of the following < bx + ay =d 


2 2 Zz 
x -y =r 


sin@+cos@=m 4. 


2. (1) Eliminate 0 from the system 4 . m 
sin @.cos @ = — 


fe 33 


(11) Eliminate 0 from secO — tanO = a and secO.tanO = b 


Answer Keys 


L@Qae+haetd Gi) Pg =P) 


(ii) ava’ +4b =1 


2. (1) n+ 2m = nm? 


. Eliminate 90 from each of the following pairs of the 


equations: 

(a) sin 0 —cos 9 = p and cosec 0 — sin 0 = q 

(b) acos@+bsin@=c; asn@—bcos@=d 

(c) acos(@+a@)=x; bcos(@- B)=y 

(d) xcos@— ysin@ = cos26; xsin@ + ycos@ = sin 20 
(e) sin 0 —cos 9 =p and cosec 9 — sec 9 = q 


If m = cosec 8 — sin 0, and nm = secO — cos, then prove 
that m23 + 723 = (m ny? 


Show that cos’0 + cos? (a + 9) — 2 cosa cos0. 
cos(a + @) 1s independent of 0. 
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TEXTUAL EXERCISE-6 (OBJECTIVE) 


1. Ifx =acos*0, y = bsin*0, then (a) m(mn’)'? — n(nm?)!3= 1 
: 4/3 b 2/3 (b) mn) _ n(nm?)'3 = 1 
(a) (=) + = =i (c) n(mn’)'8 — m(nm?)'7= | 
b 2/3 2/3 (d) n(n)" _ m(m?*ny'? = l 
a 
(b) =) + (2 =] 5. If a cosO0 + b sinO0 = m and a sinO — bcosO = n, then 
Y a a8 b2 = 
* 2/3 273 tg (b) wie = ye 
o (JG) :: 
a b (Cc) m+n (d) None of these 
(4) ( x ) rn ( y ) = 6. If tanO + sin9 = m and tan9 — sinO = n, then 
(a) m*>—n?=4mn (b) m? + n> =4mn 


a ; Cc) m-n=m+n (d m — n= 4Jmn 
2. 9 eliminant between the equations (c) (d) 


x = asec*0, y = b tan30 is 7. If x= sec ¢— tan ¢, y=cosecd + cot ¢, then 
2/3 2/3 
(a) (=) (2) =] oan OL err 
2/3 2/3 = x 
x) [Vv] _ (Cc) y= (d) None of these 
(6) =1 l+x 
a b 
x) y i 8. If p = oa tie side , then 
(c) lle ee == 1+cos@+sin@ 1+sin@ 
(d) None of these (a) pg =1 (b) . =] 
3. If sind + cosO = m and secO + cosecO = n, then (c) q-p=1 (d) gt+p=1 


(a) 2n = m(n’- 1) (b) 2m = nim? —- 1) 


9. If tan 8 — cot 8 = a and sin 8 + cos 9 = J, then 
(c) 2n = m(m? - 1) (d) None of these 


(b? — 1)’(a? + 4) is equal to 


4. If cotO + tanO = m and secO — cosO = n, then which of (a) 2 (b) -4 
the following is correct? (c) +4 (d) 4 
Answer Keys 


1. (c) 2. (b) 3. (b) 4. (a) 5. (c) 6. (d) 7. (b) 8. (d) 9. (d) 


m@ MAXIMUM AND MINIMUM VALUES OF where r= Va’ +b’ , tan 0 = b/a 
TRIGONOMETRIC FUNCTIONS om | Ae 
Casel: As we have already discussed 1n previous articles “ —rSrsin(x + 0) <r 


that -1 < sin x < 1 and -1 < cosx < 1. If there is a 
trigonometrical function of the form a sinx + 5 cosx, then 
by putting a =rcos0, b =r sinO, we have, 


or —va’+b? < a sinx + b cos x <vVa’+b’ for 
all x 


asinx + b cosx = rcos0 sinx + rsinO. cosx Hence the maximum and minimum values of 
trigonometrical functions of the form a sinx + bcosx are 


= r (cos sin x + sinO cos x) 
Va’ +b’* and— Va’ +b’ respectively. 


=rsin (x + 8), 
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NOTE 
lacosA+bsinA|< Ja?+b*. eg.,cosA+sinA=V2sin (ZA) = V2 cos (az4 | <2 


ILLUSTRATION 46: Find the maximum and minimum value of the following expressions: 


(a) 3sinx + 4 cosx (b) 4 sinx — 3cosx + 2 
3 4 4 . 3 
SOLUTION: (a) Let y = 3sinx + 4 cosx = 5 oe ee = 5 cos(x — a), where cosa ae 7 


=> -l<cos~%-—a)<1>-5<S5cosx-a)<5 
— Vi 0 Od y= =) 

(b) Similarly, for y = 4sinx — 3cos x + 2 = 5 (sin (x -—a@)) +2 
Joo (andy. Sot 2—-3 7 e |-3.4] 


ILLUSTRATION 47: Find the value of 4 so that Asin x + cosx = 3 has at least one real solution. 


SOLUTION: Let y = A sinx + cosx = V¥1+/’ (sins + eos | 
VIF? V147? 


sin & 


= y1+/’ (sina sin x + cos a@cos x) ; where ee V1+A? 


= V14+1’ cos(x-@) > -V14V? SysvV1l4V’ 
=> y =3 to have at least one real solution 


> Vit 4? 33s y+? > Vita? 23 P1tV 29S 2B 
> A>2V2 or A<-2V2 ie. A € (-w,-2/2) U[2V2, 00) 


ILLUSTRATION 48: Find the maximum value of 1+sin (=. a 2cos & 8) for all real values of 0. 


| | (a 4 
SOLUTION: Given the expression; !+ sin (= a); 2.cos (= -6 


= 1+ (e088 + sin 8) + V2 (cos + sind) 


5 


1+[ FV |(os9+sine = 1+( Fees} V2 sin(@ + 7/4) 


The maximum value equals 1+ [4 J2 } J2=4 


V2 


Case Ii: In order to find out the maximum/minimum Such that the minimum and maximum value of 
value of an expression f(x) in variable x. It is advisable to | @ (x) 1s known (say m, M respectively) Therefore f(x) 
express f(x) applying the method of completing the square | maximum will be equal to M* + k and f(x) minimum 
as below: will be equal to & provided ¢(x) 1s capable of taking zero 


ix) = (d(x)? + k where k is a constant with respect tox | value 


NOTE 
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Extreme values of the expressions are oftenly used in solving the trigonometric equations and inequations and determining 
the existence of real solutions. 


ILLUSTRATION 49: 


SOLUTION: 


Warning: 


Aliter: 


ILLUSTRATION 50: 


SOLUTION: 
Method I: 


Method II: 


Method Ill: 


Note: 


Reasons 


Find the maximum and minimum values of the expression sin’x + cosec?x. 
Given the expression y = sin?x + cosec? x = (sinx + cosecx’’-2 => y_.=-—2andy__ =o 
min max 


Think again before presenting the answer! The above procedure has a serious mistake. Can you 
identify it? 

sin x and cosecx are of similar sign and reciprocal of each other. So (sinx + cosecx) can never 
be added to give zero. Hencey__ 4-2. 


Completing the square in different manner: y = (sinx — cosecx)* + 2 we conclude that: y min = 


2 obtained at x = (2n+1) > and y_.. = © when x approches to nz 


Yin, can also be obtain using inequality of mean (AM = GM) 


: 2 2 
sin’ x +cosec’x = ; 7 : 
=> ——_ sin’ x.cosec’x => sin?x + cosec?x>2 


Find the range of the function f(x) = 16sec’x + 9cosec’x. 


Applying AM > GM on 16sec?x and 9 cosec?x; we get 
16sec’ x + 9cosec’x 


l 
> /16sec’ x x 9cosec”x =12,| 4, = 247 
Z sin” xcos’ x lsin 2x| 


=> 16 sec*x + 9 cosec’*x > — 
[sin 2x| 


48 


= 48 
lsin 2x| 


Now max value of |sin2x| = 1 and min value > 


and hence we get 16 sec”x + 9 cosec’x > 48 


Applying AM = GM on 3 numbers; 25, 16 tan’x, 9cot’x as 16sec?x + 9cosec’x = 25 + 16tan?x + 9cot’x 


25+16tan” x + 9cot? 
We get eS 4/25 x16 tan? x.9cot? x 


3 
and 954 16 tan? x+ 9cot? x>3x 523 x 9 ile x 6 ae — GY?) by" = (97200) 


l6sec*x + 9 cosec*x = 16+ 16 tan’x + 9 + 9cot?x = 25 + 16 tan*x + 9cot*x 
Now applying AM = GM on 16 tan’x, 9cot*x, we get 


2 2 
16tan® x+9cot™ x 2 V16tan’ x x9cot” x =']2 


2 
=> l6tan’x +9cot?x>24 => 25+ 16tan?x + 9cot?x>49 
From these three solutions methods, we are getting three different answers for the range of f{x). 
From method I, we get Range = [48,00) 
From method II, we get Range = [(97200)'%, «) 
From method II; we get Range = [49,00) 


Now, obviously only one of the above answers 1s correct and that 1s [49,00) from the method III. 
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(i) Inmethod I: f(x) = a Minimum value of f(x) = 48 when |sin2x| = 1 


(ii) In method II: 


(iii) In method III: 


| sin 2x | 


1.e., x = 7/4. But at x = 7/4, 16sec?x becomes equal to 32 and 9cosec?x becomes equal to 18 


So f(x)atx =" = 50 which is obviously greater than 48 so equality does not hold true. And 


hence we get only the lower bound of the function f(x) but not the minimum value. 


We know that AM = GM only when all the terms are equal 1.e., 25 = 16tan*x = 9cot’x which is 
not possible for any value of x. 
“. f(x) cannot be equal to (97200)'8 


and hence, here also we get only the lower bound of f(x) but not the minimum value. 


We take AM = GM on 16 tan’x and 9 cot*x only 


And the minimum value of f(x) is equal to 49 which is achieved when 16 tan’x = 9cot?x or we 
ne | V3 
can say that f(x) achieves its minimum value at all the points where |tanx| = | 


So we must be extra careful when we apply the inequality AM = GM. 


TEXTUAL EXERCISE-7 (OBJECTIVE) 


1. 


The smallest value of 5 cos® + 12 1s 7. The expression tan? a + cot” a is 
(a) 5 (b) 12 (a) =>2 (b) <2 
(c) 7 (d) 17 (c) >-2 (d) None of these 
The maximum value of 3 cosx + 4 sinx + 51s iz - 
(a) 5 (b) 6 8. The maximum value of cos” & *} COs” & | 1s 
(c) 7 (d) None of these ; ; 
| - a (a) -V3/2 (b) 1/2 
The maximum value of 4sin*x + 3cos*x 1s (c) 13/2 (d) 3/2 
(a) | (b) 2 
(c) 3 (d) 4 


9, Minimum value of ———————————- 1s 
3sin@-—4cos@+7 


If y = cos*x + sec?x, then 

(a) y<2 (b) ysl ng ok ieee 
(c) y>2 (d) l<y<2 12 12 
The maximum value of 5 cos0 + 3cos 74 +315 (c) = (d) ~ 

(a) 5 (b) 11 

(c) 10 (d) -l | 


10. Maximum value of ———————————- 1s 
3sin@-—4cos@+7 


The maximum value of sin Grae cos [x42 ) in 
l 
the interval (0,5 | is attained at (a) 12 (b) — 
(a) x = n/12 (b) x = 7/6 ©) 1 (4) infinite 
(c) x = 7/3 (d) x = 7/2 2 


11. The number of values of x for which f(x) = cosx + 
cos(V2x) attains its maximum values is 


(a) O (b) 1 
(c) 2 (d) infinite 
12. The number of values of x for which f(x) = cosx + 


cos(V2x) attains its minimum values is 


Answer Keys 
1. (c) 2. (d) 3. (d) 4. (c) 5. (c) 
11. (b) 12. (b) 13. (d) 


m@ APPLICATION OF THEORY OF EQUATION 


Applications Based on Quadratic Equation 


UO As we know, ax” + bx + c = 0, represents the quadratic 
equation with roots a, B, then 


a+ p= ae a. B= © so the roots can be given as 
below: i 
_ -b+Vb? -4ac _ -b-vVb? -4ac 
a a a) ae 
a a 


and if we want to form quadratic equation whose roots 
are given as a, f.. 
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(a) 0 (b) | 
(c) 2 (d) infinite 
13. The maximum value of 4sin’x — 12sinx + 7 is 
(a) 25 (b) 4 
(d) does not exist (d) None of these 
6. (a) 7. (a) 8. (c) 9. (a) 10. (c) 


=> x’- (sum of the roots) x + (product of the roots) = 0. 
or x*-(a+fP)x+a. B=0 


UO If a, B be the root of the quadratic equation ax ? + bx 
+c=0.....4) then 


(a) The quadratic equation whose roots are pa + g and 


pB + qcan be obtained by replacing x by in 
equation (1) 
(b) Quadratic equation with root pa? + qg and pf? + 
x~q 
P 
equation (1) and then simplifying the expression. 


gq can be obtained by replacing x by + in 


ILLUSTRATION 51: If ABCD is a convex quadrilateral such that 3 seca — 5 = 0, then find the quadratic equation 


whose roots are tana and coseca. 


SOLUTION: seca = 5/3. so a € (0, 7/2) 


Hence tan a = 4/3 and cosec a = 5/4 


the required quadratic equation 1s: 


3 


FIGURE 1.57 


or l2x*=3lx+20=0 
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ILLUSTRATION 52: If seca and coseca@ are the roots of x? — px + q = 0, then show p’ = q(q + 2). 
SOLUTION: Since seca and cosec @ are the roots of x* — px + q = 0 
seca + coseca = p and sec a. cosec a = q 
sina + cosa = p sina.cosa and sina.cosa = 1/q 


sina + cosa = p/q 


squaring both sides of (1), we get: sin? @ + cos*a + 2 sina cosa = p7/q? 


. 2 4) 2 
> 14+2sina. cosa = — = = Pp —@(q +2) 
qo g gq 


ILLUSTRATION 53: If 0 <a <3, 0 <b <3 and the equation x* + 4 + 3cos(a x + b) = 2x has at least one solution, 
then find the value of (a + b). 
SOLUTION: Given equations can be written as: x’ — 2x + 4 =-3 cos (ax + b) 

=> (x-—1)?+3 =-3 cos (ax + D) 
As —1l <cos (ax + b) <1 and (x - 1)? =>0 
equation (1) has real solution iff 
cos(ax + b) =—-1 and (x -— 1)=0 

> at+b=n, 32,52, (i.e., odd multiples of z) buta+be [0,6] > at+b=a7 


ILLUSTRATION 54: Find the values of p if it satisfies cos@ = x + p/x, x € R for all real values of 9. 


SOLUTION: x* —cos0.x + p =0 


> x= cee eae y bos GAP for wal x cos’0 —4p =0 


2 
=> 4p <cos’0 => 4p <cos’0 <1 >p< 1/4 for all values of 0 


ae transformation of roots. To understand and command such 
HAPPLI CATION USING applications, let us discuss some of the examples illustrated 
:TRANSFORMATION OF EQUATIONS below: 


Many conditional trigonometrical relations can be derived 
by applying the transformation of equation using symmetric 


ILLUSTRATION 55: If seca, sec and secy are the roots of equation ax* + bx* + c = 0, then prove that 
ae 


a 


(a) (seca — 1) (secf— 1) (secy— 1) = -( 


a 


b+e) 
(b) tan’a. tan? B. tan*y = ( | —] 


SOLUTION: (a) Since seca, sec and secy are the roots of equation ax’ + bx? + c = 0 well) 
therefore the equation whose roots are (seca — 1), (sec — 1), (secy— 1) 1s obtained as: 
aixe+ 1)? +b @ = le +e—0 


Since the product of roots of this equation is = — 


constant term _ (Ae) 
a 


a 
a 


a 


=> (seca — 1)(sec B— 1) (secy—1)= -( 
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(b) The equation containing the roots of sec?a — 1. sec? B — 1. sec*y — 1 can be obtained by 


replacing x with +./x+1 


=> a (tVvx4+1)°2+b Vx41)?+c¢=0 


=> ta(x+)l)(Vx+1) +b( + 1) + c = 0 Squaring intelligently, we can get 


=> atcrly =b ely +2bees lee > a teely —b etl) = 2x l)—< =0 


Therefore product of roots is given as 


(sec*a — 1). (sec? B— 1). (sec?y— 1) = - 


b 
tan’a. tan’ B. tan’y = ( 
a 


TEXTUAL EXERCISE-16 (SUBJECTIVE) 


1. (a) Prove that sin 18° is the root of equation 4x? + 2x — 
1 = 0 as well as the cubic equation 4x° — 2x? — 3x + 
1 =0 and hence or otherwise prove that 4x” + 2x — | 
is a factor of the expression 4x° — 2x”? -— 3x + 1. 


(b) Prove that cos 18° is a root of equation 16x” — 20x’ 
+5=0. 


2. Prove that the roots of the equation 8x°* — 4x? - 4x + 1 


4 30 5H 
= 0 are cos—, cos—, cos— and hence show that 


Answer Keys 
2. y — 21? + 35y -7=0 


‘PROVING TRIGONOMETRIC 
INEQUALITIES 


To prove/solve trigonometric inequalities, it is necessary 
to practice periodicity and monotonicity of functions and 
taking the help of graphical representation and application 
of certain concepts of functions and calculus, makes the 
process easy and time saving. Some of the applications are 
illustrated below. 


Jenson’s Functional Equation and Inequality 
and Its Applications 


We study Jenson’s functional equation for the function 
which is increasing with constant rate of increase. It 1s 


G =b = Ieee -(#2)- 


a 


sec = + sec = + sec = = 4 and deduce the equation 


XN , 3H » 0 
whose roots are tan” 7° tan~ a tan~ se 


3. Using the results in Q. 2 or otherwise, prove that 


1 2n 32 
tan —. tan —. tan —=~+/7. 
fi 7) 7 v7 


mx, + NX, _ mf (x,) + nf (x,) 


m+n 


given as f 


constant real numbers. 


where m, n are 
m+n 


Discussions 


If f’ (x) >0 and f” (x) =0 Vx € D,1.€., graph of f(x) increas- 
es with constant rate and neither concave up nor concave 
downward. ("." f”’ (x) = 0). 


Therefore f (maim _ mf (x%)+nf&) 


m+n m+n 


(.. AM = BM) 
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FIGURE 1.58 


From here, Jenson derived two very useful deductions 
named as Jenson’s inequality. 


Deduction 1: For increasing function with decreasing 
rate of increase: 

If f(x) > 0 and f’ (x) < 0 for all x <¢ Dthen the graph of f(x) 
increases with decreasing rate of increase and remain concave 
downward (".” f"’ (x) <0). Therefore chord of the curve lies 
below the curve. Considering a point B dividing chord PQ 


mx, + NX, } mf (x,)+ nf (x, ) 


in the ratio n: m, we get f 
m+n 


m+n 


(.. AM > BM) 


FIGURE 1.59 


Deduction 2: For increasing function with increasing 
rate of increase: 


If f'(x) > O and f" (x) = 0 for all x € D,1.€., graph of f (x) 
increases and remains concave up (‘.’ f’’ (x) > 0). Therefore 
chord of the curve lies above the curve. Considering 
a point B dividing chord PQ in the ratio n : m, we get 
(™ + NX, }: mf (x,)+ nf (x,) 


m+n m+n 


(.. AM < BM) (Similarly, you can think of the inequalities 
for decreasing functions) 


FIGURE 1.60 


While proving an inequality we may also use the fol- 
lowing concepts wherever applicable: 


1. If a function f (x) is increasing for all x € (a, 5), then 
x,>x, => f(x,)>f(x,) for all x,, x, € (a, d) 

2. If a function f (x) is decreasing for all x € (a, 5) then 
x,>x, => f(x,) <f(x,) for all x,, x, € (a, b) 


3. Inequality of means (AM = GM = HM) and inequailty 
of weighted means are also applied. 


ILLUSTRATION 56: If 0 <x <y < 72, show that x — sinx < y — siny. 


SOLUTION: Let us consider a function f(x) defined as f(x) = x — sinx for all xe (0, 7/2) 


Differentiating with respect to x we get 


f'(x) = 1 —cosx > 0 so f(x) is monotonically increasing for all x € (0, 7/2) 


So let'0 <x < yp <7/2 


=> x-sinx <y-—siny. 


=> f(x) <f0) 


ILLUSTRATION 57: If 0 <4 < @, then show A(cosesA) < a 
6 3 


am . 
SOLUTION: Here, graph for y = sinx is shown below having points P(A, sind) and 0 (Z. sin =| on it. 


From adjoining figure; slope of OP > slope of OO 


ne _-0 
sin A —0 : sak 6 


A-0 


sin A 
> 


a 
< — 


or A(cosecA) < al 
sin A 3 


Trigonometric Ratios and Identities < 1.57 


FIGURE 1.61 


ILLUSTRATION 58: If.4, B, C € (—a/2, 7/2), then prove thatcos A+cosB+cosC < - or sin A/2. sin B/2. sinC/2 < - 


% +X) 4% }> f%q)+ St £C) 
3 3 


SOLUTION: Since for a function which is concave downwards f 


and we know that the graph of y = cosx 1s concave downwards for all x € (= =) 


? 


Let P (A, cosA), Q(B, cosB) and R(C, cos C) be any three points on y = cosx then it is 
clear from the graph GM < ML 


-, cosA+cosB+cosC < cos(A*E*C) = cos (2/3) = 1/2 
3 


FIGURE 1.62 


cosA + cosB + cosC < 3/2 
Since we know from the conditional trigonometric identities 
cosA + cosB + cosC = 1 + 4 sinA/2 sinB/2 sinC/2 

=> 1+4sinA/2 sinB/2 sinC/2 < 3/2 => sinA/2 sinB/2 sinC/2 < 1/8 


We can also argue the same in the following manner: 


The centroid of A POR is G ee 2eae se oie 


3 3 
Draw | GM on x-axis, meeting the curve at£L = co-ordinates of L are 


Gore ae 
—_—_— cos | ———— 


: : ) implying GM < ML 
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Aliter: We have sin A/2 sin B/2 sin C/2 


— COS 


A-B a ae 
eo 


Mee 


The equality holds good 1ff cos a ; . = | and sin = > 


which happens iff A = B = C © 60°) 


TEXTUAL EXERCISE-17 (SUBJECTIVE) 


1. If A, B, C are angles of an acute angled tnangle, then 37 
prove that (b) A cosec A + BcosecB + CcosesC < = 


{a A ,{a B nN 
(a) sec” (Z ays Sec” (=42), SEC” (F+C}>3 2. If A, B, C are the angle of a triangle, then show that 
sind + sinB + sinC < 3V3/2. 


m SUMMATION OF SERIES CONTAINING eC Ce Te cos}ar+(n-2) 3} 
SINE AND COSINE OF ANGLES 2 2 
FORMING AN AP | ( l 

COSS @ + arr B 
Sine of Angle Forming an AP By adding together 7 relations, we get 
Let the series be S = sina + sin (a + fB) + sin (a + 2B) +.... > sin l- 5 = cos( a2) co a+(n-2)p 
+ sin {a + (n— 1)B} 2. 2 2 


Since the angles a, a + B,a + 2,... {a + (n—-l) B} are 
in A.P. with I* term a@ and common difference f. Let us de- 
note the required summation by S. 


Since all other terms of RHS cancel each other 


Since we know that —~ 2sin B es 2sin} a a3 (=| sin 22 
2sin@ sin — = cos (a2) 00s [a+ 2 
2 2 2 oi nf 
sin, @+ p sin”? 
=> 2sin(a+t B) sin 5 = cos(a+4|-cos{ +22 | + ge 2 2 
2 2 2 _ #B 
sur 
=> dsin(a+2p)sin? = cos a +B). COs C +B | 
Z 2 Z So we conclude that: 
B 5 sin (a) + sin (a + B) + sin (a + 2f) +.... + sin 
2sin(a@ +(n—2)8) aie = cos|ar+(n-2) 5} (a + (n-1)B) 


3 _ sinfa+(n—1)(B8/2)}. sin(nB/2) 
cos}ar+(n-2. — sin(B2)OOSSS vase (A) 
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NOTES 
ei 
1. Since above expression vanishes when sine is zero, i.e., when np is equal to an integral multiple of 2. 
2 
np ; 21 
So a = kz, where k is any integer i.e. 2 =k.—. Hence the sum of the sines of n angles, which are in 


ie 2a 
arithmetical progression, vanishes when the common difference of the angles is any multiple of — _ e.4,., 
n 


27 An 67 
sind +sin| @+-— |-sin| @ -— |-+sin| @+— |-+...t0 n terms =—0 
n n n 


2. By putting B= 2c in result (A) we have 


’ , ; sinfa +(n—Najsinna sin? na 
sing +sin3q@+sin5a@ +...... + sin(2n —1)@ = AAD = Mm 


sINa sINa 
m COSINE OF ANGLE FORMING Se sin}a+[n—2 |p 
AN AP 2 
Let the series be S = cosa + cos (a + B)+cos (a + 28)+.... sin}a+[n—2 | 
+ cos {a + (n— 1)B} 2 


Since the angles be a, a + B,a + 28.,....{a + (n—-1) B} 
are in AP with Ist term o and common difference f. Let us 
denote the required summation by S. and S = cosa + cos 8B | 1 | B 
(a+ B)+ cos (a + 2B) +.... + cos {a + (n—1)P} ae s= in| Gide sin a2 


Since we know that 


By adding together these n lines, we have 


2cosa sin 2 = sinl w+ ee } sin : a Bb (.’ the other terms on the right hand sides cancel one 
2 2 2 another). 


~ 3B \ B 
= 2cos(a+f) sin 5 = sin{ a - sin a+) 


=> 2cos(~7+2f) sine = sin (a+ 58). 


cos a+("=")p ee? 
3B . 2 2 
sin 422) LG, — a 
2 sin — 
Spek tad aetaae Ba tons es i tr recta el gd se a sie 2 
iB . 3 So we conclude that: cos (a) + cos (a + B) +cos (a + 
2cos(@ + (n— 2) B) rs = sity @ + a Ber 28) +... + cos (a + (n—1)B) 
sen aie: n> _ sonia + i— Disa rainln pe) _B) 
2 sin(f/2) 
NOTE 
a a ; ny 
Since the above expression vanishes when sin—— is zero, i.e., when —— is equal to any multiple of 7. 
i.e, when me = km, where k is any integer and when £ =k. aly Hence the sum of the cosines of n angles, which 
n 


; : ’ , 21 
are in arithmetical progression, vanishes when the common difference of the angles is any multiple of — 
n 


21 An 
e.g., COSa + cos| @ +—— |+cos| ~@+—— |+....to n terms =0 
n n 


1.60 > Trigonometrry 


m@ APPLICATION OF COMPLEX NUMBERS 
FOR SUM OF TRIGONOMETRIC SERIES 


Above results can also be proved very conveniently using 
the concept of complex numbers as illustrated below: 


Let S= sina + sin (a + B)+ sin (a + 2B) +....+ 


sin {a + (n-1)P} (A) 
and C'= cosa + cos (a + B) + cos (a + 2f)+.... + 
cos {a + (n-1)B} .. (B) 


Multiplying A by i and adding B to it, gives 
C + iS = (cosa@+isina)+(cos(a+ B) + isin(a + B)) 
+...+..4+cos{a + (n— 1)B} + isinfa + (n—- 1) B} 


= el® 4 gh@+B) , pGt2h) 1 + eila+@-DP) 


ues +(e y"} 


The series in the bracket is a GP of n terms with Ist term 
1 and common ratio = e# 


: on CP | en] osnb isn 


| 
O- 
3 
em 
— 
+ 
O 
> 
+ 
rr 
O- 
> 
——Z/ 
Ww 
+ 
cron 
O 
a 
A 
Ww 


e'F —] cos 8 —1+isin B 
aaa cae 
_ of 2 7 ae 
Bp Bp ..p 


1 ee eae es 
2i° sin” —+ 2isin —cos — 
2 z 2 


2isin “P- spe TP. 
“ae 2 2 pi 
ai sin? ire ry ce 
2 2 2 
e’” so? i(n-1) B gue. ies Oe 
_ 2 mene |; 2 | (aS 
raat aoe 
sin — sin — 
2 2 
Let @+——— = @ and ——=4 
2 _ £B 
sin — 
Z 


=> C+iS = X(cos¢ + i sing) 
Comparing the real and imaginary parts of both sides, 


we get 
Gate sees C De 
2 2 


— ; 
ea 
2 
en ae fa OD | 
S= B 
sin — 
2 


ILLUSTRATION 59: Find the sum of sina— sin (a + f#) + sin (a + 2) — ....to n terms. 


SOLUTION: 


We have sin(a+ 8+) = -sin(a@+ Pf) 


sin(a +28 +2) =sin(a+2f) 


sin(a +38 +37) =-sin(a+3f) 


Hence the series sna@+sin(a+ #+7)+sin{a~+2(B+z)}+sin{a+3(Pt+7)} +... 


sina" *(p +m)| A me +7) sin} a+ 1p +m) si nee) 


Btn 
2 


sin 


ILLUSTRATION 60: 


=f & 
Sum the series: /l+cos@ +~/l+cos2q@ +~J/1+cos3q@ +....to n terms for @ € 2 
n 


p 


cos — 
2 


nN 


SOLUTION: Here, /l+cosa@~ +~J/l+cos2@ +V1+cos3@ +....¢Vl+cosna@ 
= J2cos’ a@/2 ++2cos’ @ + [2.cos” 2 +...to n terms 


Z 3 
= Vi {cos% +c0s 72+ cos... n terms] 
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(using formula) 


ILLUSTRATION 61: Find the sum to seriescos@ sin §/+cos3q@ sin2+cos5@ sin3f +.....to n terms. 
SOLUTION: Let S denote the given series 
Then 2S = {sin(a+ #)-sin(@ — 8)}+{snGa@ +2f8)-sin3a-—28)} 
+{sin(5@ +38)—sin(S@ —3f)}+.... 
fsin(a+ #)+sin3@+28)+sin(Sa+3)+....to n terms} 
—f{sin(a — 8)+sin3a@ —28)+sin(5@ —3f)+....to n terms} 


2a+ B 
2 


nN 


sin (or p+" a+ p)| sin n 


sin lamas 


—] ., 20-6 
2a - sin 

ar p)| oe 

sin 22 

2D 2 


sin} nae"! ph sin n 24+? sin} nar—"*1 ph sinn2@=P 


sin 2a+ Pp sin 2a-p 
2 2 


sin} (a — B)+ 


TEXTUAL EXERCISE-18 (SUBJECTIVE) 


1. Sum the following series | Tr 3r 5 
3. Sum the seriescos + cos cos + 
(a) cos@+cos3@+cos5@+......t0 n terms. 2n+1 2n+] 2n+l 
hohe to n terms. 
A 7A 
(b) cos—+cos2A +cos—+-......to n terms. 4. Sum the series cosa — cos(a + B) + cos (a + 2f) - 
2 rs re to 2n terms. 

2. Prove that 5. Sum the series cosa sin2a + sin2a cos3a + cos3a 
sina+sin2a+sin3a+....+sinna f n+1 sin4a + sin4a cos5a@ ...... to 2n terms. 
= tan a 

cosa+cos2a+...+cosna 6. Sum the series sin’?a + sin?2a@ + sin?3a@ + ....... to n terms. 
Answer Keys 


3n—1 


l 3 
1. (a) — 2n@cosec@ (b) cos Asin 7A cose 3. 1/2 


l . . . 
4. sin c + [i — | sin nB see 5. =sin(2n +2)a@.sin2nqa.coseca 6. a(n + 1)sin a —sin(2n+ l)a@|cosec a 
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m SERIES CONTAINING PRODUCT 
OF COSINE OF THE ANGLES 
FORMING A GP 


The trigonometric series containing product of the cosines 
of the angles such that the angles are in geometric 
progression is given as: 

sin 2” A 

2” sin A 

Proof: Miultiply and divide by 2sin4 in the left hand side 
of the expression 


cos A cos 2A. cos2?A. cos2? A.... cos2”! A = 


NOTES 
When n -> -, the following relation can be established: 
sing 
1. cos—. COS—0C0S — as. COS 1.00 = 
2 2 2 2 0 


2s1 


A 
LHS = oe x cosA cos 2A. cos2? A. cos2? A.... cos2”!A 
2sin A 


2sin 2A.cos2Acos2’ Acos2’A.......cos2”" A 
2° sin A 
2sin 2° A.cos2” Acos2’ A.......cos2” "A 
2° sin A 
proceeding similarly, the expression converges to: 


2sin2”"A.cos2”"A _ sin 2” A 


LHS = 0" sin A ~~ 2" sin A 


2. The above equation when differentiated by taking natural log on both sides gives rise to many useful identities. 


ILLUSTRATION 62: 
SOLUTION: 


——(2sin 29..cos20 
2° sin@ 


TEXTUAL EXERCISE-19 (SUBJECTIVE) 


1. Prove that 
] 


ee a oe oF on 


2 
ae co = cosec’ x ——. 
= 


2. Prove the following: 


N 2n An | 
(a) cos—cos—cos— = — 
9 9 9 8 
. 413 9 
(b) eer ea rela ae oe ae 


fee i 
Tae 2” '@.cos2”'@ = lie 2 
2 sing 2 sin@ 


. 2 C+0=7| 


2n 37 AT 


i 
. Prove that ee cos—— cos —— cos —— 


15 15 15 


An ST 167 


2H 
. Prove that 16cos—cos——cos—cos—— = 1. 


15 15 15 


. Prove that 


=a > }(t-tan a = tan a Mae o = 80. 
2 25 2 


cot@ 
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MULTIPLE CHOICE QUESTIONS 


SECTION-I 


OBJECTIVE SOLVED EXAMPLES 


1. Let (0) = ae and a+ B= oe . Then the value 
1+ cot @ 4 
of fia). f(B) is 
(a) 2 (b) -1/2 
(c) 1/2 (d) None of these 


5 
Solution: (c) Let cot (@+ #)= cot = l 
cota cot B-1 _ 
cota+cot B 
+ cotat+cotB = cota .cot B-1 


ec 
Now f (a). f (B) = (1+ cot a)(1+ cot B) 


7 cot a cot B 
1+(cota+cot B)+cota@ cot B 


cota cotf — | 
2cotacotB 2 


. If sin a + sin B = a and cos a — cos B = Bb, then 


an— P is equal to 
(a) —a/b (b) — b/a 
(c) Ja’ -b (d) None of these 


Solution: (b) Here 2sin Poe =a. 


and -2sin22P nf —P b 


sin 


Dividing, we get tan( 9 , B = _5 


a 


2sin @ l+sin@—cosa@ 


. If ———————= ,, then ——————_—__ 1 
l+sin@+cosa@ l+sin@ 
equal to 
(a) 1/A (b) A 


(c) 1A (d) 1 +a 


Solution: (b) l+sina@—cosa@ 


l+sin@ 
(l+sin @)* —cos’ @ 
1+sina)(1l+sinq@~+cos@ 
( 


e 2sina~+2sin’? a e Ising 
(l+sina)(l+sin@+cos@) lasina+cosa ~ 


. The set of all possible values of a in [—2, 2] such that 


l-sing 
= seca — tan @1S 
l+sinag 
(a) [0, 2/2) (b) [0, 2/2) U (n/2, zn) 
(c) [-#, 0) (d) (— 7/2, 7/2) 
Solution: (d) Clearly, a # + 2/2 
> seca—tang= eid and 
cosa 
_, flesina sina _ _ [d=sinay? sin ay me cs l-sn@ _Il-sina@ 
l+sina cos’ a cosa ~ |cosa@ | 


Hence, these will be equal if cosa > 0 1.e., —2/2 < 
a<n/2 


. Iftana = Va, where a 1s a rational number which is 


not a perfect square, then which of the following 1s a 
rational number? 
(a) sin2a (b) tan2a 


(c) cos2a (d) None of these 


Solution: (c) Given tan @ = Ja 


l—tan’?a@ 7 l-a 
l+tan?>a Il+a 


cos2a@ = 


=> so itis a rational number 


2tana _ 2Ja 
l+tan?>a Il+a 


sin 2Q = 
=> it 1s an irrational number 


2tana _ a 


tan 2a = ———.___ = 
l-tan°a l-a 


=> it 1s an irrational number 
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= 


6. cosec@ = “a =a , where x € R, y € R gives real 0 
x+y 
if and only if 
(a) x=y#0 (b) [x|=ly|#0 


(c)x +y=0,x#0 (d) None of these 


o) 


Solution: (d) Let = _¥ 
x+y 


2 2 2 2 
~2loaxr-yexrty 


=> 2° <0 = ysl-Sy=0 
x? 
=> cosecd =—=1,x#0 
2 
praia 
or Le > r-y<--y 
x+y 
=> 2x’*<0 > a0 Sere 0 


2 


cosec@ = eae =-lLy#0 
y 


y 


=> x=0,y #0 ory =0, x #0. Which do not satisfy 
any of the given options (a), (b), (c). 


. Ifx =rsin 9. cosd; y =r sind. sing and z = r cosO 
then the value of x? + y + z? 1s independent of 


(a) 0, ¢ (b) r, 0 
(cc) r,¢ (d) r 


Solution: (a) 

Let x°+y =r'sin’@ (cos’¢+sin’ ¢)=r’ sin’ @ 

and z*= r cos’ 0 

=> x +y'+z°=r (cos O+sin’ @)=r° 
Clearly, independent of 0,4. 


. Let m be an odd integer. If sin n0 = > 0: sin’ @ for 


all real 0, then = 
(a).0.= 1:0) = 3 
(b) 5, =0, 6, =n 


Solution: (b) sin n 0 = 5, + b, sinO + b, sin’ O + ....+ 
b, sin"0. 

Given, n is an odd integer 

Substituting 0 = 0, we get b, = 0 

After differentiating w.r.t. 0, and putting 9 = 0, we get 
=> b,=n 


. If ABC 1s a triangle such that angle A is obtuse, then 
(a) tan BtanC > | (b) tanB tan C < | 
(c) tan B tan C = | (d) None of these 


10. 


11. 


12. 


13. 


Solution: (b) Let us take tand = -tan (B + C) 
tan B+tanC 
tan BtanC — | 
Since A is obtuse therefore tan B tan C —-1 <0 
= tanB tanC < | 


= tanA= 


The minimum value of cos(cosx) 1s 
(a) O (b) —cos | 
(c) cos | (d) -l 


Solution: (c) cosx varies from —] to | for all real x 
Thus cos(cosx) varies from cos! to cos 0 
=> minimum value of cos(cosx) is cos] 


If a and f are solutions of sin’x + asinx + b = 0 as 
well as that of 
cos’*x + c cosx + d = 0, then sin (a + f) 1s equal to 


2bd eee 
b 
(@) ee ©) 2ac 
b> +a’ 2ac 
d 
(c) 2bd @ atc 


Solution: (d) According to the given condition, sin a 
+ sin B = -a and cos a + cosh =—c 


= Sail a eed and 
pD 2 
Tall Le — 
2 2 
= Re an CA 
2 C 
> tan @ ac 
=> sin(at+ B)= Ea hg SS 
1+tan’ > Are 


In a AABC, if cot4 cotB cot C > 0, then the triangle 1s 
(b) right angled 

(d) Impossible 

Solution: (a) Since cot A cot B cot C> 0 

cot A, cot B, cot C are positive 


(a) acute angled 
(c) obtuse angled 


= triangle is acute angled 
(’.. two angles can’t be obtuse in a triangle) 


If sin4, cos4 and tan4 are in G-P,, then cot*4d — cot?A 
equals 

(b) cot?A 

(d) O 


(a) cosec’?A 
(c) | 


Solution: (c) sind, cosd4, and tanA are in G.P. 
=> cos4 =sind tand => cos*A = sin’A 


14. 


15. 


16. 


= cos*4 = sin‘d => cot*4 cos?4 = | 


= cott*d=sec*?A =1+ 


2 


cot 
The numerical value of sin—. sae LS 
18 18 18 
equal to 
(a) | (b) 1/8 
(c) 1/4 (d) 1/2 


Solution: (b) Given expression 1s 


4 8 
cos — cos —— 2 sin —— 2 cos — sin — 
18 18 18 18 
oP gin 2? sin —— 
18 18 
. 16n 
sin —— 
= Ig 1 
sine 8 
18 


= cot*4 —cot?A = 1 


is 


If in a AABC, sin? A + sin? B + sin’?C = 2, then the 


triangle is always 
(a) isosceles triangle (b) right angled 


(c) acute angled (d) obtuse angled 


Solution: (b) Given sin? A + sin? B + sin?C = 2 
1 —cos 2A + 1 —cos2B + 1-—cos2C =4 
cos 2A + cos 2B + cos 2C + 1 =0 

2cos (A + B) cos (A — B) + 2cos’C = 0 

cos (1 — C) cos (A-— B) + cos’C = 0 

cos C (cos C — cos (A - B)) = 0 

cos C x [cos (x —- (A + B)) — cos(A — B)] = 0 
cos C x [-cos (A + B) — cos (A — B)]| = 0 
cos C x [cos (A + B) + cos (A — B)| = 0 

2 cos A cosB cosC = 0 

either A = 90° or B = 90° or C = 90° 
Therefore triangle is right angled. 


YUUUUUUDYSY 


If in atriangle ABC, 2 cotB cotC = 1, then cosB cosC 


will be equal to 
(a) sind (b) sinB 
(c) cosd (d) 1/2 


Solution: (c) Given 2 cot B cotC = | 
=> 2cosB cosC = sinB sinC 


17. 


18. 


19. 
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= cosB cosC — sinB sinC = —cosB cosC 
=> cos (B + C) =-cosB cosC 
= cosB cosC = -cos(B + C) = cosd 
If S= bon ea saa +cos” we , then 
n n n 
the value of S equals 
n l 
a) —(n+ | b) —(n-1 
(a) - ( ) (b) - (n— 1) 
l n 
c) —(n-2 dy) — 
(c) ; (n — 2) (d) 5 
Solution: (c) 
Given S = cos’ LAN ecole poke +cos” ee 
n n n 
1 20 An 2(n-l)x 
= —| 1+ cos—-+1+cos—H4.....+1+cos— ——— 
2 n n n 


n-l 
= 4 n+ Seo “i 


Now, we will calculate the value of Y' cos ; 
k=1 


n 


since we already know that ¥ cos —0 
k=1 

n—-1 
> COs a2 +cos27 = 0 

k=l n 

n-1 
= ile => SSeS =>) 

n 2 pi 


If (tan x — tan y)’, (tan y — tan z)’ and (tan z — tan 
x) are in A.P., then (tanx — tany), (tan y — tan z) and 
(tan z — tan x) are in 
(a) ALP. 
(c) HP. 


(b) GP. 
(d) None of these 


Solution: (c) Let a = tanx — tany, b = tan y — tan z and 
c =tanz-—tanx 

> at+b+c=0 
and 2b? =a’ +c? 


=> bP=a’+c’?+2ac 
=> 2b = b’-2ac 


A 2ac 2ac 
= =_- —= 
b —-(a+c) 
2ac 
=> b= a, b, c are in H.P. 
(a+c) 


If |sin? x + 10 —x?| =|9 —x?| + 2 sin? x + cos’ x, then 
x lies in 

(a) [-8, 8] 

(c) -Vi7, VI7] 


Solution: (b) |sin? x + 10 —x?| =|9—x?|+sin?x + 1 
ke + y + 2| = |x| + |y| + [2 


(b) [-3, 3] 
(d) None of these 
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20. 


21. 


22. 


(when all x, y, z are > 0, or < 0) 
=> 9-x20 
> 3<x<3 


The equation cos® x + 6 cost x + 1 = 0 will have a 
solution if b belongs to 


(a) (0, 2] (b) [2, «) 
(c) (—0, —2] (d) None of these 
Solution: (c) Given equation can be written as 
b=—[ 00s x+ <2 Vx e R 

cos 
=> be (-«, -2] 


The values of p for which ./p cos x — 2 sin x = 
MDX + ./(2— p) has solutions are 

(a) p> 0 (b) ps3 

(c) O<p<2 (d) J5-1< p<2 


Solution: (d) The given equation is valid if p > 0 
and <2 =. Di S(0e 2) esa ) 
Let p= rcosa@,2 =r sina 


(p+4) 
2+,/2- 
V(pt+4) 
We must have R.HLS. < 1 
2+2-pt+ 22 V2-P)<p+4 
2/2,/(2-p)<2p -. 2(2-p)<p’ 
. p?+2p—4>0 or (p-a) (p -B)=>0 
wherea =-1 — V5 and B=-1+ V5 
- p<-l— V5 orp>-1+ V5. .....ii) 


From (1) and (11) the required limit for p are as given 
in (d). 


r= 


sec'@ tan’ @ l 
+ = 


If , then 
a b at+b 
(a) Jal = |5| (b) |5| < |a| 
(c) |a| < |b| (d) None of these 


Solution: (b) (a sin‘O + 5) (a + b) = abcos‘O 


=> a’sin’d + absin‘® + ab + b* = abcos*d 


=> a’sin’® + ab + b? = ab(1| — 2sin’0) 
=> a’sin‘® + 2absin’0 + b? =0 
=> (asin’0+ b)’?=0 = sin’0 =— b/a 
b 
=> el => |b| < lal. 
a 


23. 


24. 


If cosec(8 — a), cosecO, cosec(8 + a) are in AP. 
a € (2/2, 7/2), then the number of possible values 
of a 1s 


(a) O (b) | 
(c) 2 (d) None of these 
Solution: (b) 2cosec (9) = cosec (8 — a)+ cosec (8 +a) 
2 It it l _ 2sin@cosa 
sn@ sin(@-a@) sin(@+a@) sin’ @-sin’a 
=> sin’?@ cosa =sin?@—-sin?a oo... (1) 
=> sin’0 = Siena 2cos’a/2 if a #0. 
l—cosa@ 
=> sin’?0 = 1+ cosa; a4 0 
=> 1+cosa € (0, 1] 
=> cosa € [-l, 0] 
But ae ele 
2-2 


1 qn 
= a=2%¢(-2,7) 


Now, if a = 0, for @), we see that equation holds 
goods. 


co = 0 1s only possible value in (-=,5) 


If 


0056) siné + sin? 9 + sin? a} <k,then the value 
of kis 

(a) Vi+sin? a 
(c) Vi+tan? a 


Solution: (a) Let x =cos0 sinO + cos0 +/sin? @+ sin’ a 


then x” + cos’0sin’0 — 2xsin@cos0. 


(b) Vl+cos’ a@ 


(d) None of these 


= cos’0 sin’9 + cos’0 sin? a 

=> x’—2xsinO cos0 — cos’0 sin’a = 0 ee tL) 
If cos8 = 0; x = 0. 

If cos® # 0, dividing (1) by cos’0; we get 

x?(1 + tan’0) — 2xtanO — sin’a = 0. 

=> tan’ 0 (x”) + tan 8 (-2x) + (x? - sin? a) = 0 

Now this becomes a quadratic in tan 0 

Since tan 9 is real, we have 

D = 4x? — 4x? (x? — sin? a) = 0 

=> 4x’ [1 —x?+sin’a] > 0 


=> °<1+sin?a > |x| < Vl+sin’a 


k= Vl+sin’ a. 


25. For a non-negative integer n, let 


26. 


7. (0) = tan Js @)(1+ sec 20) .... (1 + sec2”0) 


N = N = 
4%} OAL 
N m N = 
o4(2)=1 @ 5(%)- 


Solution: (a, b, c, d) 


f,(8) = tan Ja+-se00)= scl 4 


cos 8/2 cos@ 
0 «i 0 @ 
_ sin@/2.2cos’ 0/2 | pining eo — sind | sao 
cos(@/2)cos@ cos@ cos@ 


Thus f (0) = tan | (1 + sec8) (1 + sec20)(1 + sec40) 
mer (1 + sec 2” 8) 


= (tanO) (1 + sec) (1 + sec 40)... (1 + sec2”O) 
= (tan20) (1 + sec40) .... (1 + sec 2”0) 
= (tan 40) (1 + sec 80) .... (1 + sec 2”0) 


= tan(2” 0) 


IN 
At 


- 4 4 
f Six cos x | 


T 
S 
' 
fo ON 
iw) 
Cn 
SES 
5 
Nis == 
T 
S 
=" 
AIA 
i 
T 
— 


If ——— + = —, then: 
zZ 3 5 
: 8 8 
@y tae 2 (b) sin’ x | COS x _ a 
3 8 27 125 
se 8 
Ga 1 (d) sin an cos x a 
3 8 pH) 125 
- 4 4 
Solution: (a, b) If Scie ali Macha = then 


sin* x : (l-sin’x)’ 1 
2 3 5 


=> 


21. 


28. 


Trigonometric Ratios and Identities < 1.67 


FS 4 rs 4 . 2 
sin x i+sin x-—2sin°x 1 


3 5 
= 25 sin*x — 20sin*x + 4=0 


1 ane 2 2 3 
=> (5sin’x —2)?=0> sin’x=—> cos? x= = 


cos® x 7 1 
27125 


- 8 
= tan’x = 2/3 and ~~ 


Ifin an acute angled AABC, if cosd cos B cos C= k, 
and sin A + sin B + sin C > k,, then find the value of 
k +k 

1 2 


15 
— b) 2 
(a) ; (b) 
17 
(c) @ (d) None of these 


Solution: (c) Let 8 cosdcosBcosC' = y, where A, B, 
C are acute angles 
4 [cos (4 + B) + cos (A - B)] cosC = y 
—4 cos’C + 4 cosC cos (4 - B) =y 
4 cos’?C — 4 cosC cos (A - B) +y =0 
cosC — 4008(A — B)+J16c08"(A— B)—16y 
8 
cosC real ; y < cos’(A — B) 
=> y<1-z>cosA cosB cosC < 1/8. 
Aliter: GM > HM for positives reals 


WY YUY 


3 
= (sec AsecBsecC)* >—____—_—_—- > 
cos A+cosB+cosC 
3 
3/9 (." cos A cos B cosC <3/2) 


] 
cos A.cosB.cosC 
=> cosA.cosB.cosC<1/ > k,=1/8 


Next, *."for all x € (0, 7/2), ae 
tion 


is decreasing func- 


sinA sinaz/2 
A n/2 


> Ber eee 
nr 
Similarly sin B soe and sinC > aes 
qt NT 
= sind+sinB+sinC >2> k,=2 
= kK Ls 


IfA + B+C =a then find the minimum value of 
tan? A/2 + tan? B/2 + tan? C/2 


(a) 3 (b) 1 
(c) 2 (d) None of these 


1.68 > Trigonometrry 


Solution: (b) First draw the graph of y = tan’x/2 its 


period is 27. 


Let P(A, tan? A/2), O(B, tan” B/2) and R(C, tan? C/2) 


be any three points on y = tan? x/2, then centroid of 


APQR 1s 


3 : 2 


Draw | GM on x-axis, meet the curve at L. 


co-ordinates of Z are 


casee (SES) 
i tae ca ar’ ae 


sin ea COs (2. sin ey) a als 
i i Ma a 


() 3 N27 AA 


Qa Qa 
cos — cos — 
2 2 


(d) None of these 


=> 


Solution: (a) We have cos3@ = 4cos’ @—3cosa@ 
so that 4cos* @ = 3cosa@+cos3a@ 


Acos’ 2a@ = 3cos2a@ +cos6a@ , 


and 4cos°’ 3a@ = 3cos3a@+cos9Q@ 


Hence if S be the given series, we have 
AS = Bcosa+cos3a@)+(3cos2a + cos6a@)+ 


(3cos3@ +cos9@)+.... 


It is clear from the graph of y = tan” x/2 that 


GM 2 ML 


tan’ (A/2)+ tan*(B/2)+tan*(C/2) 
3 


ceaeees (2) 
tan” | —————- | = tan" | — | = 
6 6 


Hence tan? A/2 + tan? B/2 + tan? C/2 > 1 


=> 


29. 
... to n terms 1s 


n+] (na 
cos | —— |@s1n} —— 
_ 5 


_ Ia 
sin — sin — 
2 2 


sin ("Ja COs 22. sin A Q COS 
Z 


ga ees 


cos — 
2 


3a 
Cos — 
o) 


SUBJECTIVE SOLVED QUESTIONS 


5) 4 


3(nt 1). 
COS 5 Qa sin 
_ — —  e_— 
(a) 3 ; 3 


The sum of the series cos*a + cos?2a@ + cos? 3a + 


cos| 3 + — sa sin 


cos( = Ja sin (=) cos sae, asin 
2 2 9) 


= 3(cosa@+cos2a@+cos3a@+.....)+(cos3@ + 


cos6a@+cos9a+....) 


n—| _ na 

cos, @ +——..@ >sin —— 
# p) 

—————— 


. a 
sin — 
2 


n.3a 


. 3a 
sin — 
a) 


3na 


+ 

a . 3a 

sin — sin — 
2 2 


Remarks: 


3nax a 
Q) 


3na LJ) 


SECTION-II 


In a similar manner, we can obtain the sum of the 
cubes of the sines of a series of angles in A.P. 
We can similarly obtain the sum of the squares 
since 2 sin’?a = 1 — cos2a@ and 2 cos’a = 1 + cos2a 
Again since 8 sin* a = 2 [1 — cos2 a]? = 2-4 
cos2a + 2cos’2a = 3 —4 cos2a + cos4a 

we can obtain the sum of the 4th powers of the 
sines. Similarly, for the cosines. 


Solution: Since a, B and yare in A.P., 2B=a+t+y 


1. If a, B and y are in A-P., show that cot B = 


sin@—siny 
COS Y¥— COSA 


=> cot B=cot 


a+y 
ary _ OF 5 
a+y 


sin 


+Y . Q-Y 


2cos = sin 
= 2 ; a 


2sin Sd ae aan 
2 p) 


sin @—siny 
cos Y¥— cosa 


2. Find x from the equation cosec (90°+ A)+xcos A 


cot(90° + A) = sin(90° + A). 

Solution: 

cosec (90° + A) = sec A; cot(90°+ A) = — tan A 
; sin(90°+ A)=cos A 


L.H.S.= sec A + x cosd (— tan A) = 


—xsind 
cos A 


—xsin A= cosA=R.HS. 


Now we have 


cos 
=> —cosA=xsinA 
Cos 
1—cos’ A sin’ A 
———=xsnA > ———_ = 
cos A sin Acos A 
=> x =tand 
. Show that Fr cae eal ae ee, 
f 7 2 
Solution: 
1 ( 2n Ar 6 
2 sin —| cos —+ cos — + cos — 
PS 


4 
2 sin — 


[si 3x =| ( 51 *t 
sin ——- sin— /|+ sin —— sin — + 
| 7 7 d 7 


_ 2 
2 sin — (sin 2 — sin =) 
7 7 


_ 
sin 7 — sin — 
7 


Dei 
7 


. Show that sinl2°.sin48°.sin54° = 1/8. 


Solution: L.H.S. = | [c0s36° — cos60°] sin54° 


] 1. 
— [cos36° sin54° — — sin54°] 
2 2 


] 
ri [2cos36° sin54° — sin54°] 


1. 
7 4 [sin 90° + sin18° — sin54°] 


Trigonometric Ratios and Identities < 1.69 


= “I 1 — (sin54° — sinl8°)] = — (1 — 2sin18°cos36° | 
= > 1-23 oe —cos18°cos ne 
_ 1 1 sin a 
4 cos 18° 
: 1 h- zene |= BS 1 sin 72° 
4 2cos18° 4 2sin 72° 
| 


7; [1/2] = 1/8 = RES. 


. If 8 1s not an odd multiple of 2/2, then prove that 


9tan @—-84 tan’ 8+126tan® @—36tan’ 0+ tan’ O 


ae ET ISALOE L YT BETTS” Hee 
1—36tan’ +126 tan" 9-84 tan’ 6+9tan° @ 


Solution: cos 9@ + isin9@ = (cos@+isin@) =cos’ @ 

(l+itan 0)’ = cos’ @(1- °C, tan’ @+°C, tan’ @- 

°C, tan® 8 + °C, tan® 8) +icos’ A (°C, tan — 

°C, tan°@ + °C, tan’ @— °C, tan’ @ + °C, tan’ 6) 
Equating real and imaginary parts and dividing imagi- 
nary part by real part, we get 


9tan@—84 tan’ 6 +126 tan’ @-36tan’ 6+ tan’ @ 


tan 96 = 5 4 6 8 
1-—36tan* 6+126tan" 9-84 tan” 8+9 tan” 0 


. Ifx+y+z=xyz, prove that 


Me es 2 ons XYZ 
dox 0s) 0-2) 


Solution: Let x = tanA, y = tanB, z = tanC 

. tan A + tan B + tan C = tan A tan B tanC 

tan A+tan B 

1—tan A tan B 

tan(4 + B) =tan(na-C) 

At+B+C=nar,nE ZL 

tan(2A + 2B) = tan(2nza — 2C) 

= tan 2A + tan 2B + tan 2C = tan 2A tan 2B tan 2C 


ae 2 
l=y> lez 


=> -tanC = 


YU 


2x 2y 22 Sxyz 
= Fie ha = Oo aia 
I-x Il-y 1l-z d-x*)d-y )d-2z’) 
E tan 24 = 
l1—tan° A 
4 
Bg ce Fk XYZ 


l-x*? l-y? l-z (1-x’)\l-y’)-2z’) 


. Prove that 


a 32 54 7H ] 
1+cos— || 1+ cos— || 1+ cos— || 1+cos— |J=—. 
8 8 8 8 8 
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na 2 
Solution: Writing sage” = COS (247) - sin 9. Iftan B oe Prove that tan (a — f) = 
8 2 8 8 l—nsin’ @ 
rT rr (/— m)tana. 
=> cos — = cos( 2-2) = sin 2 ; 
Solution: Given tan f = Udcaalalateae 
7 1 1 l-—nsin’ a@ 
=> Ra = COS ae ee _ ntana@ 
z ee - sec’ ~@—ntan? @ 
L.H.S. =(1+c0s% |[1-cos |[14 sin |(1-sin | ntang ntan@ 
~ 1+tan2a@—ntan2qa 1+(1—-n)tan’ar 
24 20 OE nu ” 
= | 1—cos*— || 1-sin* = |=sin? ~ cos? tan @ — tan B 
eo eee ee eee | 
=7 er = -_=_=RHS re ntan @ 
42 8 7 1+(1—n) tan’? a 
8. If sinx + siny = a and cosx + cosy = b, show that aie 
ae 2ab Pre ae 4-a-b ele aian a 
alco a nT ieee Cas reef tana@+(l1—n)tan’a—ntana 
= ND eC Cs= (1 — n)tan a 
1+(—-n)tan°a+ntan a 
Solution: Let sinx + siny = a (given) 
o OEY x= , 10. Prove that sin Asin(B—C)+sin Bsin (C — A) + sinC 
=> 2sin . COS——=a eld) 
2 sin(A — B) = 0. 
cosx + cosy = b Solution: The LHS can be written as >'sin Asin(B — C) 
=p = js ; 
=> 2eos——=. cos = b ...(11) = YF [2sin Asin(B-C)] 
tals gies 7 x+y a 1 
Dividing (i) by (ii), we get tan ~~ =~ = Dis [eos(A- B+C)—cos(A+ B-C)] 
2tan 71” a= 1 
sin(e + y)= ———2_=—*% = 7 dlcos(A- B+C)—cos(d+ B-C)] 
7xX+Y a” 
1+ tan rt 1+ 53 
Squaring (i) and (ii), then adding we get ~ ose —B+C)—cos(At+ B-C)+ 
= cos(B-C + A)-—cos(B+C-A 
4. cos? ——* sin? =¥ + 005? 2 = a? 8 on ) ( 3 
+{cos(C — A+ B)-cos(C + A- B)}] =0 
=> 4eos' == = a? +6? = eos’ =? —" Aliter: LHS = sin Asin(B-C) 
oo Pn ae eer ie 20 = } sin(# -(B+C))sin(B-C) 
=> sine — = |—-— = — —_ 
4 4  A+B+C=2>([n-(B+C)] =A 
, 9 X-y . . 
sin = » sin(B+C)sin(B-C 
= an iach 
7 cos? <= = >) sin’ B-sin* C 


$22, os. 2 > 2 aie, oD > 2 
=sin° B—sin® C+sin° C—sin° A+sin° A-—sin’ B =0 


11. If A, B and C are the angles of a triangle, show that 


. A . B . C 
tan” —+tan° —+tan° —2>1 
2 2 p) 


Solution: Since we know that ie ae 
ja a: 2 
in aC 
=> tan 79 = tan 79 
tan — + tan — 
= = 
1 — tan — tan — tan — 
A B C C 
=> Bo ee a ee =] 


we know that ce ue + nee ne 
2 2 2 2 


. 


+(an tin > 0 
2 2 


. 


( , A ,B _ 
— ee ge — 
A B B C C A 
2| tan —tan —+ tan — tan —+ tan — tan — |>0O 
2 2 2, 2 2 2 
4 A 4 B 4 C 
= tan°—+tan° —+tan° —2>1 
2 2 2 
12. If 4 + B + C = 7 then show that cotd + cotB + cotC 


— cosec A. cosec B. cosecC = cotA. cotB. cotC 


cosAd cosB cosC 


Solution: LHS = 


snAd sinB- sinC 
] 


sin A sin B sinC 


cosA sinB sinC +cosB sinC sin A+cosC sin A sinB-1 
sin A sin B sinC 


oy) ESS eA eee 
sin A sin BsinC 


sinC’ sin(4+ B)+cosC sin Asin B - 1 
sin Asin BsinC 
sin’ C +cosC sin A sin B-1 

sin A sin B sinC 
[".. sin(4 + B) = sin(a — C) = sin C] 


ks . 2 
cosC’.sin A sin B—cos* C 


sin A sin B sinC 


cosC {sin A sin B-cos(#-— A+ B)} 
sin Asin BsinC 


Trigonometric Ratios and Identities < 1.71 


cosC’. {sin Asin B+ cos(A + B)} 
sin Asin BsinC 
cosC’. cos Acos B 
~ sin Asin B sinC 
= cot A cot B. cot C 
sin 2A +sin 2B +sin 2C 


13. If4+B+C =n, prove that 
cosA+cosB+cosC —-1 


= 8cosA/2 cosB/2 cosC/2 
Solution: | HS = 2st Beos(4A — B) + 2sin€ cose 
AaB xs 9 C 
2cos .COS ae aes 


sin C' cos(A — B)-— sinC cos(4 + B) 


7 A-B .C A+B 
— sin —cos 
Z Z 


mo 
sin —Ccos 
2 


2s1n <cos< [eos( — B)-cos(A+ B)] 
A-B_ _ 


mo 
ee COs COs 


C 2sin Asin B 
= 2cos—.—_—____ 
_&B 

2 sin — sin — 
2 2 


= Base eas ees =R.HS. 
2 2 2 


5 
1 
14. Prove that cos(2r—])—=—. 
» ( ee 


r=l 


5 

Solution: >) cos(2r — De 
r=1 

On 


N 32 5 71 
cos—+cos— + cos— + cos—+cos— 
11 11 11 11 11 


2 sin — 
1] XK 3% St 7h O7 
= cos — + COS —— + COS — + COS — + COS — 


. 11 11 11 11 11 
2 sin — 
11 
. 2 An 
sin —— + sin —— — sin —— + sin ——— sin —— + 
1] ll Le 1] 
670 10z S70 
sin —— — sin —— + sin —— — sin —— 
S l 1] 11 ll 
2 sin — 
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15. 


16. 


17. 


In an acute angled AABC, prove that tand + tanB + 
tanC > 3V3. 


Solution: Let tan(4 + B) = tan(180° — C) 


tan A+tanB 
=> SS 
l1—tan Atan B 


= tand + tan B + tanC = tan A tanB tanC 


tan A+tanB+tanC 
Now — —_ > #/tan A tan B tanC 


3 
[.. A, B, C < 2/2 = tanA, tanB, tanC > 0 and AM 
>G.M] 


tan A.tan B.tanC 
=> 2 tan A tan B tanC 


=> tan’A4 tan’B tan’C > 27 
=> (tanA + tanB + tanC)? > 27 
= tanA + tanB + tanC > 3V3 
and the equality holds when A = B =C = 73 


= —tanC 


If a and B be two different roots of the Te acos0 
— h? 


7° 


+ 6 sin 8 =c, then prove that cos(@+ B) = 
a’ +b? 


2tanO/2 
14+tan? 6/2 


1—tan’ 6/2 


Solution: Here a. ———_.—— 
1+tan~ 6/2 


=> a(1- tan?) aes e(1+tan? 3 
2. 2 2. 
— (a+c)tan? 5 2btan + (e~a) —=0 


a 
Roots of the equation are ae and tan — 


Bp _ 


a 
=> tan—-+ta 
2 at+ec 


a+pP  tana/2+tanB/2 _ 
2 1— tan a@/2 tan B/2 


=> tan 


1— tan’ 
=> cos(a+ f)= 
1+ tan 


Q 


Prove that 


sin2@ sin3@ 
cos’ @ cos’@ 
cos(n+1)@ 
~ sin @ cos” @ 


sin @ 


cos @ 


= cot 


18. 


19. 


Solution: Let 


cos26 
cos@sin @ 


: 4 . 9 
sin@ cos @-sin’ @ 


cot @- ...(1) 


cos@ cos@sin @ 


sin 20 


cos’ @ 


cos 26 


cos @sin @ 


— ae eaten 


cos@ sin @cos@ 


cos 20 
cos@sin 6 
cos3@ 
cos’ @sin@ 


sin 20 = 1 
cos’@  cos’@ sin@ 
_ sn3@ 1  cos4@ 


cos’@ sin@ 


Gi) 


iii) 


Similarly, a 
cos 


cos n@ 7 
cos” @sin@ cos”@ cos”@ 
Adding (1), (11), (111)......(n), we get 
sin2@ sin30 
cos’@ cos’@ 


snn@ 1 cos(n+1)@ 


sin @ 


sin @ 


t a 
eoeY jane 


1 cos(n+1)@ 
sin @ 


cos” @ 


4 : 4 
COS X sin cos’ Vs, sin’ y 


If = | prove that ——_— =]. 


2 7 . 
COS y sin’ y cos’ x Sas 


sin’ x 


cos’ x 
Solution: Consider ——+—>— = 1 
cos y sin’ y 


sin’ x 
x |+| — 
sin” y 


(cos’ x—cos” y)— 


~sin’ - -0 


cos’ x 


a (cos’ x—cos’ y)=0 
cos’ y 


‘ 
, , cos x sin’ x 

=> (cosx — cosy) aS = 0 

cos y sin’ y 


=> cos’x = cos’y or tan’x = tan’y (0) 
Now, the LHS of the identity to be proved 
4 4 - 4 
ges sin" y _ cos'x sin’ x Se 
Ser a a LS [Using (2)] 
cos” a. sin°x cos'x sin’x 


= cos*x + sin’x = 1 = RHS 
Find the sum of the series sin6 + sin30 + sin50 + 
sede upto infinity. 


Solution: Let C = cos0 + cos36 + cos5@ + ....... 
S = sinO0 + sin30 + sin50 + ...... 


So, C + iS = (cos@ + isinO) + (cos30 + i sin30) + ..... 
=o 9804 98, 2 2 0S OHISING 
ee ere er l-e”’ (1-cos2)-—isin20 
7 cos@+isin @ , = 00826) +i sin 28 
(l—cos2@)—isin2@ (1—cos2@)+isin 20 
= 1(C +i) = eee Oe 
(l—cos20)° + sin” 20 


sin 28 cos @—cos26@.sin @+ sin @ 
2—2cos20 


20. For all 8 in [0, 2/2], show that cos(sin8) — sin(cos@) 
> 0. 


Solution: We have, cos0 + sin@ 


= W3| —cos+ sind 


= 2 (sin Jeos0+ {cos sing 
4 4 
= /2sin F+0) 


— cosd+ sind <J2 <2/2 [as J2 = 1.414] 


cosO + sin0 < 2/2 [2/2 = 1.57 approx. | 
cos@ < 7/2 — sinO; 8 € [0, x/2]; 


* -sinOe Lae ea 
2 wy) 2 


Taking sine on both sides; ("." sin® increasing in 


YU 


=> sin(cos@) < sin z sin a) 


=> sin(cos 90) <cos(sin 9) .. cos(sin 0) > sin(cos 8) 


21. Find all possible real values of 0 and 9 satisfying: 
sin? 8 + 4 sin? @ — sinO — 2 sind — 2 sinO. sind + 
1 =0, for all 9, > € [0, 2/2]. 


Solution: Given equation can be rewritten as, 
sin? 9 — sin 8 (1 +2 sin o>) + (4 sin” o — 2sin d + 1)=0 
=> sind = 


(1+ 2sing)+ J(1+ 2sing) — 4(4sin’ @—2sing +1) 


2 


Trigonometric Ratios and Identities < 1.73 


_ (1+2sin¢)+./-3-12sin’ 9+12sing 


2 


_ (4+2sin@)+ 4-3(2 sing — 1)” 
2 
since sin 9 is real 


equation (1) is real only if 


2 sin d -—1 =0 or sin o = 1/2 and sin 0 = = 


=> g=— and 0 = = as 9, 0 € [0, 7/2] 


22. Find the value of the given trigonometric identity: 


390 _ 20 
tan —+ 4sin —. 
1] 1] 
Solution: Let the given identity ne + 4 sin <2 =k 
3 tan — — tan* 1 8 tan = 
=> rs =i k 
1 — 3tan* — 1 + tan* — 
1] 1] 
3x-x° Sx h - Tr 
> 7-37 ‘The = k | where x = ae 
(11x —22x%° -xyY =k (1-2x?-3x4? ..... (1) 
Again forming the equation whose roots are 
v4 20 3 4 SH 
+tan—, ttan—, + tan—,, + tan —, + tan —., 
1] lI 1] 1] 1] 


x! 55x8 + 330x° — 462x4 + 165x? — 11 =0 
= (11x —22x3 — x5)? = 11(1 — 2x? — 3x4)? ...... (2) 
Compare (1) and (2); # =11>k= V1l 


3 ; 
tan +4 sin = J11 


Aliter: 
Let y = 
30 20 ] _ 3H _ 20 37 
tan —+4 sin—= sin — + 4sin —cos— 
11 11 30 1] 11 11 
cea, 


? COs” is sin? si +16sin* id 

ey ee ay 1] iT: 
, 3H : Dae 32. 3 
cos’ —+8sin —.cos —.sin — 
11 11 11 11 
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23. 


Solution: We know thatd + B+C=2 
73H 4 mae 4 2 ie DIG 
= 2cos” ia ee eres Ti = 4/2+B2=22-C2r 
=> cot(4/2 + B/2) =cot(n/2 — C/2) 


30 _ 20 . On 
cos’ —+8sin —.sin — 
11 11 11 A B 
cot —. ea 1 
= [1-cos ]+-8{1~ cos } = oe Bs oe ae 
1] 11 cot — + cot — cot — 
6 4 8 : : : 
t +cos “*), 4 co - — cos | = cot A/2 cot B/2 cot C/2 
= cot 4/2 + cot B/2 + cot C/2 ...(1) 
SOuG age. = eps. oe Seog But tan A/2, tan B/2, tan C/2 are in H.P. and 
11 11 hence cot A/2, cotB/2, cotC/2 are in A.P. 
Le eae > cot A + cot C/2 = 2cot B2 fii) 
11 11 ” 
from (1) and (11), we get, cotA/2 cotC/2 = 3 
67 An 
= 9+ 7cos—— 4cos— — 
oe 1] — 1] => GM of cot A and cot C/2 = cot Scot S = 3 
107 20 8 
4 Pee age Ga, = HOS and A.M. of cot 4/2 and cot C/2 
A C 
rae cot > + cot 4 B 
= 9+]lcos—-—_ =_4 4 ~got— ._ButA. M>GM 
11 2 2 
4{ cos + 0057 +c0sS +.c0s +005 | =m ou B/2 > N3 
11 11 11 11 => minimum value of cot B/2 is ¥3 
(2 : an ; (== 24. If a, = cos’0 + sin”0, prove that 6a,, — l5a, + 
cos| ——+2.— |.sin| — = 
10a,—1=0 
=O ifegg = 4) iu 
1 Sao Solution: Let x7 + yw" = («+ y) Qt =x *4ylt+x™y 
1] —xr4 yt... + yt) 
= Se when n is an odd natural number. 
941] 67 OS ag a= (cos’8)° + (sin? 0)’ = cos*0 — cos sin?0 + 
Te ae i 2 cos‘ sin‘® — cos0 sin®® + sin’0) 
sin — 
11 = a, — cos’0 sin’0 a, + cos*0 sin“ 
dsj 4 a, = (cos*0)* + (sin“O)” = (cos*8 + sin*0)’— 
94] aa aoe 1] 2sin‘0 cos‘ = a, — 2sin‘0 cos‘0 
goer a, = (cos’0)’ + (sin’0)’ = (cos*@ — cos’® sin’0 + 
1 sin’0) = a, —cos’@ sin’0 
=O] pases: = u(1 +005 a, = cos*0 + sin“O = (cos’® + sin’0)* — 2sin*O 
cos’0) = 1 — 2 sin’0 cos’0 


25 5 ( : “| ie 37 a,= 1 — 3sin’0 cos’0 
.| cos” — | = 22cos*° — 
af 1] 1] a, = (1 —2sin’0 cos’0)’ — 2sin“O cos*8 = 1 — 4sin*0 
Se ite cos’@ + 2sin*8 cos‘ 
y — 
a, =a, — cos’0 sin?8 (1 — 2cos’0 sin’0) + sin‘O 
= = V11 " cos" 
é ‘ . =—-/|] _ in 2 2 + +4 4 
If ABC 1s a triangle and tanA/2, tanB/2, tanC/2 are in poms ose osu coe 
H.P., then find the minimum value of cot B/2. “. 6a,,— Ida, + 10a,— 1 


= 6(1 — 5sin?0 cos’0 + 5sin*O cos*O) — 
15 (1 — 4sin’0 cos?9 + 2sin*O cos‘O) + 
10(1 — 3sin?8 cos’) — 1 = 0 


25. Ifd +B+C =n, prove that cosd + cosB + cosC' < 
3/2 and deduce that sin A/2 sin B/2 sin C/2 < 1/8. 


Solution: Let cosd + cosB + cosC =k 


a a 
= 2cos cos 
2 2 
3 (a) (= 
cos | ——— |—2cos™ 
2 
> 2008? (443) se05{ 444) 


}-coscr- (A+ B))=k 


Jest 


=> 200s| 


cos|4=* | e-1=0 1) 
2: 

. A le B . ° ° ° 
Since cos i is real and (1) is a quadratic equa- 
a A+B 
tion in cos 7 : 


Discriminant > 0 


pi) 


A-B 
cos” 7 


3 
> 1226-1 frees (424) <i]ore s 3 


> 4003 J-8 @=1)200r, 


)= 20-1 


NIA 


_A. BB, 
=> sin— sin— sin 
2 2 


26. Ifa+B+y=7 and 


tan (+22) tan [228 F bh (228-1) =]. 27. 


Prove that 1 + cos a + cosB + cosy = 0 


Trigonometric Ratios and Identities < 1.75 


Solution: Let A = Pxrne 5 = ae 


C= aa then tan A tanB tanC = 1 


snAsnB 1 

cosAcosB tanC 
sinAsinB—cosAcosB  1—tanC 
sin AsinB+cosAcosB 1+tanC 


sinc] 
_ cos(A+B) | 4 
cos(A— B) - cos(*—c | 
ze 


(2 
=> 2sin (Zc) cos(A — B) + 
1 
2cos (Zc) cos(A + B) =0 
1 1 


(a N 
gos(4-C+4+B) + cos(%-C-4-B) =o 
@ 


Now, A —B-C = Piyrenp gs paan ier 


similarly B-—A—-C = na and C—A-—B 


a yandC+A+B 
Ey fs ae aS 

4 4 
Equation (1) reduces to 


(H+ % a jrsin( 247 p | 
=> sin re Tear 1 


COS oe + cos ie 
rier teas rian la 


=> cosa +cosB+cos y+ 1=0 


Prove that there exist exactly two non-similar 1sosce- 
les triangles where A, B and C are angles of any one 
of the triangles such that tand + tan B + tan C = 100. 
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28. 


Solution: Let A = B, then 24 + C = 180° 
and 2 tan A + tan C = 100 
Now, 2A + C = 180° 
=> tan 2A =-tanC ... (1) 
Also, 2 tand + tanC = 100 
=> 2 tan A—- 100 =-tanC 
From (1) and (11) we have 


2tan A 
2 tanA — 100 = pane 


_...(ii) 


2x 


Let tan A = x, then = 2x — 100 


2 
30 


=> ~- 50x? +50=0 
Let f (x) =x>-50x?+50 
=> f'(x) = 3x’? - 100x 
Then f’ (x) = 0 has roots 0, 100/3 
f (0) = 50> 0, f(100/3) 
= (1007/9) (1/3 — 1/2) + 50 <0 


= Graph of the cubic equation f (x) is as shown 
below: 


= the curve cuts the x-axis at 3 points 
= 3 possible roots of x 
But x = tand 
=> x>OasA< 90° 
So for x > 0 only two roots of x are possible 
= two values of tan A are possible 
Hence 2A’s are possible. 


Sh tan” ian tan’ ee tan’ =| 
ne 7 7 7 
( SE , 2a : eo 
cot” —+ cot’ —-+cot~ — | = 105 
7 7 7 


nn 
Solution: Let9 = =—;nE Z 


7 (so that 70 = nz) 


=> 40+ 30=na 
=> tan 40 = tan(nz — 30) 


29. 


= tan 40 = -tan30 


Atan@ — 4tan*®@ a 3tan@ —tan® 6 
1-6tan’ 6+ tan’ @ 1—3tan’ 6 


A4z—4z° 3z-z° 
2 oo 5 
1-—6z°+2z 1-—3z° 
(4 — 42”) (1 — 327) = 43 - 27) (1 — 627 + z*) 
Po 217° + 35277 7 =H 0s (1) 


YoU 


This is a cubic equation in z’ 1.e., in tan’@. The 
roots of this equation are therefore 


t 20 37 
tan” —, tan? —— and tan” — 
7 7 7 


21. 


From (i), sum of the roots = = = 


1 2n 32 
=> tan’? —+tan? ——+ tan? —= 21 
7 7 7 


Gi) 


Putting 1/y in place of z in equation (1), we get 
—Ty® + 35y* — 21y?+ 1 =O or 

Tyo — 35y4 + 217-1 =0 ... (111) 
This is a cubic equation in y’1.e., in cot?0. The 
roots of this equation are therefore 


TC 20 , 3H 
cot” —, cot” — and cot? — 
7 7 7 


=> Sum of the roots of equation (111) = 35/7 = 5 


AV) 


cot eZ + cot” zl + cot? ad 21x5=105 
—— ——— _— = x — 
7 7 7 


In any triangle ABC prove that 


x Jsin A 
Vsin B +/sinC —~/sin A 


holds if and only if triangle is equilateral (given that 


a b 
in any triangle — = =— 
snd snB sinc 
are the sides of AABC opposite to angles A,B,C). 
Vsin A 
Vsin B +JsinC —-+J/sin A 


>3and the equality 


where a,b,c 


Solution: Here, 


_ va 
a ea A 


30. 


Now 
i fp We tve-Va We +ve + Va) 
ee 5 oe a 
_ b+e—at2vbe 


+ > > 0 


~ vb +Ve+VJa 
Hence, Jb + Je —Ja >0 
Let Jb +Je-VJa =x, Ve+Ja-Vb =y, 


Va+Vb-Ve =z 
sin A _yt+z 
Vsin B +-JsinC —-Jsin A 2x 
sin A 


py VsinB + -¥sinC —Jsin A 
a i 2 lp OF IY 
DN: De). 2 Well.’ elem “az 
-!Jy *| 1j™ Zz) ly 2 
ZV Vy QZ ae alee ay 


which is greater than or equal to 3, as each term 


y 
| is greater than or equal to 1 (using A. M. 
> G.M) 

: ae see 
Now equality hold if and only if —=—=—=I ie, 

y Zz xX 

x=y=2 
=> a=b=c1e.,, triangle is equilateral 


Find the roots of the following cubic equation 
2x? — 3x? cos (A — B) — 2x cos?(A + B) + sin2Z. 
sin2B . cos(A — B) =0 


Solution: We know that sin 2A . sin2 B 


= = [c0s(24 — 2B)-—cos(2A+2B)| 


= = [2008*(4- B)-1-—2cos*(A+B)+]] 


— cos’ (A—B)-cos’(A+B) 
sin2 A. sin2B = cos’(A—B)-cos’(A+B)_ ...(i) 


Now 2x°* — 3x’ cos(A— B)- 2xcos’(A+B)+ 
sin 2A.sin 2B.cos(A — B) = 0 
=> 2x’ —3x’ cos(A—B)-2xcos’(A+ B)+ 
cos’(A— B)—cos’(A+ B).cos(A— B) = 0 


31. 
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By inspection it find that x = —1/2 cos (A — B) because 
1 3 ; ; 
= roe cos (A-—B)+cos° (A+B). 


cos(A— B)—cos’(A+B).cos(A— B)=0 


Hence 2x + cos(A — B) is factor of the given equa- 
tion which when divided by it gives the other fac- 
tor as, x7 — 2x cos (A — B) + cos’ (A — B) —- cos’ 
(A + B)=0 


4cos’(A—B)-4cos’ 
2cos(A — B)+ : 
(A-—B)+4cos’ (A+B) 


SO: x= 
2 


ae 2cos(A— B)+2cos(A+ B) 
2 


x = cos(4— B)+cos(A+ B) or cos(4 —B)-cos (A + B) 


Hence the roots are (2cos AcosB), 2sin Asin B and 


— | cost + B) 


Find the value of 4cos36°+ cot (~) 


Solution: We have already established that 
; 5-1 
sintg¢= P=! 


= sin54° = 3 sinl8°- 4 sin318° 


_ (2) a(S) 
4 4 


(he) 


= Bl i2- 64245] B= (6.4248) 


= v5=1 x (V5) 41° +2 V5] = x(V5 +1) 


16 


V54+1 


4 


J5 +1 


=> cos36°= —— 4c0s 36° = V5 +1 
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a &) 
sin | — 
2 


Multiplying numerator and denominator by 


cos( >) we get 
2 ee 
2cos” = 
= Z 


al 
cot} — | = —————————~ = 
2 a > sin 15° 
sin | — |cos| — 
2 2 
_ 1+cos15° 
sin 15° 


ear) 
pep) 


now cos 15°= cos(45° — 30°) = 


3-1 
2/2 


sin 15° = sin(45° — 30°) = 


14 ltN3 
By. 2/2 _ 2V24+14+3 
2} v3-1 0 N31 
2/2 


Rationalizing ; we get, 


15\° (22 +1+V3}( 3 +1] 
c= ; 


=> cat 


= +4 = 2+ 3+V4+6 
1008364 oot{ >) = A.<j04 RAWAL 5 40/6 


32. Prove that cot?4 +cot?B+cot’?C > 1 
if it is given that A, B,C are the angles of a triangle. 


Solution: Since, we already know that for A + B + 
C = m, we have tan 4 + tan B + tan C = tan A tan B 
tanC’ 


l l 


=? + + — 
cotd cotB cotC cotAcotBcotC 


= cotd cotB + cotB cotC + cotA cotC = 1 


Substituting this value of 1 in the inequality, we 
get, cot? A + cot? B + cot? C > cotA cotB + cot B 
cotC + cot A cotC 


= 2cot? A + 2cot? B + 2cot? C — 2cotA cotB — cot B 
cotC — 2cot A cotC > 0 


= (cot A —cot B) + (cot B — cot Cy 
+ (cot C — cot A)’ >0 


which is obviously true and hence proved. 


33. Prove that 


(#=*) (F=5) (<=4) 
cos cos cos 
2 2 2 
Se 
+ 


(A=?) (#54) 
COs ; 2sin 
Solution: Let x = ——?————- x —"~ 
olution: Let x Gay i 
COs 2s1n 
D pi 


_snAt+sinB sinA+snB 


7 sin(A+B) — sin(a-C) 
_ snd, snB 
sinC sinC 
= 
COs a 
Similarly, 2 oe + = and 
(FES) sinA sind 
COs 
2 
COs oe 
2 _sinC sind 
[<=4 sinB sinB 
cos a 


Applying AM > GM we get, 


snd snB sinB sinC sinC sinA > 6 
snC sinC sinA sinA sinB sinB 
and hence 


(#57) (F=") (<4) 
cos cos] ———| cos} ——— 
2 2 2 oe 


Cay peal Gls 
cos| — COS cos | —— 
2 2 2 


+tana.tanf =tany- where 0 < y 


oar AE cos a@. cos B 


< 7/2 and a, B are positive acute angles show that; 
W4<y< w2. 


Solution: Since !407 + tana. tan B 


~ cosa. cos B 


Nowl-tam*y 0 (1) 


35. 


4 
+ tan tan 


ae 
cosacos B 
1-[ Hse sin B ) 


cosacos B 


2 2 - 2 - 2 : . 
cos acos #-sin’ asin’ B-1-2sinasin B 
2 2 
cos acos’ B 


cos(a@ + B). cos(a — 8)-1-2sinasin B 
7 cos’ acos* B 
cos’ a@-sin* 8 -1—-2sinasin B 
cos’ a cos’ B 


(sin? a +sin® 8 +2sina@sin B) 
a eR, i eas 
cos’ acos’ B 
(sina +sin BY’ 
cos’ acos” B 


<0 


(because, if it is equal to zero then sin a + sin B = 0) 


or 2sin (22 eos (== I- 0 


=> Either = nt which 


a = (Qm+)= or ee 
2 2 2 
is impossible as a, B € (0, 1/2) 
Thus from (1), 1 — tan’y < 0 => tan’y— 1>0 
=> tany>lasO<y<nx/2 


=> y>n4 . W4<y<n7/2 


In A ABC, prove that cosee + coseo—+ cosee — > 6. 


Solution: Since A/2, B/2, C/2 all are acute angles, we 
can use A.M. > G.M 


ae A B C 
*“-> Cosec—+ COSEC — + COSEC — 
2 J) 2s 


3 


A B C 1/3 
cosec—. cosec —. cosec — 
( Z 2 2 
..(4) 
Consider, 


Pe > ae l 
sin —. sin —. sin — = — 
2 2 


36. 


Trigonometric Ratios and Identities < 1.79 


zi _A 2. FA B 
es l—sin 5 | | because ©0s 
he. oe eA 3 AY 
area gn? =| <—}] —-] —-sin— < 
+{ sin’ sin ‘) u(t (= in) si 


A B C 
cosec—. cosec —. cosec — > 8 
Z Z 2 


A B C 
cosec — + cosec — + Cosec — 
= 2 2 2 > (8) 
rr ral 


A B C 
=> cosec—-+cosec—-+ cosec— > 6 
2 Zz 2 


If 2[cos(a — 8)+cos(B — v)+ cos(y — a@)]+3=0, 
prove that 
po - — , 
sin(f+@)sin(v+@) sin(a+é@)sin(y + @) 
dy aT 
sin(a~ + @)sin(B + @) ~ 


where 0 is any real angle such that a+ 0, B +0, y+0 
are not the multiple of z. 


Solution: 


Given 
2[cos(a — 8)+cos(B - v7) + cos(y — @)|+3=0 
=> 2[cosfa+A-(B+0)}+cos{B+O-(y+)}+ 
cos{y+@-(@+8@)}|+3=0 
=> 2[cos(a+@). cos(B +@)+sin(@ + 8). 
sin(B+@)+....+...)]+{sin’(@ +6). 
cos’ (@ +@)+sin*(B +0@)+cos*(B + 6)+ 
sin’(¥+@)+cos (v+@)}=0 
=> [sin(y+@)+sin(8+6@)+sin(a+@)] + 
[cos(a@ + @)+cos(P + @)+cos(y + @)]” = 0 
which 1s only possible if 
sin(a+@)+sin(f+@)+sin(v+@) =0 ....(i) 
and cos(@+@)+cos(h+@)+cos(y¥+@) =0  .... (ii) 
From (11), we get 
d(cos(a@+@)+cos(f + 6@)+cos(v+@)) =0 
=> sin(a+@).da+sin(f+@).df+sin(y+ @).dyv=0 
ee 
sin(f+é@)sin(yv+@) sin(a+é@)sin(y+ @) 


dy = 
sin(a@ + @)sin(B + @) 


| 
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37. 


38. 


Find all the solutions of the equation x? - 3 
. N 
sin (-2) = 3 where [.] represents the greatest 


integer function. 


Solution: The given equation can be rewritten as, x? — 


valiele3) 


Here right hand side can take only the values —3, 0, 3 


Casel: Whenx’-3=-3>x=0 


A 
at x = 0, sin 4) =-—],so x = 01s a solution 


Case ll: When x?-3=0>x= J3 


Now at x = V3, sin(x-2)|=0 So 


But at x= 3 , [sin(x — 27/6)] =-1, hence x= 3. 
is not a solution 


Case Ill: When x?—-3=3 => x=+V6 
But in [3 6- =) = a me So +J6 is not a solution 


Hence the given equation has only two solutions 


v= 04/3 


Show that the equation secO + cosecO = c has two 
roots between 0 and 27 if 2<c’ <8. 
=cor sinO + cos0 = c 


Solution: Here + 


cos@ sin@ 


sin8 cos 
(sin 8 + cos 0) = c? sin?0 cos? 8 
2 


or 1+2sin6.cos@ = sin? 26 or c’ sin? 20 — 4 sin 
20—4=0 


_ 44V16416c? — 242 


l+c’ 


2 


sin 20 


2? Cc 
As | + c?>0, sin’0 has two real solutions provided — 1 
<sin20 < 1 


24+2Vl+c’ 
yo ae ae 


ae «| .G) 


= 


Cc 


1e., —l 


Also, corresponding to each value of sin20, we get 
two values for 0 between 0 and 27. 


2+2Vl+c’ DAOC 
——G and —= 


Cc 


Clearly, -l< 


39. 


2-2V1l+e° 


2 


(1) is satisfied if -—1< and 


FEIN AC" 
ah S| 


2-2Vl+e* 


2 


2 


Now -l< Se SI o 


> Wl+e? <24+e? PAL + 2)<2 +e) 


= 0 <c’‘ which is true 


qe 2 2 Seer 


= 


=> Wlt+e’ <c’-2 {c? — 2 is positive) 

> 41 +c’?)<c*-47°+4>5c’?-8>0 

=> c’>8 But c’ <8 (given). 

2-2Vl+e7 


4 
6 


Hence only admissible value of sin20 is 


when 2 <c?<8 


So 8 has two roots between O and 27. 


In a AABC, if cot4 + cot B + cot C = “3 , prove that 

the triangle 1s equilateral. 

Solution: In AABC,A+B+C=f2 

Using the inequalities covered, we already know that 
cotA cotB + cotB cot C + cotC cot4 = 1 
Again, given cot4 + cotB + cotC = v3 
=> (cotd + cotB + cotC) = 3 


=> cot? A + cot?B + cot?C + 2(cotAdcotB + cotBcotC 
+ cotC cotA) = 3 


=> cot?d + cot?B + co?C +2x1=3 

=> cot?d + cot?B + co?C =3-2=1]1 

=> 2(cot7A + cot?B + cot?C) =2 x 1 

=> 2cot7A + 2cot? B + 2cot?C —-2 x 1=0 


=> 2cot?d + 2cot?B + 2cot?C — 2 (cotAcotB + cotB cot 
C + cotC cotd) =0 [using (1)] 


= cot?d + cot?B — 2cot4 cotB + cot?B + cot?C — 
2cotB cotC + cot?C + cot?Ad —2cotC cotd = 0 


=> (cotd — cotB) + (cotB-cotC) + (cotC-cotA) = 0 
which is possible only when. 

(cotd—cotB) = 0, 1.e., cotd = cotB 
and (cotB — cotC) = 0, 1.e., cotB = cotC 
and (cotC — cotd)? = 01.e., cotC = cotd 

Hence, cot4 = cotB = cotC 

or, 4d =B=C 

Hence, AABC 1s equilateral. 


(from (1)] 


An S87 =. 


40. Prove that sin ae + sin ——+ sin — = 
7 7 7 


Method!. Let x be the seventh root of unity 
>x=1" 

2knr .. 2kn 
x= cee a 


=> x = e?/’(where k = 0, 1, 2, 3, 4, 5, 6) 


6 
ye? ka/7 =~s> l 4 ¥ e2*7 =0 


k=0 k=1 


3 
an es ee pe at = 0 


k=1 


: 2k 
> 1+912.cos— = O 


k=1 


3 
= 1429)(1-2sin?  )- 9 


k=1 
4 ‘ sae : wi 
=> 142 3=2[sin? + sin? + sin? | = 0 
7 7 7 


_,H .,2nH . 3x 

=> sin’ —+sin° —+sin° — 
7 7. 7 

. 2 8a wea ,42 7 

=> sin ——+ sin’ ——++'sin* ——= — 
7 7 7 4 


Pee | 3 , 47 >on 7 
or sin” ——+ sin? —-+ sin”? — = — 
7 7 7 4 


2m . 4m. An . 8H. 8H . 2 
and grrr ae nr a ae ae ee 


20 67 An 
cos —— cos —+ cos— — 
- 7 fi a 


1 
21 12” 6n 10x 
cos —— + cos—— cos —— 
7 7 7 


1 2H An 
— cos + 08 —c03 27” —— |-cos| 27 —-—— 
2 7 7 


(« 2n aa 
0s +008 cos— — cos— |= 0 
7 7 


a 


Sm \ 
renee = 


,4n 2 8H _ a 
sin” — iin sin’? —-+sin’ 
7 7 a A 


20 An S87 7 
or sin ——+ sin —+ sin — = — 
7 7 i) 2 
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Method II: Consider = =@ 
2nt = 70 = 40 + 30 
40 = 2nn — 30, taking sin of both side; we get, 
sin 40 = sinQuz-30)=-sn30  ——..... (1) 
This means sin 9 takes the values 0, +sin(27/7), + 
sin(42/7) and +sin(8z/7) 
Since sin(62/7) = sin(82/7) 
From (1), we now get 2 sin 20cos 20 = 4sin°0—- 3sin@ 
= 4 sin OcosO (1 — 2 sin’0) = sin 0(4sin’0— 3) 
Rejecting the value sin 0 = 0, this implies 
4cosO8(1 — 2 sin?8) = 4 sin’0- 3 
16cos’0(1 — 2 sin?0)” = (4 sin?0- 3)? 
16(1 —sin’0) (1 — 4 sin?0 + 4 sin‘O) = 16 sin*0— 24 
sin’@ + 9 
=> 64 sin®°@- 112 sin‘O + 56 sin’?0 — 7 = 0 
This is a cubic in sin’?0 with the roots sin?(27/7), 
sin?(42/7), and sin?(827/7) 
The sum of these roots 1s. 


> 20 , 47 2 8H _ 112 _ 1 
sin’ ——+ sin? —+s 
7 7 > ~ 64, 4 


An SI _v7 


2n 
=> sin — + sin —+ sin — 
7 7 7 2 


YY 


Method Ill: Let x = sin = + sin ae + sin = 


Squaring both sides, we get 


2n 


_,2H .,4n . i, 8H 
xy = sin’ —— + sin’ —— + sin” —+ 2s ——_ 
7 7 7 


. An _ An . 8&4 . Sa . 2 
sin —— + 2 sin —sin — + 2 sin —sin — 
7 7 7 qj 


We have already proved that 
21 


LLL Ce RL ie a ee = (0 
7 f; 7 7 7 7 


_,20 .,40 . 82 
So, x” = sin? —— + sin* — + sin? — 
7 7 i, 


1 7 2n 
= —|3- cos +008 +205 | 
2 7 
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41. 


4 2n 4 
2 sin —cos——+ 2sin — 
| 1 7 ei 7 


l(b - 
2 2sin 7/7 An an 67 
cos — + 2sin —cos — 

7 7 7 


. _ 
sin —-— sin— |+ 
( : 4 
3 


2n An 87 
since x= sin —+ sin ——+ sin —— = 
7 7 q 


2m . 4n 1. 2 2a _n 
sin —— + sin —— sin— > O °° sin — > sin — 
7 7 7 q 7 


Let a,, a,... a, be real constants, x be a real variable 


and fix) = cos (a, + x) + > cos (a, + x) + = cos 
——; cos (a, + x). Given that 


Kx) = fl%,) = 


integer m. 


0, prove that x,- x, = mz for some 


Solution: f(x) may be written in the form, f(x) = 


n n 
k=1 
sin x) 


k=] 


~ | 
cosa, COS X — bra 


sin a, ji x 
k=1 


=A cos x —8 sin x, where 


n 


n ] l 
A= 2. rT 4 ; Be) a 


k=) 


sin a, 


Now A and B both can’t be zero, for if they were then 
fix) would vanish identically. 

Now fix,) = A cos x,— B sin x, = 0 

K(x,) =A cos x, B sinx, = 0 => tan x, = A/B, tan x, = 
A/B => tan x, = tanx,>x,-x, =mn,m € Z. 


Column Match Type 


42. If 0 <x < 27, then match the entries in Column A 


to the corresponding entries in Column B. 


ye | 7 ys | 
7 cos(a, + x)= La. 7A (cosa,cos x — sin a, 


Column-A 
ie ue 4 ace 
(i) sin zit tan x =- =e x lies in quadrant II 
Boe, cide ] eae 
(11) sin if cos x = — a x lies in quadrant III 
(1) tan = if sin x =— a x lies in quadrant IV 
Column-B 


O43 


Da3 


(a) — 


y) 
(b) Ve 


2 
(c) iB 


Solution: (1) > (b), G1) > (c), (a1) > (a) 


(1) It is given that x lies in IInd quadrant in which cos 
x 1S negative. 
3 


l 
i+tan?x  f1+16/9 5 


Now, x lies in IInd quadrant 


COS X =— 


1 nN xX 
=> —<K<H D> — << 
Z Ad. 2 


ae 
=> we in first quadrant. 


=> sin cos and tan x/2 are positive 
1+cosx 1-3/5 1 
=> cosS—= = = 
2 Z 5 
l—cosx 1+3/5 2 
— a = = = ——and 
2 5 


(11) It is given that x lies in the III quadrant. 


32 
. U<x< — 


=> = lies in IInd quadrant 


=> cos — < 0, sin ~ > 0 and tan~ <0 
2 2 2 


bas 1+cosx 
=> —— 
2 2 
eee 1-1/3 a. 
aaa) 2 ae 
l—cosx 
Also sin— = oe. | sin > 0] 


2 ff bond 


he gees x  sinx/2 =f?» es V2 


~ cosx/2 


(111) It is given that x lies in [Vth quadrant in which 
COS x 1S positive. 


1 
. sinx =- 7) = cosx = ,/l—sin’ x 


oy ee 
4 2 


Now, x lies in IV th quadrant 


370 3 lx 
=> —<x< 27 >—<-—-<7 
2 4 2 
=> . lies in IInd quadrant. 
— cos— < 0, sin — > 0 and tan — <0 
2 2 2 


x 1+cosx x 
=> cos— = —,/————_ ““cos— < 0 
2 \ 2 y 


x fl+y3/2_ 24+v3 
2 


p) 


=> COS 


l-—cosx 
2 


.: 
=> sin—= 
Z 


a 
_ 


2° Manzo: ... 
=> sin —= = = sin> 
D \ 2 2 


° 
° 
oe) 
io) 
ss 

II 
| 
Wile 
Pl 
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an * — Sin (/2) _ V2-v3B 0-2 ~~ 
o43 


2 cos(x/2) 2 


Comprehension Type Questions 


A: If ina triangle ABC, tan A + tan B + tan C =k. Also, 


given that ABC 1s an isosceles triangle with AC = AB. 
Also, on varying the values of ‘k’, the number of such 
possible triangles varies. On the basis of the informa- 
tion provided above, answer the questions that follow: 


. The values of ‘k’ for which, there exists exactly one 


isosceles triangle ABC are given by 
(a) k<Oork = 3V3 

(b) [k € (3V3, 0)] 

(c) [k € (0, 3V3)] 

(d) No such value of k is possible. 


. The values of ‘k’for which there exist exactly two 


non-similar isosceles triangle ABC are given by 
(a) k<O ork = 3N3 

(b) k € (33,0) 

(c) k € (0, 3V3) 

(d) No such value of k is possible. 


. The values of ‘k’ for which there exist three 


non-similar isosceles triangles are given by 

(a) k<Oork = 3V3 

(b) [k € (3V3,00)] 

(c) [k € (0, 3V3)] 

(d) No such value of k 1s possible. 

Solution: 44. (a) 45. (b) 46. (d) 

Let A = B then 2A + C = 180° 

And 2 tan A + tanC =k (1) 
Now 2A + C = 180° => tan 2A =— tan C 

Also, 2 tan A + tan C =k 


=> 2tanA + tan 2A) =k > 2 tan A- ela 


l—tan?A 
=> 2 tan A (1 —tan?A-1) =k-k tan? A => 2 tan’ 
A-—ktan?A+k=0 
Let tan A =x,x>0 (as A < 90°), then the equation 
becomes 2x? — kx? + k= 0. 
Let fix) = 2x? —-kx? + k=0 2) 
k 
=> f(x) = 6x’? — 2kx = 0 aca 
Also, note that (0) =k 


Following cases arise: 


(i) k < O, three graphs of cubic equation (2) are 
possible *.. f(0) =k > f(0) <0 
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y B: To solve trigonometric equations, it is necessary 
y to know the basic trigonometric formulae such as 

en ee tan A+ tan B 

k/3 x K/3 y are) lx tan A tan B’ 
ae l- A 4 A 
eg cea a 
cot B + cot A 1+cosA p) 
y 
k/3 
x 


2 }+1-cosA ~ 
1+cos 2A =2 cos*4 etc. 


1+cos A (= 1+cosA (4) 
——=cot ——_= 
sin A 


Using formulae like these, we can find out the values 
of a lot of trigonometric angles which are not standard 
values. Hence, using the information provided above, 
answer the questions that follows: 


Clearly, in all these cases only one triangle is possible 
and the condition for that triangle to be possible is /(O) 
<0 >k<0Oso for k <0 only one isosceles triangle 1s 


Die 2. 
possible. 46. The value of cot 7 - is given by 


(11) k > O, Three graphs of the cubic equation (2) are 


possible (@) Jar2Ji-(J2+1) & W249 4+N9+6 


y 
, (c) 2+ a — 3 — J6 (d) None of these 
k/3 1° 
x k/3 x 47. The value of tan 1 wr is given by 
(a) V4+2V2 -(V2 +1] (b) J2+13+ 74+ J6 
y 

(c) 2+ = REY — V6 (d) None of these 

k/3 X 


l fe) 
48. The value of tan ers is given by 


In figure 1, two such triangles are possible. The condi- (a) y4+ 2/2 - (/2 + 1 
tion is f(k/3) <0 => K(1-5 | <0 koi (b) J2 + ¥3 + J4= + V6 


(c) 2+ V2 - V3 - V6 


In figure 2, one such triangle is possible. The condition (d) None of these 


is {k/3) = 0 > k = 3N3 

In figure 3, no such triangle is possible. The condition Solution: 47. (b) 48. (a) 49. (c) 

is {k/3) > 0 > k <3N3 

(111) A = O, graph will be as shown below, no such 
triangle is possible ° ° 1° 


y cos 7— 2cos7—cos7— al 
ps = 
aay dsin7 es jaa eer = 
> 2 ) 9) 2 Z 
_ 1+c0s15°_ 1+cos(45°— 30°) 
~ sinls® ~~ sin(45°— 30°) 


(a) Either k <0 or k = 3V3 

(b) k> 3N3 ieN3 el 

aa — 22+ V3 41 
3-1 


Hess 
1) cot7— 
(1) 5 


(c) Clearly, there will never exists three or more _ 
than three non-similar isosceles triangles for any 3 —] 


value of k. veo 


; (/3 -1) (V3 +1) 7 24 


_ 276 + 2J24+2V3 +4 


2 


V2 +3 +2+V6 = V2 +V3+V4 +6 


ey ee i 

- 1° snll— 2sinl1— 

(11) LHS = tan] 1— = = x——4 

cos1]— ae 

4 
ere ke i? 1+cos45° 
2sin~ 11— l- eee. |- 
=> —_,—__,-—_+ 

ena sae sin22— = 


= V2 +1 
_2- V2— yl+c0s45° _ v2- a VY 2. 
~ fl=cos45° cos45° 1 Ls 21 


2 Pa 
_, v2v2-Vw2+1 241 _y2v2 - v2 41 V2 +1 
eI V2 -1 V2 +1 


_ 2v2. V2 41- Jo? + 
241) W2 -0 
_ ¥2V202 40 - (2+ 


1 
= ¥4+22 - (V2 +1) 


(iii) LHS = tan (1425) 
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—] 


tan 459 +7 =| 


= tan{ 90° + so) = —cot 59 = 


a eee 
sis ) ae 2 jee 
as ered 22 eee 
1+ tan 7 — cos 7 —+sin 7 — 
2 2 2 


en arene 
ee ee 


cos’ 7 soe sin? 7x 
2 2 


rn a a a 
7 2 ee (esi) 
cos” qa 7 cos 15° 
2 2 


1—sin(45° — 30°) 
cos(45° — 30°) 


l v3 =I 
- | ak), (2s 
soe wae 
2/2 
_(sB-set) (EY 
(V3+1) — V3-1 

-(oB—sHe—1)_fvili-i)-(F-) 
= Qe. Wo -- or. 
_ 2/2 (V3 -1)-(3+1- 2V3)| 

2 


[2 (8 -1)-(2-W8)| 
“N64a PDs sa 27 4/346 


SECTION-III 


OBJECTIVE TYPE (ONLY ONE CORRECT ANSWER) 


1. If (1 + tan a) (1 + tan 4a) = 2, we (0, 7/16), then a 
is equal to 


(a) 2/20 
(c) 2/40 


(b) 7/30 
(d) 72/60 


2. If 8 = ae then cos8 cos 260 cos 30 ...... cos 100460 
2009 


is equal to 
l 
(a) 0 0) Same 
(c) = (d) None of these 
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3. 


10. 


11. 


If x = a cos’6 sin 8 and y = a sin’Ocos9, then (x’ + y’)’ 
1s 

(a) ax)” 
(c) a?(x?— y’) 


(b) a’x’y’ 
(d) None of these 


| sin 4x|+|cos4x| 


ene Penne | sin 4x —cos4x|+]|sin4x+cos4x | ~ 
(a) 2/8 (b) 2/2 
(c) 7/4 (d) x 


P 
In a triangle POR, ZR = 7/2. If tan (=| and tan (2 


are the roots of the equation ax? + bx + c =0, (a#0), 
then 

(a)at+b=c 
(c)at+c=b 


(b) b+c=a 
(d) b=c 


If a and B are acute such that tan(a + f) and 
tan(a—fB) satisfy the equation x?- 4 x + 1 = 0, then 
(a, B) = 

(a) (30°, 60°) 
(c) (45°, 30°) 


(b) (45°, 45°) 
(d) (60°, 45°) 


sin°3A cos’3A _ 
sin’ A cos’ A 
(a) cos 2A 


(b) 8 cos 2A 


] 
(c) gee 2A (d) None of these 


The value of sin’ 10° + sin’ 50° — sin’ 70° is equal to 


3 3 
(a) as (b) rm 

3 3 
(Cc) =F (d) as 


If (8) = (sin 8 + cosec 8)? + (cosO + sec 8)? then mini- 
mum value of f(@) is 
(a) 7 

(c) 9 

A quadratic equation whose roots are cosec’0 and 
sec’0, can be 

(a) x7+2x +2=0 
(c) x-- 5x +5=0 


(b) 8 
(d) None of these 


(b) x*-3x +3 =0 
(d) None of these 


cosx sinx 


If then |a cos 2x + 6 sin 2x| 1s equal to 
@ 
(a) va°b (b) in 
b? 
(c) fai (d) None of these 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


If tan? x + sec x —a = 0, has at least one solution then, 
complete set of values of ‘a’ is 
(a) (0, 1] (b) (~, 1] 
(c) [-l, 1] (d) [-1, ©) 
If sin?@ = ela a , then x must be 
x 
(a) -3 (b) -2 
(c) 1 (d) None of these 
If sin8 + cosecO = 2,the value of sin!°8 + cosec!°O 1s 
(a) 2 (b).2° 
(c) 2° (d) 10 
If A = 130° and x = sin A + cosA, then 
(a) x>0 (b) x <0 
(c) x =0 (d) x>0 
If a = 7/18 rad, then cos a + cos 2a + .... + cos 18a 1s 
equal to 
(a) O (b) —1 
(c) 1 (d) +1 


In a right angled triangle, the hypotenuse is 2V2 
times the length of perpendicular drawn from the 
opposite vertex on the hypotenuse, then the other two 
angles are 


nn ae 
sae bo 
OF ae Ee a 
nN 32H N OW 
c) —,— d) —,— 
Os 8 5 12 


The expression (1 + tanx + tan’x) (1 — cot x + cot? x) 
has the positive values for x, given by 
(a) 0S¥ <> (b) O<x<a 


(c) for allx e R (d) x20 


If sin x + sin’x = 1, then cos'’x + 3cos!°x + 3 sin’x + 
cos®*x 1s equal to 
(a) | (b) 2 
(c) 3 (d) O 
Ifx=h+asec0 andy =k + bcosec 9. Then, 
a’ b? 
(a) aa zal 
(xt+h) (yt+k) 
: a’ fe b? | 
©) Gh? O-b 
a b 


(d) xP +y=a’+ B’. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


sn(A+B+C) smnB  cosB 
If4+B+C=7,then —sin B 0 tan Al= 
cos(A+C) -—tanA 0 
(a) 0 (b) —co 
(c) © (d) 2 


Consider the sequence (angles are measured in 
radians) sin log,, 2, sin log,,3, sin log, 4,..., then: 

(a) all the terms of this sequence are + ve 

(b) all the terms of this sequence are — ve 

(c) 1001” term is negative 

(d) 10001” term is negative 


If tan A, tan B, tan C are the roots of the cubic equation 
xe—7x?+ 1llx-7=O0then4+B+C= 

(a) m/2 (b) x 

(c) 32/2 (d) None of these 


] l- ay | 
If 4,,,=,/~U+4,) then cos] ——-——— | is 
2 A, A, A,......t0 0 


equal to 
(a) | (b) -1 
(c) a, (d) I/a, 


If asinx + bcos (x + 8) + bcos (x -9) = d then the 
minimum value of |cos6| 1s equal to 


(a) ee eee (b) nant 


2|5| 
(c) sav ea’ (d) None of these 


If x € (0, m) and (2 cos x - [sinx-5 Join x - 


COS x) ot x= + 


of x is 


> 0, then complete set of values 


A 

1 4 (= a 
= ) — = 
4 3 3 6 


sina@+sin B+siny 


lies 
cosa@+cos §+cosy 


ItfO0<a<pBp<y< 5 then 
between 
(a) sina and sin y (b) tan a and tan y 


(c) cosa andcosy (d) none of these 


28. 


29. 


30. 


31. 


32. 


33. 
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sin? A + sin? B— sin? C = 
(a) 2sinA sin BsinC (b) 2cosA cos BcosC 
(c) 2cosA sin B sin C (d) 2 sinA sin BcosC 


. 9 A 5 4. B . 9 C 
sin” —+sin° —+sin° —= 
2 2 2 


A B 
(a) 1—2cos—cos—cos— 
2 2 2 
(b) 1 — 2sin age a 
2 2 2 
(c) 1+ ar anne 
2 2 2 
(d) 1+ sin cer Be 
Z 2 2 


Given that tan A and tan B are the roots of x? — px + 
q = 0, then the value of sin’? (A + B) is 


4. 


= = 


Pp 


a a” as 
Ordo} © Ge 


. 


ees ay a 
Pa ay 


If the angle A of a triangle ABC is given by the equa- 
tion 5 cosA + 3 =0, then sin A and tan A are the roots 
of the equation 

(a) 15x?—8x—16=0 (b) 15x2- 8V2x+16 =0 

(c) 15x?- 8x + 16=0 (d) 15x? + 8x—- 16 =0 


o) A 9 B 2 C 
cos’ —+cos° —+ cos’ —= 
2 2 2 
(a) 1+ 2sin sin —sin 
(b) pp a ain = 
p) 2 2 
(c) Bees cas eae 
2 Z 2 


(d) 2+ ies ae os = 
2 ph Z 


sin?(4/2) + sin?(B/2) — sin?(C/2) = 


(a) 1 —2cos ee 
2 2 2 
(b) Rabies eos 
2 2 2 


(c) 1-2 ois oe aa 
2 2 2 


(d) None of these 
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34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


If sin. A — V6 cos A = V7 cos A, then cos A + V6 sinA 
is equal to 


(a) V6 sin A 
(c) V6 cos A 


(b) V7 sin A 
(d) V7 cos A 


A, B, C are the angles of a triangle, then sin*A + sin?B 
+ sin?C — 2 cos A cosB cosC = 


(a) | (b) 2 
(c) 3 (d) 4 
3 ; 
If ae <a<vw, then /cosec’a+2cota = 
(a) 1+cota (b) 1—cota 
(c) -l1—cota (d) -l+cota 


If cos A = cos B cos C andA + B+C = 7, then the 
value of cot B cot C 1s 
(a) | 

(c) 1/3 


(b) 2 
(d) 1/2 


If x = Xcos0 — YsinO, y = X sinO + YcosO and x? + 
Axy + y? = AX? + BY’,O <0 < 7/2, then 

(a) 8 =274,A =4 (b) 0 = 7/4,A =3 

(c) A=3,2= 773 (d) None of these 


If 0 <x < 7/2 and sin’x + cos"x > 1,” € R, then 
(a) 2<n<o@ (b) ~o<n<2 
(c) -l<n<2 (d) None of these 


The side of a triangle, inscribed in a given circle 
subtend angles a, B, y at the centre. The minimum 
value of the A.M. of cos(a@ + 7/2), cos(B + 7/2) and 
cos(y + 7/2) 1s: 


(a) v3 (b) v3 
2 g) 
NS dy a2. 

(c) 5 (d) 5 


Ifx + lA =2 cosa,y + l/¥y =2 cosf, z + 1/z = 2 cosy 
and x + y + z = xyz, then find the value of cos (a — f) 
+ cos (B— y) + cos (y— a). 

(a) | (b) 2 

(c) -1 (d) None of these 


If a, B are two of the solutions of the equation p 
sin 280 + (¢g — 1) cos 20 + gq + 1 = 0, then find the 
value of sin? (a + B) + p sin (a + B) cos(a + B) + 
q cos’ (a + PB). 
(a) p 

(c) p/q 


(b) q 
(d) None of these 


43. If the sum of the series cosec 9 + cosec 20 + cosec 40 


44. 


45. 


46. 


47. 


48. 


49. 


a aba tons to n terms 1s given by et se @) find 
the value of & in the terms of n. : 

(a) n—1 (b) n 

(c) n—2 (d) None of these 


Given the product p of sines of the angles of a A and 
the product qg of their cosines, find the cubic equation, 
whose coefficients are functions of p and g and whose 
roots are the tangents of the triangles of the A. 

(a) qx*- px’? + (1 + gx -p =0 

(b) qx*- qx’ + (1 + p)x-p =0 

(c) px’ px’? + (1 + qgyxe-q =0 

(d) None of these 


If A, B, C are angles of triangle, then 2sin A/2 cosec 
B/2 sinC/2 — sin A cot B/2 — cosA 

(a) independent of A, B, C 

(b) function of A, B 

(c) function of C 

(d) None of these 


The least value of 6 tan’¢ + 54 cot?d + 18 is 
I. 54 when A.M. > G.M. is applicable for 6 tan*¢, 54 
cot?¢, 18. 
IT. 54 when A.M. = G.M 1s applicable for 6 tan*¢, 54 
cot?¢ and 18 is added further. 
III. 78 when tan’¢ = cot’¢. 


(a) I 1s correct 

(b) I and II are correct 

(c) III is correct 

(d) None of the above are correct 


The difference between the greatest and least values 


. ft 
of the function f(x) = cos x + 1/2 cos2x 3 3x 1S 


(a) 2/3 (b) 8/7 

(c) 9/4 (d) 3/8 

If A, B, C be the angles of a triangle, then 
cotA+cotB _ 

2 tan A+tanB 

(a) | (b) -1 

(c) O (d) None of these 


x+ 
If Ixy = 1, then 7 = 
cs 
o) T 


(d) None of these 


i 
(a) XYZ 
(c) XYZ 


350. Let Oe (0 | and ¢, = (tan 6)""®, 2, = (tan 0)*** 7, = 


(cot 0)*"° and t, = (cot 0)*"®, then 
(a) t,>t,>t,>1, Oe eg ee ee 
CMe meas (d) t1,>t,>1,>1, 


51. Let Ge (0, | and ¢, = (sin 0)*°, ¢, = (cosec Q)sne 
po) 2 


t, = (sin 0)™° and t, = (cosec0)°°, then 
(a) t,>t,>t,>t, () 4,>4,>4,>1, 
Lette @Qhererer 


52. Let Oe (0, =| and t= (sin 8)°% ®, t, = (cos0)"™r, = 


' sin@ = sin@ 
(sin 0)"*° and t, = (cos0)""’, then 
(a) t,>¢,>t,>1, (b) t,>4,>4,>1, 
(c) t,>t,>t,>1, (d) Can not be determined 
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. Ram, Shyam and Ganesh run on the tracks made in the 


shape of a star, pentagon and circle, respectively. The 
radius of the circle is ‘r’ and side of the pentagon = 2a 
and OX = 2OL = 2b. O 1s the centre of the figure. 


If a + b =r = 10 km and Ram travles at a speed of 
10 kmph then the time taken by Ram to complete one 
round is 

(a) 6.52 hours 
(c) 8 hours 


(b) 8.5 hours 
(d) 7.21 hours 


SECTION-IV 


OBJECTIVE TYPE (MORE THAN ONE CORRECT ANSWERS) 


. 1s the fundamental period of 
1+sin x 

aes (1 + cosec x) 

(b) |sin x| + |cos x| 

(c) sin 2x + cos 2x 

(d) cos (sin x) + cos (cos x) 


; eo x + 
c 


2 
OS X 


(1 + tan? 2y) 3 + sin 3z) = 4, then 


(a) x may be a multiple of a 

(b) x can not be an even multiple of z 
(c) z can be a multiple of a 

(d) y can be a multiple of 7/2 

cos'A_ sin’ A 
cos B sin’ B 
(a) sin‘A + sin‘B = 2 sin?A4 sin’B 


cos'B sin‘ B 
(b) = 


=], then 


D) Ae wn a 
cos A sin’ A 


cos‘’B sin'B 

9 = = eer = 
cos A sin A 
cos7”*? B sin?”*? B 


2n as : 2n 
cos” A sin~” A 


(C) 


= ]1,when € N 


(d) 


. If tan x = 


. If tan x/2 = cosec x — sinx, then tan? x/2 is 


(a) 2-5 (b) ¥5-2 
(c) 9-4V5\(24+-V5) (a) 9+ 4V5)(2- V5) 


. Ifa>b>O0,y =acosecO — bcot0, then for0O<O<2 


(a) miny = Va +b 


(b) miny = Va’ -b 


(c) y can not become (a — b) for any 0 
(d) y can not become 0 for any 0 


(a#c)y =acos’ x + 2b sin x cos 


a-c 
x +esin?x z=a sin? x —2b sin x cos x + c cos’ x, 
then 

(a) y=zZ 

(Cc) y-Z=a-c 


) y+z=ate 
(d) y-z=(a-c)+4h’ 


. If sin® = sina,then sin is equal to 


Ha 
(b) sin S <) 


os) alSF 
(c) sin 373 (d) —sin 33 


- a 
(a) sin — 
3 
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ees 


COS X 


Veal 


8. All values of x € fo =| such that 
y) sin x 


= A), are 


(a) 2/15 
(c) 112/36 


(b) n/12 
(d) 32/10 


9. Let P (x) be a polynomial in x of degree n. Then for 
every positive integer n, sin 2mx is expressable as: 
(a) P, (sinx) (b) P, (cos x) 
(c) sinx P, .(cosx) (d) cosxP, (sin x) 


In-1 


Vl—sin 4x +1 


————— then one of the values of y 1s 
Vl+sin 4x -1 


2n-1 


10. Ify = 


(a) cot x (b) -tan x 


(c) -cot [2x] (d) tan( 24x] 


11. Which of the following statement(s) 1s/are correct? 


ee 23 a4 
a tan” —= t“—=35 
@) 2 16 4 16 
10 
9 
(b) ¥ cos? — = -= 


SECTION-V 


COMPREHENSION TYPE QUESTIONS 


A: To solve or prove trigonometric inequalities it is 
necessary to practice periodicity, monotonicity and 
other properties of trigonometric function. Making 
use of certain concepts of calculus and graphical 
representation, the process of solving a problem 
becomes easy and time saving. Following concepts 
are particularly very useful while solving problems on 
trigonometric inequality. 


Deduction-1 


(a) f f(x) 1s continuous and monotonicaly increasing func- 
tion Le., f(x) > 0 then V x, > x, 


=> flx,) > fx, 
(b) If f(x) 1s continuous and decreasing function and f(x) 
<0 then V x, > x, 


=> fix.) <fx,) 


Deduction-2 


If f (x) > 0 and f” (x) < O for all x € D, then the graph 
of f(x) increases with increasing rate and remain concave 
downward 
C.. f(x) < 0). Therefore chord of the curve lies below the 
curve. Considering a point B dividing chord PQ in the ratio 
mx, + NX, } mf (x,)+ nf (x,) 
m+n m+n 


n: m, we get f ( 


C.. AM > BM) 


Deduction-3 


If f (x) > 0 and f' > (x) = 0 for all x € D,1.€., graph of f (x) 
increases and remains concave up (‘.’ f” (x) > 0). Therefore 
chord of the curve lies above the curve. Considering 
a point B dividing chord PQ in the ratio n: m, we get 


f (7 + nx, ): mf (x,) +nf (x,) (AM <BM). 


m+n m+n 


While proving an inequality, we may also use 
the following concepts of inequality of means (AM = 
GM = HM) and inequilty of weighted means wherever 
applicable. 


Deduction 4 

If A(x, f(x,)), Box, f(x,)), C(x, f(x,)) are three 
points on a curve y = f(x), such that f"(x) < 0, then 
(2 = 5) ae and if f"(x) > 0, 


tn f(A PAH) < Sed + f+ Fon) 


1. If 0 and @ are two distinct angles both acute then 
which of the following 1s true? 


(a) 0-@=sind-sing 
(b) 0-@<sin@-sing 
(c) O-—cos9<g-cos@ 
(d) None of these 


. AjB,CeE [ > : =| then which of the following is true? 


3 
(a) cosA4+cosB+cosC = es 


3V3 


2 


(b) cos + cos — + 608 < 


(c) aes nce ae < 2 
2 2, 2 8 
(d) None of these 


. fA+B+C =zand A, B, C are acute angles then 
which of the following is true? 


(a) cosAcosBcosC < = 


(b) sn A +sin B+ sinC>2 


3.3 


(c) ara 
(d) pia 
2 2 2 


. For angles A,B,C of an acute angled triangle. Check 
which of these is true? 


= <) = =| = = 3 
(a) cos} —+— |+cos| —+— |+cos| —+— |<— 
4 2 4 2 4 2 2 
(b) sec” (212) +s’ (54 FJ seo [z4o)<3 
6 4 4 4 3 4 
—+— |+sec”| —+— |>3 
4 4 3 4 


3 
(d) cos( +2) +005{ £42 }+-008( +S) 
4 2 4 2 4 2 2 


Si 
8 


2 A 2 
(c) sec” (2 + as sec” 


: In a AABC, if cos A cos B cos C = 


3 = th 


and sin A 


sin B sin C = 


. The value of tan A + tan B + tan C is 


34.3 V3 +4 
(a) aco (b) 
6-3 
(c) are 


. The value of tan A tan B + tan B tan C + tan C tan A 
1S 

(a) 5-43 
(c) 6 ree 


3-1 
) B+ v2 
“mat 


(b) 5+ 43 
(d) 6- v3 


11. 


12. 


13. 
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. The value of tan A, tan B and tan C are 


(a) 1, V3, V2 (b) 1, V3,2 
(c) 1,2, v3 (d) 1, V3,2+V3 


In a triangle ABC, cotA + cotB + cotC = cot0. 


. The possible value of 0 1s 


(a) 15° (b) 35° 
(c) 45° (d) None of these 
sin Asin BsinC 
1+cosAcosBcosC 
(a) tan’0 (b) cot? 
(c) cotO (d) tanO 
10. sin(A — 8) sin(B — 8) sin(C — 9) = 
(a) tan?0 (b) cot?0 
(c) sin*O (d) cos?0 


We are familiar with elementary conditional identi- 
ties in a triangle. We know that A+ B+C= 180° ina 
triangle. General conditional identities can be derived 
by taking sine, cosine or tangent of both side or taking 
sine, cosines or tangents after transposing one angle 
to the other side. We may also divide by 2 and follow 
the same steps. 


In any triangle tan A tan B + tan B tan C + tan C tan 
A must be equal to - 


(a) 9 

(b) cosec age see es l 
pi 2 2 

(c) sec A sec B sec C + 1 


(d) None of these 


In any triangle cot A cot B cot C + cosec A cosec B 
cosec i must be equal to 


(a) 5 


(b) tan A+ tan B + tan C 
(c) cotA+cot B+ cot C 
(d) None of these 


In any triangle (cot B + cot C) (cot C + cot A) (cot A 
+ cot B) must be equal to: 


— 
3/3 
(b) = tan A tan B tan C 
pe 


(c) cosec A cosec B cosec C 
(d) None of these 
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14. O 1s a point inside AABC such that 


= = = ng = (b) —— 
ZOAB = ZOBC = ZOCA=@ 512 
then cot @ must be equal to: d) N Fth 
(a) cot Acot Bcot C (c) 1024 ae ees 


(b) cotA+cot B+ cot C F: « is a root of the equation 
(c) cosec”? A + cosec”B + cosec?C 
(d) None of these 


(2 sin x — cos x) (1 + cos x) = sin? x 
Bis a root of the equation 


E: Given that cos2™ 6 cos2™! 0 .... cos 2"0 3 cos’ x — 10 cos x + 3 = 0 and 
ona y is a root of the equation 
REET where 2" 0 #kx,m,n,k € Z. 1 —sin 2x =cosx-sinx.0<a, B, y< 2/2 
18. cos a + cos B + cos y can be equal to - 
15. sin esd sin ae sin mals equals 3/6 +22 +6 3/3 +8 
14 14 14 (a) (b) -| —— 
— 6y2 
oo 64 o 64 (c) a (d) None of these 
l q —] 
(©) 8 - rs 19. sin a + sin B + sin y can be equal to - 
ya ya WA 14+ aD 
16. cos2*7¢9 .cos2* 79 .cos2°79 .... cos2" "A equals (a) {" 6/2 2 (b) 3/6 
ee! as i 3442 és 1+-/2 
128 256 6 2 
(c) a. (ay Nanewe these 20 sin (a — B) is equal to - 
512 (a) 1 (b) 0 
17. cos— cos eu cos — ..... COS ae equals (c) 1-26 (d) V3 -2N2 
1] 1] 1] 1] 6 6 
SECTION-VI 
MATCH THE COLUMN TYPE QUESTIONS Column-II 
(a) independent of A 
1. Column-I (b) independent of B 
(1) The expression cos’ (A — B) + cos? B — 2 cos (c) independent of C 
(A — B) cosdA.cos B 1s (d) aconstant 
ai) If a=cos A cos B + sinA sin B cos C, b = cos 2. Column 


A sin B—sinA cos BcosC andc=sinA sin C, 
then a? + b? +c’ 1s 

(411) If tan a and tan b are the roots of x? + Ax + B= On An 
O, then sin (a + 5) 1s Gi) If x sin 9 = y sin (9 + =) = zsin G *) 


tan(A4 +B-C tan C 

sO) mC atc B-C# then 4 + Xxy is equal to 

an(d4+C-B) tan (iii) Let A = sin’0 + cos0, then maximum value of 
nz,n€ Z, snC+t+cosC +tanC is Ais 


a) If x sin’a + ycos’a = sin a cosa and x sina =y 
cos, then x” + y’ is equal to 


(iv) If 


(iv) If sin x + sin y = 3 (cos y—cos x),then the value 


of sin 3x + sin 3y can be (a) 
Column-IlI (b) 
(a) —l (c) 
(b) 1 
(c) 0 (d) 
(d) 4 4. 
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Column-Il 
2 

3/4 

l 

4/3 


Column-I 


a) The maximum value of {cos (2a + 9) + cos 


3. Column-I 


(2B + 8)}, where a, B are constants, is 


G4) (a + 2) sina + (2a— 1) cosa = 2a + 1 if tan ais (i) The maximum value of {cos 2a + cos 2B}, where 


(a + B) 1s constant and a, Be (0, 2/2), is 


ai) If cosec 8 = 3 + 1/12, then value of (1) The minimum value of {sec 2a + sec 2f)}, 


where (a + B) is constant and a, Be (0, 7/4), is 


{tan 0 + cot@-2cos2(a@+ B)}, 


where a, B are constants and Oe (0, 2/2), is 
2 sin (a + B) 
2 sec (a + B) 
2 cos (a + f) 


equal to; (tan a/2 # 1/a) 
cosec 8 + cot 8 re 
g (iv) The minimum value of 
(111) The value of sin? * isin? 2 4 sin? nan sin’ ae 
| 18 9 18 9 
is equal to 
(b) 
. tt (b) 
(iv) If@ =— then tan qtan 20 tan 30....... tan (2n—2) 
An (c) 
8 tan (2n — 1)0 is equal to (d) 


SECTION-VII 


ASSERTION AND REASONING REASON TYPE QUESTIONS 


The questions given below consist of an assersion (A) and 
the reason (R). Use the following key to choose the appro- 
priate answer. 


(a) If both assertion and reason are correct and reason 1s R. 
the correct explanation of the assertion. 


(b) If both assertion and reason are correct but reason 1s 
not correct explanation of the assertion. 


(c) If assertion 1s correct, but reason 1s incorrect 


(d) If assertion 1s incorrect, but reason is correct 5. A. 


Now consider the following statements: 


1 A. If4d +B+C =f, then the minimum value of [] R. 


tanA is3V3 . 6. A. 
R. AM>GM 
2. A. Ifa, bc € R* and not all equal, then 
_ (bc+ca+ab) 
(a+b? +c’). R 


R. sec 9 <—1 and sec 90> 1 


sec @ 


. tan B= 


2 cos (a — f) 


3 | 4 | | = 
- COS @+cos ao + cos a ai 


: =a ( =) 
3 cosa cos er cos are 


Ifat+b+c=00a+6 4+ = 3abc 


A. sin 2> sin 3 


R. Ifx,y € (.).x<y, then sin x > sin y 


If cos (B — vy) + cos (y— a) + cos (a — B) = - -. 


then cosa + cosB + cosy = sina + sinB+ siny = 0 
av+h=0>a+b=0 
Sum up to m terms, the series tan a tan(a + b) + 
tan(a + b) tan(a + 2b) + tan(a + 25) tan(a + 3b) + 
tan(a +nf)(tan a —ntan Bf) 
tan B . 

tania +rfB)-tan(at+(7r-)B 

1+tan(a+rfZ)tan(a+(r-)£f) 


sMaaaas is given by 
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7. A. The number of solutions of the equation 


10. 


17 sec’ v+16| Stan x secx=1 =2 


tanx (1 +. 4 sin x) is 2 Vxe[0, zy]. 
R. |x|) =x, Vx Ee Rt 


A. There are only 2 possible solutions for the ordered 
triplet (tanx, tany, tanz) which satisfies the equa- 
tan x _ tany _ tan Zz 


2 


tion —"“(#0) wherex + y + 


Z=N. 
R. For the angles A,B,C of a triangle, tan (4 + B+ C) 


_ tan A+tan B+tanC —tan A tan B tanC 
1—tan A tan B —tan B tanC —tanC —tan A 


A. There is exactly one possible solution for (x, y) 
that satisfy the equation: 


tan‘ x + tant y + 2 cot? x. cot’y = 3 + sin? (x + y); 


[a 
Vxye}O,— 
- 4 


R. Using AM = GM, os 


> AB ,for positive 


values of A and B. 


4 2 
‘x 1. sec un 0 
3 ~sec’ @-tan’ @ 


11. 


12. 


13. 


3 3 
R. The range of the functions f(x) = es) and 
xi —x7? +1 
Be 29 l 
g(x)= xox tl are the same and that is 1] 
xi +x7 4] 3 
A, If ——_ = —*___ = —_*____ then 
tan(O+a@) tan(@+f)  tan(@+7) 
Dy med sin’(a — B)=0 
x—y 
R x+y _ tan(O+a)+tan(O+ Bf) _ 
x-y  tan(@+qa)-tan(@+ f) 
sin(26+a+ B) 
sin(a + B) 
A. Maximum value of the expression 


|,{sin” x + 2a” — f2 a’ —1-— cos’ x|, where a 


and x are real numbers, is V2. 


R: WGA =aB S48), 


A. If A, B, C and D are angles of a quadrilateral and 
sin A/2 sin B/2 sinC/2sinD/2 = 1/4, then A, B, C, 
D is a rectangle. 

R. On putting A = B =C =D = 7/2, we get sin A/2 


Ob) 
fies the condition that sin A/2 sin B/2 sinC/2sin 
D/2 = 1/4. 


= sin B/2 = sinC/2 = sinD/2 = which satis- 


SECTION-VIII 


INTEGER TYPE QUESTIONS 


. IfP= V9cos’ 6 +16sin’ 6 + ¥9sin’ 8+16cos’ @ then 


find the difference between the maximum and the 
minimum value of P?. 


If B and y are positive angles less than two right angles 
and cosa + cos (a + B)+cos (a + B+ y) =0 and sin 
a+ sin(a + B)+sin (a+ B+ y) =0, And it 1s given 


that B= y= me then find the value of m? + n’. 
n 


ax by 3 


If + Sf neg Ns VES iy 


cos@ sin@ cos’@ sin’ @ 
Then find the value of & such that (ax)? + (by)?? = 


(a? + kb?y?P. 


(0 
. If /4sin'@+sin? 29 +4008 (F 


. If2cosA =x + lx 2 cos B =y + 1/ then find the 


x 
value of *k’ such that k cos (4 — B) = - 


. If ABC is an equilateral triangle such that 


Vsin A +JsinB+~VJsinC = keos~cos—cos— 
Then find the value of ‘k’. 

@ 

4 =k, where 8 lies 


in third quadrant then k is equal to 


n—l 
. Find the value of ‘k’, such that }) "C, [cos kx. cos 


k=1 


(n + k)x + sin(n — k)x. sin(2n — k)x] = 2” —k) cos nx. 


10. 


11. 


12. 


13. 


14. 


. Find the value of k for which the equation 


0 


15 s 
4cos36° + cot =| » Jr is satisfied. 
r=l 


. If tan 60 = 4/3 then find value of 


I 
at cosec 20 — 3sec 20) 


If the roots of x°-— 7x?+ 5 =0 are tana, tan and tany 
then find the value of sec? a sec”B sec’y. 


3 2/p—-q-1 

If sin lil = 2p -Va-1 then find the value of 
24 4Jr 

Dp a q- r 

If sinx + sin?x + sin*x = 1 then evaluate the value of 


cos*x — 4cos*x + 8cos?2x. 


If cot sg P+ Wa +r + Vs where p,q,r,sEN& 
p<q<r<s then findp+q+tr-s. 


If 15 sin*ta + 10cos*a = 6, then find value of 8 cosec’a 
+27sec°a — 241. 


Answer Keys 


SECTION-III 


15. 


16. 


17. 


18. 


19. 


20. 
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-|~ 


In a AABC, if cos A + cos B + cos C = 
then Bie —,findK 
r 


The value of expression E = cos*x — k? cos?2x + sin*x 


which is independent of x is : then find t. 


t 
If tan = VP — JQ. tan ea vR-VS and sin 
a ~T-VS 
P 


10 
the sum of the areas of the triangle formed by sides 
whose lengths are equal to P, Q & T and rectangle 


formed by adjacent sides of length R & S. 


, where P, Q, R, S, T € N. Then find 


In AABC if angles A, B, C are in A. P. & ZA exceeds 
lowest angle by 30° & D divides BC internally in 1: 3 
ZBAD _ 1 


2 4 
Ifx =y cos = = Z COS — » then find xy EZ ZR 


(1 — cot 1°) Cl — cot 2°) (1 - cot 3°) ....... 
(1 — cot 44°) = 2" then find n. 


1. (a) 2. (c) 3. (b) 4. (a) 5. (a) 6. (c) 7. (b) 8. (d) 9. (c) 10. (c) 
W.(d) 12) £13.) 14 (a) 15. (a) 16 (a) 17%.) 18% (c) 19%. (a) 20. (b) 
21. (a) 22.(d) 23.) 24. (c) 25. (a) 26. (d) 27. (6b) 28(d) 29%) 30. (a 
31.(d) 32.(b) 33.(a) 34. (6) 35. (6b) 36. (c) 37. (da) 386) 39.) 40. (&b) 
41. (c)  42.(b) 43.(a) 44. (a) = 45. (a2) «= 46. (b)—s47. (c) ss 4B (a) 49. (2) ~—Ss«50. () 
51.(b) 52.(c) 53. (d) 

SECTION-IV 

l(a,c) 2.(a,d) 3. (a,b,d) 4. (b,c) 5. (b,¢,d) 6. (b,c) 7. (a,b, d) 

8. (b,c) 9.(c,d) 10. (a,b, c,d) 11. (a, b, d) 
SECTION-V 

1. (b) 2. (a) 3. (a, b,c, d) 4. (a,c) 5. (a) 6. (b) 7. (d) 8. (a) 9. (d) 

10.(c) Ib) 12© 12@© £140) %146.@ £42316) =%17.¢ = #«1.@ 819%. © 


20. (c) 
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SECTION-VI 
1. G) > (&b, c) 
2. (1) > (b) 
3. G) > @) 
4. G) > @) 


SECTION-VII 
1. (a) 2. (d) 
lH. (c) 12. (a) 


SECTION-VIII 
1. 1 2. 13 
11.9 12. 4 
20. 22 


(11) —> (a, b, c, d) 
(11) > @) 
(11) > (b) 
(11) > (C) 


3. (a) 
13. (b) 


4. (a) =i 


(iii) > (c) 
(iii) > (b) 
(iii) > (a) 


(i) > (0) 


(a) 6. (a) 


7. (a) 


(iv) — (a, b) 
(iv) > (a, b, c) 
(iv) > () 

(iv) > (a) 


8. (c) 


9. (a) 


10. (a) 


10. 145 
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HINTS AND SOLUTIONS 


TEXTUAL EXERCISE-1 (SUBJECTIVE) 


xn 42 
. °o— 240 x — =— 
1. Gi) (a) 240 ae 
14 
(b) 56° = 56x —_ = —— 
180 45 
_( 30) 251 251 251 a 
(c) 125° 30’ = 125 = = SS _ P>XK 
60 2 2 2 180 
_ 251, m _ 25m 
2 180 360 


(ii) (@) (=) - (=. is) = 300° 
(=) -(#. 80) -(2) -( 1) 
(b) | — 37 = 37° 30’ 
3 24 2 ) 2 


180 264 180 _) 
2.64) =| 2.64x aie cal 
Oe) [ 0) -(= 22 


=(ISE2)° = 151° 42 
F) anew = (575) (5+) 
2. | =x] grades = | —xx— | =| —x 
3 3 10 5 
(#2) - (2. <8) (2) 
=> |— =| — 
75 75 5 
a ee 
As per gives conditions 37 + rie + ra = 180° 


=> x=40 
Angles are 24°, 60° and 96° 


3. Let the angles be (x — y)°, x° and (x + y) 


=> x-yt+xt+x+t+y=180° 
= Angles are (60 — y)°, 60°, (60 + y)° 


; 60-y 60 
Now gives —————__ = — 
60+y)— * 
( ae 
60 — 1 
—— => y=30 
60+y 3 


Required angles are 30°, 60°, 90° 


4. (ij) Angles between hour hand and minute hand [when hour 


hand 1s at 3 and minute hand 1s at 6 figure (1)] 1s 90° 


3 3 


a™ 


4 


6 


FIGURE - 1 FIGURE - 2 


Now at half past three parallel hour hand moves further 
by an angle of o x 30° = 15° [Since hour law moves 30° 
in 1 hour] see figure (11) 
Required angles = 90° — 15° = 75° 

(ii) As in previous question see figure (1) 
When hour hand is exactly as 5 and minute hand at 8 
angle between them is 90°. Now hour hand further 


2 ° 
moves by an angle of E x 30 


because 40° minute = 40 x ae = HRS. 
60 3 


FIGURE - 1 FIGURE - 2 
Required angle = 90° — 20° = 70° 
(iii) Quarter past eleven 
As in pervious question. Angle between hour hand and 
minute hand when hour hand 1s at parallel minute hand at 
3 = 120°. Now hour hand further moves by 15 minute 


= ie 2 hs, 
60 4 


11 


| 
Angles described further by hour hand = yi x 30° = (7.5) 
Required angle = 120° — 7.5° = (112.5)°. 


5. Let the angle in radians be a—d,a,a+d 


1 
=> a-dtatatd=2 > oS 


1 
cd 
According to question, 180 = Do 
a 
ce ' 
Se ee => —-d=— 
60 120 Z 


l 
= Least angle = 5 radian 
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5. From figure it is clear that 20 = 360° — (90° + 90° + 60°) = 


ya 
Mean angle = — radian 
3 120° = = 
2x 1 a 
Greatest angle = | —-——| radian / aX 
+ 2 
TEXTUAL EXERCISE— 2 (SUBJECTIVE) / / \ \\ 
1. Last number of sides of two green polygons be n, and n, 
n, 5 / / X\y 
Given —=— . (1) Le | 
n, \ Le 
a) 2) 190°] | 22190" =9° 
n n Z 4 
| as Length of are AB = 19 = 2. = — 
m=-2) (m=2\ 1 2 2 1 = 
n n 20 =F n, n 20 an 
1 2 2 <a .. Total distance curved = (3 x 4) + 3. =. 
1 1 1 
= n, ~ n, = 40 (along the sides) (along the 3 axes) = 12 + 4x 
nn, . 6. Clearly for circular are AB 20 = 90° = n/2 
=> n,-n,= ... (1) 7 
40 .. Length of are AB = 10 = 2x—=2 
: 5 , eo 2 
rom (1): m ee n, and put n, in equation (11): Total distance traveled by man = 4 x (4) + (4 x m) = 
(16 + 42)m 
mn, 
4 27 Fes = AO > n, = 8 
From equation (1) n, = 10 
Ans. 10 and 8 
2. Let the angle of the quadrilateral be (x — 3y)°, (x — y)°, (x + 
y)°, (x + 3y)° 
Since it sum of angles of a quadrilateral = 360° 
=> x-3y+x-ytx+yt+x+t 3y = 360° 7. As per figure central angle for (1) arc AB = 360° — (0, + 90 
=> x=90° + 90°) = 180-9, 


Angles are (90 — 3y)°, (90 —y)°, (90 + y)°, (90 + 3y)°. 
Now gives 90 + 3y = 2(90 —3y) 
=> 9y=90 >y= 60 
=> Least angles = (90 —3 x 10)° = 60° = n/3 radian. 
3. In 1 sec no of revolutions = 3 


=> In 1 sec distance covered = 3 x 2nr = 6ar 
[since 2zr is the distance covered in one revolutions] 


22 5940 
= 6. ca x45 = cm = 848.5 cm (approx) 
Speed of train 848.5 cm/sec 
Ans. 848.5 cm/sec. (11) CD = 180-9, 
L (111) EF = 180 — 0, and for each are radius = 2 
4. In 6 ‘n second angle turned = 80° .. Total length of all areas [¢ = r0] 


In 1 second angle turned = 720° 
in one second the wheel actually makes 2 revolutions 


T 
= 2x= 180-0, + 180-6, +180-6,] 


1 

and in one revolutions the distance covered by a point = 180. [540° — (0, + 8 + 8,)] 
on a rim = 2nr. ) 

Distance covered by a point on rim in one hour = 60 x = x [540° —180°) =47 


60 x 2mr x 2 = 720,000 x m = 22.62 km (approx) 
Ans. 22.62 km (app) .. Total distance covered = 3 +6+8+ 42 = (17 + 4x)m. 


TEXTUAL EXERCISE-3 (SUBJECTIVE) 


. f(x) = sin(azx) + cosx 
2 

Period of f(x) = LCM of [7 and an | 
1 


= LCM of (2, 27) 
But LCM of a rational and irrational does not exist 
f(x) 1s not periodic. 


. By fundamental concept, period of f(x) = LCM of 


2m Qn) _ 2x 
le 


lal 
. Since the output repeat itself therefore f(x) is periodic but 
there are infinite irrational numbers between 2 rational num- 
bers therefore period can’t be defined. 


. (a) f(x) = sinx sin (2x) = (2 sin(2x).sin x] 


= = [cos(x) — cos(3x)] 


[2 sinA sinB = cos(A — B) — Cos (A + B)] 
Now period of cos x = 22 


2 
Period of cos (3x) = > 


2 
Period of f(x) = LCM of 2x and = =27 


(b 


ww’ 


f(x) = cot(2x) .sec(3x) 

Let T be the period of f(x) 

cot [2(x + T)] sec [3 (x + T)] = cot(2x) sec (3x) 
Clearly 27 1s at least value of T, Satisfying it. 
Period = 22 


Aliter: Period of cot (2x) S 


Period sec (3x) = = 


LOM of ee LE ofa &2n_ 2x 
2 3 HCF of 2&3 1 
Period of f(x) is 2% 
Using f(x + T) = f(x) 
cot(z (x + T)) sec? (32 (x + T)) = cot (xx) sec? (37x) 
cot (x + mT) Sec? (32x + 3xT) = cot (2x) sec? (37x) 
Clearly T = 1 1s at least value 
[-.;cot(x + 8) = cotO, sec (x + 8) = — secO] 
Aliter: Period of cot (1x) = n/n = 1 


(c) 


1 
Period of sec? (32x) = a 
3x 3 
[Period of sec” x = 7] 
Period of f(x) = LCM of 1 and 1/3 = 1 
f(x) = cot’ (x) . sec (37x) 


: 5 a 
Period of sex (32x) = —— == 
o- 3 


Now LCM of x and 2/3 does not exist. Therefore f(x) is 
not periodic 


‘ww’ 


(d 


Trigonometric Ratios and Identities < 1.99 


(e) Period of 2sin? (3x) = 2/3 


(f) 


Period tan (4x) = 1/4 
Period of cot (6x) = 1/6 
Period of |cosec (8x)| = 1/8 


Period of sec*® (10x) = 22/10 = 2/5 
Period of fcotl2x =— 
12 


[Since period of |cosec x| = 2 . Also if f(x) 1s periodic 
with period T, item f(x) is also periodic with 


periodic T] 
Period of f(x) = LCM of ee = 
3 4 8 5 12 6 
Period of 2 sin? (6x) = 1/6, Period of 
(=) nq 32 
3tan| — | =— = — 
3 4/3 4 
Period of 4cos? (6x) = 2/6, period of |cosec 8x| = . 
20 
16 164 3 
Period of sec? (=) Grane’ 
3 3 8 
12 5 
Period of ,/cot (2) yee 
5 12 12 
5 


3 3a 5 
Period of f(x) = LCM of (=. ee =| 
6 4 68 8 12 
Ei ls cs UE LES Bd 


HCF of (6, 4, 6,8,8,12) 2 
: uh 2a 
5. (a) Period of sin( 2a + 4 = — =| 
4 21 
Period of 2 sin{ Sr + =) = 2s = 2 
3 3x 3 


(d 


New’ 


Period of f(x) = LCM of 1 and 2/3 = 2 

f(x) = cos’x + sin?x = 1 

Here f(x) is a constant function so f(x) 1s periodic but 
period can’t found. 

f(x) = cos®*x + sin®x 

f(x) = (cos?x)* + (sin’x)* = 
sin’x [cos* + sin’x] 

[a> + b>= (a + b)? — 3ab (a + b)] 


3 
f(x) = 1 — 3cos’*x sin’x 4/4 = 1— 4 sin? (2x) 


Period of f(x) = 2/2 [Since period of sin’x = 7] 
Aliter: Period of cos*x = 

Period of sin°x = 1 

Their exist a number 7/2 less than LCM of (x and 2) for 
which cos*x and sin®*x are interconvertible. 


Period of f(x) = 1/2 
rx 1 

f(x) = sin? ear + |tan hoagie 

2m 


ieee 
Period of sin? ses 5 


(cos’x + sin’x)* — 3 cos’x 
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(b 


ww’ 


=> 


(b) 


=> 


Case I: 


=> 
=> 


Case IT: 


=> 
=> 


(c) 


1 
tan ax) =—=] 
6 1 


LCM of 1 and x does not exist 

f(x) 1s not periodic. 

f(x) = 2. By basic concept we can see that period of f(x) 
is 27 


Period of 


f(x) =Vcosx-1 

Since —1 < cosx < 1 > —2 <cosx —1<0 
f(x) € /[-2,0] => f(x) 

Range = {0} 

Aliter;: y=~vVcosx-l =y?+1=cosx 


y?+ 12> 1,s0 LHS 2 1 and —-1 < cosx < 1 
Minimum value of LHS = 1, Maximum value of RHS = 1 


Therefore equating holds for which y = 0 
l 


x)= ———— 
ue Jl - |cosec x| 
Since |cosec x| > 1 


1 — |cosec x| < 0 
Range of f(x) = 0 


1 
f(x) = —————. .. For domain 1 — tan?x > 0 
Vl —tan’ x 


tan’x < 1. Also tan?x > 0 
0 < tan’x < 1 => -] <-tan’x <0 


= OQO<-vl-tan’x <1 


1 1 l 
Applying reciprocal law - < —=——=——- < — 
1 Vl-tan?x 9 


0 < 1—-tan’x <1 


1 < f(x) <o 

Range of f(x) = [1, ) 
f(x) =V2-secx 
For domain 2 — sec x = 0 
sec x <2 
1<secx<2 
—2<-secx<-l 


0<vVJ2-secx <1 


=> 0<2-secx<] 

=> 0<f(x)<1 

secx <-] 

—secx2> 1] => 2-secx2>3 

V2 —secx > ME: f(x) € | V3, 00 | 

Range of f(x) = [0, 1] U [N3, «) 

f(x) = [cot x|-1 

For domain |cot x| — 1 = 0 and when |cot x| — 1 > 0 then 
\\cot x|-1 >0 

Range of f(x) = [0, 0] 


(d) fx) = tan( St 


(1) When [x] = 0 then f(x) = 0 
(11) When [x] 4 0, then f(x) = tan( % x integer and f(x) 


is not defined 
Range of f(x) = {0}. 


1 


©) Ax)~ ,||tan x| — tan x 


(f) 


=> 
= 


2 
5 
(g) fix) = cos? x — Scos x — 6 = [cos 5 Sealer 3 


~ UY 


For domain |tan x| — tan x > 0 
jtan x| > tan x 
tan x <0 


l 
le /—2 tan x 


Range of f(x) = (0, 0) 


=> tanx € (-o, 0) 


y= J(1-cosx).y 
y* =(1-cosx)y 

y [y—(C1 —cos x)] =0 
y=Oory=1-cosx 
Now-1<-—cosx<1> O<1-cosx<2 
Range is [0, 2] 


=> y’-y(l —cos x)=0 


4 


Now-l<cosx<1l1 > se" Behe ee 
2 2 Z 
er ere 
2. 2 
2 
7 s(cosx-5 ges 
2 4 
2 
eee eeteee Raia canes 
4 4 2 4 4 4 
—-10 < f(x) <0 
Range of f(x) [-10, 0] 
Aliter: Letcosx=t 
f(x) = t? — 5t-6 
Now draw the graph of t?— 5t — 6 
49 
4 
2 5/2 3 
[°° minimum value of ax? + bx + c = O is 


D —b 
—— and xc=— But-1<t<1 
4a 2a 


f(x) is maximum att =—-1 [1+5-6=0] 
f(x) and minimum at t = 1 [1 —5 -6 =—10] 
Range of f(x) = [-10, 0] 


1. (a) 


(b) 


(g) 


1. (d) 


=> 
=> 


TEXTUAL EXERCISE-4 (SUBJECTIVE) 


f(x) = x3 — 2x°, f(—-x) = — x? + 2x° = -[x3 — 2x°] = -f(x) 

fis an odd function. 

[*.. Sum of 2 odd functions is always an odd function. ] 

f(x) = x sin x 

f(-—x) = -x sin (-x) = x sin x = f(x) 

fis an even function. 

[*.. Product of 2 odd functions is an even function] 

1x) = 2) 2 

f(-x) = 2* + 2* = f(x) 

fis an even function. 

f(x) = 2* —2* 

f(-x) = 2* — 2* = -[2* — 2*] = -f(x) 

f(x) is an odd function. 
x 


iG = FD 
1+ 


2x 
2? 2 
x 


—; =-f(x) 
l+x 
f(x) is an odd function. 


f(x) = os{ + *) = log(1— x) — log(1 + x) 


l+x 
f(-x) = log (1 + x) — log (1 — x) = -f(x) 
f(x) is an odd function. 
f(x) = log(2x + V4x? +1) 
f(—x) =log(-2x + V4x? +1) 
Now f(x) + f(—x) =log(V4x? +1+2x) + 
log[,(4x? +1) -(2x)] 
= log[.(4x? +1) + 2x]\(V4x? +1 -(2x)] 
= log (4x? + 1) — (4x’)) = log 2 = 0 


f(—x) = -f(x) 
Hence f(x) is an odd function. 


TEXTUAL EXERCISE-1 (OBJECTIVE) 


Let the hour hand and minute hand coincide after ‘t’ 
minutes. 


6.1 =5+ 360°-n,nel* 


[*.. Minute hand describes an angle of 6° in 1 minute 


1Y 
and hour hand describes an angle of 5 in one minute] 


12t=t + n.720 => 11t=n.720 
t= ae 
11 
Also t < 720 
For instance n = 1, t = 65.4 (approx) 
In between 65" and 66" minute both hands coincide 
We getn=1, 2, ....,11 
Both hands coincide, 11 times in a period of 12 hand. 


2. (d) As in previous question, 11 x 2 = 22 times 


Trigonometric Ratios and Identities < 1.101 


3. (d) Let the angle between hour hand and minute hand 1s 90° 
office ‘t’? minute 


=> 61 -—1 = 90° +360, n el” 
Also 0 <t < 144° 
1] 

=> a = 90°(1 + |4n|) 


180° 
=> oer Te sc a and also 0 <t < 144° 


possible always of n are —22, —21, —20,....,0,1,22,.....21 
Therefore 44 volume. 


4. (a) From question no. (3), required volume 7 x 44 = 308. 
11 
5. (b) As in privious question ae = 180° + 360°.n 


=> = [1+ 2n 


n=O. 2 4 21 
22 values 


6. (b) Gain = 5 seconds in 3 minutes. 
Let the actual time = x min to 4 
The gain in time = (540 — x) minutes. 
540 - *) are 
x— minutes. 
3 60 
180x = (540 —-x)=5 => 180x + 5x = 540 x 5 
=> 185x=540 x5 


Total gain = x -( 


22 
=> x= 14.— minto4 
37 


7. (a) Greatest angle is opposite to the greatest side: 
BD _12_3 
CD 16 4 


B 
mm @— 21 ————> 


BD = 3k, CD = 4k 
Also BC = 21 => 3k + 4k = 21 


=> k=3 
‘. The required parts are 9 cm, 12 cm. 
(n —2)x180° ; 
8. (d) Required angle = ——————— = [polygon of sides] 
n 
Here n = 12 
10x180° 5z 
Required angle = ————— = — 
12 6 
9. (b) Let the polygon has n sides then sum of all angles = 
(n — 2) x 180° 


Also sum of all angles = [2a + (n—-1)d] 


1.102 > Trigonometrry 


5 
and a= Baie , d = 10° (gives) 


12 
=> (n—2)x180° == 
2 
10. (b) In ABEF; 71 + ZB + ZE= 180° 
In AAGC; 22 + ZA +.ZC = 180° 


[2x 75°+(n-1)x10] > n=4 


Also 23 = 180° — 22, 24 = 180° — 21 
23 + 24 = 360° - Z1+ 22 
Again in ADGF; ZD + 23 + 24 = 180° 
=> ZD+ 360° —(41 + 22) = 180° 
=> Z1+22=Z2)+ 180° ... (ll) 
Adding(1),(2),(3)weget,; ZA+ ZB+ ZC+ ZD+ ZE=180° 


11. (c) Using @ = r0 


| 
We get 0 =—=— radian. 
r 


eS) 


12. (b) Using @ = r0, we get; 15 = 1.3/4 >r=20 cm. 


13. (c) Ist path: AE — quarter circle 
IInd path: EF — straight line 
IlIrd path: FD — quarter circle 


ii ie | Zi 
Total distance = myrtle ae 


14. (a) (n— 2) x 180° = 360° x 2 
=> (n-2)=4 => n=6 


15. (b) AABC 1s an equilateral A 
|DE| = 2m. For are of 290 = (90° + 30°) = 120° 


18. 


2# 
Length of are DE = r0 = as 


2 
Total length of slope = 3x Ee + 2 = (2n + 6)m 


16. (c) |AB| =|AC| = |BC| =6 feet 


AABC is an equilateral A, ZABD = 60° 
AD 


= 4p = 4B. =6 x9 =33 


h=243)3 +2=343N3 


17. (a) Let ‘r’ be the radius of each log then as in Q.16 


ir 


‘A 
8r 
Z)) ID 
AD = 8r. sin60° = 4V3r 
Also h = 4V3r + 2r 
=> 11 =2r[1+2v3] 
11 
= Diameter = 2r = ——— 
123 
all 023d) 5 ey 


(1 +23) (225) 


(a) Let after‘t’ minutes past 2 the angle between the hands 
is 90° 


=90° = 11 90° = ee 
2 11 


Ep e6 
2 


4 
After 165 | minute the angle is 90° 


4 
ae minute part 2. 


19. (a) Required area = Area of a sector 


71H 
Here 9 = 6° x 35 = 210° = os 


10cm 


] ] 
Required area ae rts 100 x 2 =183.3cm’ 


TEXTUAL EXERCISE—5 (SUBJECTIVE) 


1. (a) (sec? A— 1) cot?A = tan’A .cot?A = 1 


(b) cos A.cosec A.Vsec* A —1 =cot A.tan A =1 
(c) (cosec?A — 1) tan?A = cot?A. tan’A = 1 

(d) (1 —cos?A) (1 + cot?A) = sin’A. cosec?A = 1 
(e) sin AcosecA.Vcosec’A-1 =1xcotA#1 


(f) (1 + tan’A) (1- sin’A) = sec*A. cos*A = 1 
(g) sec?A — sin?A . sec?A = sec?A — tan2A = 1 


ee eee | 
(h) 1+sin?A 1+cosec*A 1+sin’? A I 


tan’ Asin? A _ tan’ A.sin’ A 
tan? A-sin? A sin’ A 
ae 


(i) 

sin? A 

cos 

tan’ Asin*A _ tan’A _ 
ne tan’ A 


2 2 2 2 
cot’ A.cosec’A cot’ A.cosec’A 


0) cot2A—cosec2A cos? A 1 
sin? A sin? A 


_ [cot* A.cosec’A] 
- =(sin? A) 
l-tan’@ 1-tan’é 
l+tan?@ sec’ 
= 7 OE cease 

sec’@ sec’ 
= 1-s1n’*8@ — sin? 8 = 1 — 2sin?0 = 1 — 2 (1 — cos’0) 
= 2 cos’0 - 1 
l+cos@ _1+cos@  1+cos0 -(4ee?) 
l-—cos@ l1-cos@ 1+cos@ 
= (cosecO + cot@)? 
1—cosO _ 
l+cosO 


7 [2s 
sin@ 


sin’? A #1 


- (a) 


(b 


New’ 


sin @ 


(1—cos@)’ 


Also ————— 
(1+ cos@)(1 —cos@) 


2 
= (cosec8 — cot@)’ 


(c) 


Trigonometric Ratios and Identities < 1.103 


i —sin@ _ /(1—sin@).(1—sin@) 
1+sin@ (1+sin@)(1—sin@) 


_ = 


2 
= lsecO —tan 6 
cos@ 


. Given expression (sec@ + cosec@) (sin8 + cos) 


; 


(sin@ +cos0)° _1+2sin0cosé 


| 
+ 


Jocino + e056) 
cos@  sin@ 


sin@ cos@ sin@ cos@ 


=gsecO0 . cosec0 +2 =R.HS. 


. L.HLS. = (sec? + tan?0) (cosec’0 + cot?@) 


1 sin’ 0 1 cos’ @ 
2 a 2 * - 2 Tr - 2 
cos’'@ cos’ @ sin’ @ sin’ @ 


_ ( + sin’ 6)(1 +cos’ 0) - 2+4sin’ 8 cos’ 0 


=] 


L.H.S.= 


sin’ 8 cos’ @ sin’ @cos’ 0 
+2 sec?0 cosec? 8 = R.HS. 


sinx+cosx sinx i 1 


cos? x cos’? xcosx cos’x 


= tan x sec” x + sec?x = tan x[1 + tan’x] + 1 + tan? x 


= tan? x + tan?x + tan?x + 1 


. (a) 


(b) 


1+cos@ +sin@ 
1+cos@ —sin@ 
_ (1+cos@)+sin@ (1+cos@)+sin@ 
- (1+cos@)-sin@ (1+cos@)+sin0 


L.HLS. = 


_ 14+cos*@+sin* 6 + 2sin0 + 2cosO + 2sin 0 cos 0 
7 (1+cos0) —sin’6 

2(cos8 +1)+ 2sin@(cos8+1) 1+sin@ 
- 2cos0@(cos@ +1) 7 cos 


LHS = 2[sin°8 + cos°8] — 3 [sin*O + cos*O0] +1. ..... (i) 
Now sin°@ + cos°@ = (sin’8)> + (cos?8)*? = (sin?@ + 
cos’0)° — 3 sin’0 cos’0 (sin70 + cos’0) 
=1-3sin?@cos?0 2 (11) 
Also sin*@ + cos*@ = (sin?0 + cos’0)? — 2sin’0cos70 

= ] — 2sin’0 cos’0 vee (ll) 
From (1), (2), (3) we get LHS = 0 


TEXTUAL EXERCISE—6 (SUBJECTIVE) 


llz 1 1 1 
1. (a) cos A = cos} —— |=cos| 4a —— |=cos| — |=— 
13 3 3 Z 


ere sin( 4) z sin( 4 : *) _ in -2) 3 
3 3 a) 2 


1¢3 1 -4 
2 


>tand+cotA =- ne ie 


cos A -—sin A = 


b A= cos( “7 | —cos{ 20 - =) = 
(b) cos a 4 “B 


2. 8= 3825°> 
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sin A = sin( 7 | = sin( 2a = *) a imo 
4 4) 2 


2 
cosA —sinA = ey? 


Also tan A = tan an =) =1 cot A = —l 


tanA + cotA=-2 

sina = sin (700° + 105°) = sin(105°) 

sin ot 1S positive as 105° lies in second quadrant. 

cosa = cos (825°) = cos (105°) is negative as cos 0 is 
negative is 2"? quadrant. 


=> sina — cosa is positive a = 140° from graph sina + cos 


1s negative 


3. O25" 


=> tana = tan(180° + 55°) = tan 55° > 1 
tan’ a —1 
tana — cota = ————— > 0 
tan a 


[As tan 55° >1 and tan a > 0] 
tana — cota is positive a = 325° 


(b) sec@ = : 


2 
x 
=> (sec0) x?-x+sec0=0 
For real solutions in x, D > 0 
=> 1-4sec?02>1 


| 
= sec’@ <7 , But sec? > 1 


=> No solution 


1+ x’ 
(c) sin@= 5 => x?-(2sin0)x + 1=0 
x 
Which is quadratic in x. 
D2=0 => 4sin’?@-42>0 


=> sin?A>] 


But sin’0 < 1 => Equality holds 


=> sin’?0= 1 => sinO=+1 
Te ST... 
> 9=\7 hin [0, 27] 
2 2 
2 2 
(d) sin?@=— ny 
2xy 
sinO (x — y)?2> 0 => x’*t+y’?-2xy 20 
Pee 2 es 2 
=> career sin? @ =-—* =>x,y>O0orx,y <0 
2xy 2xy 


Also sin’0 < 1 = Equality holds 


=> sin’0=1 => 0=(2k+1)07/2,k EZ 
SS Xb y= Zxy => (x-y)’=0 
=> y=xF0. 


2. sinO = |x|+ 1 


= Negative |x} + 1 > 1 and sin é€ [-1, 1] 


= tana = tan (360° — 35°) = — tan35° = Equality holds => sind=1 
tan « 1s negative, Also tan 35° < 1 . . 37 rt 59 
tana — cota is positive = Required order pairs are (0, | {o, =) and (0, 
4. a= 125° 3. (a) From graph 2 values. 


=> seca —coseca = sec125° — cosec]25° (b) From graph only 1 value. 


_ 1 sin 125° —cos125° 
cosl25° sinl25° — sin125°cos125° 

_ sinl25°—cos(90°+35°) _ sin125° + sin 35° 

sin 125°cos125° sin125°cos125° 
Now sin35° and sin125° are positive and cos125° 1s 
negative. 
seca — coseca is negative. Similarly for @ = 215° 4. (a) Using A M>G.M 

2 2 
TEXTUAL EXERCISE—7 (SUBJECTIVE) alan £7 CONF ian cee x 
2 


=> 4tan’x + 49 cot?x>2x 14 
=> Atan’x + 49cot? x >28 
fx >0 nee. (b) Using A.M >G.M 


- 4 4 
x 8sin x +2cosec x a 4 
> /85in*x.2c0sec*x 


l 2 
ifx <0, x+ Pie 2 => &sint*x + 2cosec’x > 8 


But —1 < sin@ < 1 5. (a) 2cos’x — 7cosx + 3 = 0 
= Given equation has no solution 2 cos’x — 6cosx — cosx + 3 = 0 


l 
1. (a) sind = x+—,[x#0] 
x 


(2 cosx — 1) (cosx — 3) = 0 


1 
cosx=— ,.cosx =3 
pa 


| 
cos x = 3 is impossible but cos x = A is possible. 


6cos?x + 7sinx — 8 = 0 

6[1— sin’x] + 7 sinx — 8 = 0 
—6sin’x + 7sinx —2 = 0 

6sin’x — 7sinx + 2 = 0 

6sin’x — 3sinx — 4sinx + 2 = 0 
3sinx [2sinx —1] —2 [2sinx —1] = 0 
(2 sinx —1) (3sinx —2) = 0 


WV UNUVNUUS 


: 1, 2 
sinx =—, sinx =— 


Both possible 


om 
sz) 
— 


5X 
sin’x +2sin? — +4=0 
2 


(1 — cos?x) + (1 — cosx) +4 =0 
—cos’x — cosx + 6 = 0 

cos’x + cosx — 6 = 0 

cos’x + 3cosx — 2cosx — 6 = 0 

cos x (cos x + 3) —2(cosx + 3) = 0 
(cosx —2)(cosx + 3) = 0 

cosx = 2 or cosx = -3 

Both are impossible as cos x € [-1, 1] 
The given equation has no real root x. 


VUUUUVUY 


y 


n=0 
I 2 
= ——.— =cosec’¢ 
l1—cos’ @ 
wee 2 
Similarly y =——— = sec 
ue 1-sin’ @ ? 
| | 
and 2. oak, ae 
1—cos*¢sin’@ ,; 11 x-I 
yx 
=> Z= See t——.. ee (1) 
xy -1 
l cos’ ¢ + sin’ 
Alsox +y = —G7 +— 3 -ocptene 
sin’@ cos’¢@ sin’ dcos’ ¢d 
sin’ d.cos’ d = 
x+y 
=> from (1); 2 =——— 
(x+y)—1 
=> xXZ+yz-z=(xty) 
> xtyt+z=(*t y)z 
=> XxtytZ=XxXyz 


TEXTUAL EXERCISE-8 (SUBJECTIVE) 


. (a) sin 120° = sin (180° — 60°) = sin60° = cos30° 
(b) tan 150° = tan (180° — 30°) = -tan30° or tan(90° + 60°) 
= —cot60° 
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(c) cos 300° = cos(360° — 60°) = cos60° = sin30° 

(d) tan 1140° = tan(1080° + 60°) = tan(6 x 180° + 60°) = 
tan(3(360°) + 60°) = tan 60° = cot30° 

(e) sec 1320° = sec(1260° + 60°) = sec(7(180°) + 60°) = 
sec(3(360°) + 180° + 60°) = sec(180° + 60°) = —sec60° 
= —cosec30° 


2. (a) se 3 — A)see{ = -4) -tan{ 3 -A) x 
2 2 pi, 


tan{ = + 4| +1=—cosecA .cosecA — cotA x —cotA + 1 


= —cosec’?A + cot?A+1=0 


(b) cotA + tan (x +A) + tan (= + 4) + tan(22 — A) 


= cotA + tanA + (-cotA) + (-tanA) = 0 


3. A+B+C=180°S> A+B=2z-C 
=> cos (A+B) =cos (x — C) = -cosC 
AlsoA+B+C=n => B+Cr=n2-A 


.(B+C _ (a A 
=> sin( ) = sin{ 4 - ) = cos(A/2) 
2 2 2 


4. If ABCD is a quadrilateral then A +B+C+D=2n 
B+C “+? | 
=f — 


— 
2 


B+C A+D A+D 
=cos| z —-———— |= —-cos 
5 =) -ooe{ 85? ] = coo “5? 
S| (#2? | 
+ cos =0 

2 
4. 2 4 
=| 1 (4+?) (2+?) 
= tan| —— = cot 

= 4 4 


TEXTUAL EXERCISE-2 (OBJECTIVE) 


(+ 
=> tan 


1. (c) —1 < sinO <1 and a? + b?> a’- b? 
a’ +b’ 
a’ —b° 
Only tanO = 45 is possible 

2. (d) A+B=7/2 


>1 


ab @4+bh @¢ 
tanA + tanB = —+—-—= = 
boa ab ab 


A 


B C 
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3. (b) sin?17.5 + sin? 72.5 = sin?17.5 + cos?17.5 = 1 


10. 


11. 


12. 


[*.. sin(90 — 8) = cos@] 


(a) cos 1 cos2° ....cos90° .......cos179° = 0 


(c) sin? 5° + sin? 10° + sin? 15° + ...... + sin? 90° 
Now sin?90° = 1, sin?85° = cos?5° 
Sin?80° = cos? 10°, sin? 50° = cos?40° 


Given expression = sin’*5° + sin710° + sin715° +....... + 
sin?40° + sin?45° + cos?40° + cos*35° + Agate 4 
1 l 


sin?90° = 8+—=9— 
2 2 


(a) Since cos aks =cos| = - |=sin} & |and 
16 2 16 16 
51 xn 32 es 
cos} —— |=cos| — —-— |=sin| — 
16 2 16 16 


HS. 


jee 
= cos?| ~ |+ cos? lu + sin’ om +sin?} — |=2 
16 16 16 16 


(b) LHS = 3(sinx — cosx)*+ 6 (sinx + cosx)? + 4 (sin®x + 
cos*x) 
= 3[(sinx — cosx)?]? + 6[sin?x + cos?x + 2sinx + cosx] + 
4 [(sin?x)* + (cos’x)* — 3sin?x cos’x (sin’x + cos’x)] 
= 3[1 —2sin x cosx]? + 6 [1 + 2sinx cosx] + 4 [1- 3sin? 
X cos’x] 
= 3[1 + 4 sin’x cos’x — 4sinx cosx] + 10 + 12sinx cosx 
— 12sin’x cos’x = 13 


(a) LHS = C + COS “(1 +005 | 14 008% | 1+ 0057 
(4 << 
+e . 2-3) 


(c) cos480° sin 150° + sin60° cos 390° = cos (360° + 120°) 


| V3 
sin(180° — 30) + — . cos (360° + 30°) 


22 ee 


(b) sin120° cos 150° — cos 240° sin 330° 
= sin(180° — 60°) cos (180° — 30°) — cos (180° + 60°) 
sin (360° — 30°) 
= — sin 60° cos30° — (-cos60°) x (—sin30°) 


i 88 N32 
2. 2 2 2 4 4 
(d) cos (270° + 8) x cos (90° — 8) — sin(270° — 8)cosO 
= sin@ x sin9 — (-cos@ cos@) = sin?0 + cos?0 = 1 


(d) sin°@ + cos®O@ = (sin’0)* + (cos?0)? 

= (sin?0 + cos?0)> — 3sin? 9 cos’0 (sin’0 + cos?0) 
sin® 8 + cos°8 = 1— 3sin’O6cos’0 

sin® 8 + cos°@ + 3sin’0cos’0 = 1 


Y J 


13. 


14. 


15. 


(a) —1 < cos (4x —5)<1 

=> -3<3cos (4x —5)<3 

=> —3+4<3cos (4x -—5)+4<3+4 
=> 3cos (4x-—5)+4e [1,7] 


(d) tanl°.tan2°.tan3°.......tan44°.tan45°.tan46°.tan89° = 1 
[".. since tan89° = cot. tan88° = cot 2° and tan45° = 1] 


(d) cosx +cos?x=1 =  cosx = 1 —cos’x = sin?x 
=> (cosx + cos’x)? = 
=> cos*x + cos*x + 3cos°’x + 3cos*x = 1 


=>  sin’?x + 3sin!®*x + 3sin®x + sin®*x — 1 =0 
TEXTUAL EXERCISE—9 (SUBJECTIVE) 


2/2 


| l 
sin8 = 1/3 = cos@=+,/l1—-— =+— 
9 3 


tan 0 whos 


2/2 


l 
, tan’?@ = — 
7 


tan8 = 
= 


8 
=> sec?0 = 1+ tan? 0 = 7 


Also cot? = 7 => 1+cot?0=8 
=> cosec?0 = 8 
g 8 
v7 7 
-. LH eo sec'O _ ——-7_48_3 
cosec’@ + sec’ 0 8 4 8 64 4 
7 


tan?9 + secO = 5 

= sec’?@—1+secO=5 => 
=> (secO + 3) (secO — 2) =0 
= secO = —3, secO =2 
=> 


sec’0 + secO — 6 =0 


cos@ = an orcos@ = a 
3 2 


tan8 + cot®@ = 2 
Squaring both sides we get tan?9 + cot?0@ +2 =4 
= tan’0 + cot?0 = 2 


1 
Since x +— >21fx > 0 and equality holds if x = 1 
x 


=> tan’?0=1 => tan0d=+1 
But tan9 + cot@ = 2 (given) 
=> tand=1 = P= . 
4 
=> sind= site 
/2 


=> 1+tan’?0 =2 + tand 


1+V1+4 


2 


sec?0 =2 + tanO 


=> tanrdA-—tand-1=0 => tand= 


14/5 
2 


=> tand= 


TEXTUAL EXERCISE-3 (OBJECTIVE) 


. (ce) @=b?+e? 
Now cos?B + cos?C = cos” G — c| +cos’C 
= sin? C + cos? C = 1 [2 Bee = 7/2 | 


. (b) cot54° = cot (90° — 36°) = tan 36°and cot 70° = tan 20° 
cot 54° , tan 20° _ tan36° , tan 20° 


a =1+1=2 
tan36° cot70° tan36° cot20° 


=> 


n 
. (b) > sind, =n => sinO,+ sinO,+ sinO,+ ....+sin0,=n 


This is possible only when sin®, = sinO, = .............= 


sin0, = 1 
Z 
=> 0 0, = 224, =0.> 5 (each) => de0s4, = =0 
+b)’ 
yeep abe: = ane 
4ab 
+b) 
Now0O<sin’?O@<1 > o< 4 <1 
4ab 
by 
ie a > (a+by—4ab <0 
4ab 
=> (a—by<0 


Therefore only equality holds 
=> a=b[a,be R] 
. (b) log(tan 1°) + log (tan 2°) +.... +log (tan89°) = log [tan 
1°. tan2° .... tan89°] = logl° = 0 
[.. log (m.n) = log m + log n] 
. (b) sin®°@ cos®8 = (sin’@ + cos’0)> — 3sin’O cos’8 (sin’8 + 
cos’0) = 1 — 3 sin’0 cos’0 
Sin*9 + cos*® = (sin?8 + cos’0)? — 2sin70 cos78 = 1 — 
2sin’0 cos?0 
=> 2[sin°O + cos*O] — 3 (sin*O + cos*O) + 1 
= 2 — 6sin’0 cos’0 — 3 + 6sin’0 cos*8 + 1 =0 
. (c) As in question no. 6. 


A Bol 
. (c) a = = = 3° B lies in 1 Vth quadrant 


Pee ence sin? A =1—cos’ ye ese 
5 2° 25 


sin A = a sin A = = 
5 5 


Similarly sinB =1-—cos* B = 1-2 =- 2 


8 12 
=> 2sinA+4 sinB = -~-—=4 2 <AB<0 
5 5 2 
. (a) secO = m and tanO =n 
= sec?0 — tan?0 = m?— n? 
Also sec’6 — tan’0 = 1 


> m-rn=1 > (mt+n)= 
m-n 


10. (b) 


11. 


12. 


(c) 


WV UYUVIUUNE 


— 
iz) 
— 


(a) 


l-—cosA 1+cosA 
—  ] 
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1 
n 
1 


= —|(m+n)+(m-n)|=2 


| 
Now given expression = “lim +n)+ 
m 


—V3 
cos@ = or => 6 lies in II"¢ quadrant 


: 1 
sin?0 = 1 — cos?0@ = 1-—= = sind=— 
4 2 


—] 
tan8 = G 


—V/3 o: _ 22 
Also sina = ~v3 , cos?7a = 1- 
5 25 25 


25cos?a + ¥3 tan@ =22-1=21 


(oie 


cos(52/8) = — cos(37/8) 


3 
Given expression = 2 cos (=) +cos* ==) 
} 


{(-)-t-z)} 


12cot?0 — 31 cosec@ + 32 =0 

12 [cosec”0 — 1] — 31 cosec8 + 32 =0 

12 cosec?0— 31 cosecO + 20 = 0 

12 cosec?0 — 16cosec8 — 15 cosecO8 + 20 = 0 
Acosec8 [3cosec8 — 4] — 5 [3cosecO — 4] = 0 
(3 cosecO — 4) (4cosec8 — 5) = 0 


zn 
2 


4 5 3 4 

cosec@ = —,— => sin@ =— or — 
3 4 4 5 

tan A 1+sec A sin A 1+cosA 
+ = + ——— 


1+secA tan A 1+cosA sin A 


= 2cosecA 
sin A sin A 


TEXTUAL EXERCISE—10 (SUBJECTIVE) 


sin(A4—B) _ sinAcosB—cos AsinB 
cosBcosA _ cos AcosB 

sin(B —C) 
cos BcosC 
sin(C — A) 
cosC'cos A 


= tanA — tanB 
Similarly =tanB-tanC and 


= tanC —tan A 
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sin(A — B) ” sin(B —C) n sin(C — A) 0 
cosAcosB cosBcosC cosCcosA 
(b) cosa cos (y — a) — sinw sin(y — «) = cos(a + y — a) = 
COS Y [:.. cosA cosB — sinA sinB = cos(A + B)] 
(c) cos(a + B) cos y— (cos B + y) cos « = (cosa cosf — sinw 
sinB) cosy — cosa [cosB cosy — sinB siny] 
= cosa sinB siny — sina sinB cosy = sinB [cosa siny — 
sina cosy]= sinB sin(y — «) 
(d) L.H.S. = sin((n + 1)8) sin ((n — 1)0) + cos((n + 1)8)cos 
((n — 1)8) = cos [(n + 1)8 — (n-1)0] = cos (20) = R.HS. 
[*.. cos (A — B) = cosA cosB + sinA sinB] 
(e) L.H.S. = cos ((n + 2)a) cos ((n + 1)a) + sin ((n + 2) 
a) sin((n + 1)a%) = cos([(n + 2) — (n + 1)]a) = cosa = 
R.HS. 


. (a) LHS= cot{ = +0 ]xcot{ 2-0) 
4 4 


= rs 
_ cot 1 coto +1 = E co dt B)= SACLE 
cot@+1 cot@-l cotB+cotA 
0 sin sin(0 / 2) 
(b) LHS = 1+ tan@. tan] — | = 14-—*"- “ = 
p} cos@cos(0 / 2) 


cos 0 cos( + sin@ sin( cos( 9 - > | 
2 2 2 
SSS ee ec 
0 
cos@cos| — 
q 
cos id 
_ sind 2 
cos@.. (F) 
sin} — 
2 
sin 0 cos( —cos@sin (5) sin{ 0 = > | 
wg NNR 2 


sin{ > Joos cos sin( 5 
2 2 


a =secO 
Hence 1 + tan tan(0/2) = tan®@ cot(0/2) — 1 = secO 


cos@ cos ud 
2 


—1 


0 
Also tan®@ cat © —1 


cos@ 


. L.HS. = cos (60 — A) cosA cos(60° + A) = cosA.cos 
(60° + A) cos (60° — A) = cosA [cos’ 60° — sin?A] = cos[1/4 
—sin’A] 

[:.. cos (A + B) cos(A — B) = cos?A — sin’B] 


= cos | —(1-cos* a)| 


3 
= cos.A| cos -;| = ———s 


= 00s(34) =R.HLS. 
. Since sinA sin (60° — A) sin (60° + A) = sin A [sin?60° — 


aa 
sin?A] = sin > —sin’ A = ——_— = = 


. (i) since sin 18° = 


Also from previous questions, we have cos (60° — A) 


3A 
cosA cos(60° + A) = — 


= Dividing both equations we get, tan(60° — A) tanA. 
tan(60° + A) = tan 3A. 


. Let z=cos0 +7 sinO ... A) 


l 
=> —=cosd+isind ... {l) 
Z 


] l l l 
=> cos’ @=—|7q.z' + 7¢,.2°—+ 7cy.2°.= +'C,.2".= + 
128 Z Zz Z 


1 1 1 1)’ 
Te,.2°.— + 1,2". + Te,z2—= + 7c, + | | 
zZ Z Zz Zz 


“gle tT 422 43524352121 7S + S| 
128 a ee 


open [2 +) +7[2"+5)+ 
128 Zz 4 
4. 'd l ony 
21) 2 +435) 2+— ... (ll) 
Zz Zz 


1 
Now from (1) and (2); z"” +— = 2cos (n0) [By demoivres 
Z 
theorem] 
=> z+ = = 2c0s(70) 
Zz 


5 


] 
=> iia eer 


1 
= 2cos(50),z° +— = 2co0s30 and 
Z Z 


l 
z+—=2cos0 
Zz 


cos’8 = 1/128 
[2cos(7@) + 7.2cos(50) + 21 x 2cos(38) + 35 x 2cos 0] 


= = [c03(76) + 7cos(50) + 21cos(30) + 35cos 6] 


TEXTUAL EXERCISE—11 (SUBJECTIVE) 


se 


4 
16 16 
10+ 2V5 
=> cosl8°= + —— 


But 18° lies in I* quadrant. Therefore cos 18° is positive 


10+2/5 10+ 2V5 
= cosl8°= a re eel 


4 


(ii) As we know that sin29 = 2sinOcos0 

=> sin(36°) = 2sin 18° cos 18° 

a), J10 +25 
4 


=> in26?= 2 
4 


8 
_ ylo-2¥5 
4 
(iii) As we know that cos?0 — sin?0 = cos (20) 
=> cos (36)° = cos? (18°) — sin? (18°) 


[eee (s-28) Ris | 


— y(v5-1) (10+2V5) (6 —2J5)a0+ 25) 
8 


4 


16 


2. cos(x —y), cos x and cos (x + y) are in H.P. As we know that 


2 
of a, b, c are in H.P, then b= = 


at+c 

2 + - 
Beene cos(x + y)cos(x — y) 
cos(x + y)+ cos(x — y) 


2(cos’ x —sin’ 
= deage 
2cosxcosy 


=> cos’ x cos y = cos’ x — sin’y 
= cos’x[1— cos y] = sin’y 


2 
=> cos’x. 2sin’(2 = 2sin{ Joos{ >) 
2 2 2 


= cos’x = 2cos? (y/2) =>cos? x sec” (y/2) = 2 
= |cos x sec (y/2) | = J/2.. Hence proved. 


x? +1 


(+5) 
3 eS x+—|] => 2cosa= 


Xx Xx 


x?—2cosax+1=0 => 5 
a2 2cosa+2sinai 
2 


Similarly y = cosB + i sinB 


=cosa tisina 


x 


—=cos(a— fB)+i sin(a —B)& 
y 
y_ ie 
—=cos(a — B)Fisin(a — B) 
x 
Adding we get, 2 cos (a — 8B) = x/y + y/x 
4. Let ZQOR=A 
=> ZXOR=(B-A) 
P(cosA,sinA) 


hon \ 
NBA) 
R(cos(B-A), 
sin(A-B)) 


= Coordinates of R are (cos (B — A), sin(B — A)) 
AOMR and OPQ are congruent A’s 
=> PQ=RM 


ee 2cosat+~V4cos’a —4 


. (a) 


(b) 


(c) 


(b) 
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(cosA — cosB)* + (sinA — sinB)? = (cos (B — A) — 1)? + 
(sin(B — A))* 
(cos*A + sin?A) + (cos?B + sin?B) — 2cosAcosB — 
2sinAsinB = cos?(B —A) + sin*’(B—A) + 1 —2cos(B —A) 
2 — 2[cosA cosB + sinA sinB] = 2 — 2cos (B —A) 
cos(B — A) = cosA cosB + sinA sinB 
_ sec89—1 _ 1-—cos(8@) : cos(40) 

sec46@ -1 cos(8@)  1-—cos(4@) 
_ 2sin’(40).cos(40) _ 2sin(40)cos(40).sin(40) 
~ cos(8@).2sin2(20) _—-cos(80).2 sin2(20) 
_ sin(8@) : 2sin(20@)cos(20) 7 tan(8@) = 

cos(89) 2sin*2@xsin(20) — tan(20) 


sin’ a —sin’ B 


L.HLS. 


RHS 


L.H.S = Tia 8 ie im vost Sa. oy mee Se 
sina cosa —sin Bcos B 


_ 2Q[sin(a + B)sin(a- f)] — 2sin(a + B)sin(a - B) 
- Qsinacosa — 2sin Bcos B - sin(2a) —sin(2 B) 

_ 2sin(a + B)sin(a — B) 
- 2cos(a + B)sin(a — B) 


a cosd4+sinA cosA-sinA 


= tan (a + B) = RHS 


L.H.S. : —__—__— 
cosA-sinA cosA+sinA 


_ (cos A +sin A)’ — (cos A — sin A)’ 
(cos A —sin A)(cos A + sin A) 


4cosAsinA _ 2.sin(2A) 
= OF oo = 2 tan(2A 
cos’ A-sin*A _cos(2A) a) 

R.H.S. = sin?(n + 1) A— sin? (nA)= sin ((n + 1) A +nA). 
sin ((n + 1)A — nA)= sin ((2n + 1)A). sin(A) = LHS 
tan(2a) + tana 

tan(3a) = tan(2a + a) = —————— 

1—tan2a.tana 

tan(3a) — tan(3a) tan(2a) tana = tan2a + tana 


tan3o@ tan2a@ tana = tan(3a) — tan2a — tana 


. (a) L.H.S.=sin(48)= sin (36 + 8) =sin30 cos@ + cos(38) sind 


= cos8 [3sin9 — 4sin*0 ] + sin® [4cos*0 — 3cos0] = 4sinO 
cos*0 — 4cos@ sin?0. R.H.S. 
Hint: cos40 = cos(30 + 0) 


tas.e[isun(3)-me(3)omels} ela) : 
tel) -=(3) 


| 

— 

+ 

-_- 

fa] 

5 

N 
fn 

| 
Na 

+ 

) 

-_- 

fa] 

= 
a 
IES 
NY 

| 

iv 2) 

(q’) 

QO 

N 

| 
KH 
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8. (a) 2sin( $= Vissina - Vimsindl 


Gq Gq (= A 
sin] — |+cos| — ||—|sin] — |—cos} — 
2, 2 2 2 
_{A A 
Therefore, sin} — |< cos} — 
Zz 2. 
=> ps eee 
4 2 4 
2cos| — |= |sin| — |+cos| — |]- 
2 2 2 
(=) A 
Here sin| — |>cos] — 
2 Z 


x A 37 
= 2nnt+—<—<2nt+— 
4 2 4 


A A 
(b sin — — cos— 
2 2 


ww’ 


TEXTUAL EXERCISE—12 (SUBJECTIVE) 


. L.H.S. = [sine + sin (a/3)] sin(a/3) + (cosa — cosa/3) 
cos(o/3) = [sinew sin(a/3) + cosa cosa/3] + sin? (a/3) — cos? 
(a/3) 


(=-$)}-[om' (5) (5) 
= cos| a —-— |-| cos’| — |-sin*| — | |= cos(2a/3) — cos 
3 3 3 


(20/3) = 0 


EHS sin xsin(2x) + sin3xsin6x + sin‘ xsin13x 
~ "sin xcos(2x) + sin3xcos 6x + sin4cos13x 


= 2 sin(2x)sin x + 2sin(6x)sin(3x) + 2sin(13x)sin(4x)] 


~ [2 cos(2x)sin x + cos(6x)sin(3x) + cos(13x)sin(4x) | 


cos x —cos3x + cos3x —cos9x + cos9x —cos17x 
sin(3x) —sin x + sin(9x) — sin(3x) + sin(17x) —sin(9x) 
cosx—cos(17x)  2sin(9x)sin(8~x) 


= tan (9x) 
sin(l7x)-—sinx  2sin(8x)cos(9x) 


. cosa sin(B — y) = cosa [sinB cosy — cosB siny|= cosa sinB 
cosy — cosa cos siny 

Similarly cotB sin (y — «) = cosB sin y cos « — cosB cosy 
sina and cosy (sin a — B) = cosy sina cosf — cosy cosa sinf 
Adding above all we get, LH.S.=0=R.HS. 


. L.HLS. = sin (45° + A) sin (45° — A) = sin? (45°) — sin’A 
- 2 
= =- sin’ A = ee = Be) R.HS. 


TEXTUAL EXERCISE—13 (SUBJECTIVE) 


A+3B 3A-B 
. L.HS. = 2cos =a Cos —- = 


A+3B 3A-B a3) (4) 
Cos + + cos _ 
[ zZ Zz ( 2 2 


. (a) LHLS.= 


= cos(2A + B) + cos (2B —A)= cos(2A + B) +cos(A — 2B) 
[°..2 CosA cosB = cos(A + B) + cos(A — B) and cos(—9) = 
cos8] 


. LHS. = sin(A + B) sin(A — B) = 1/2 [2sin(A + B) sin(A — 


B)] = 1/2 [cos[(A + B) — (A — B)] — cos(A + B + A - B)|= 
1/2 [cos(2B) — cos(2A)] 

[°.. 2 sinA sinB = cos(A — B) — cos(A + B)] 
cos(x + y)+cos(x — y)-—2cosx 
Se 

2cosxcos y — 2cos x 
ame Ne tanx =R.HLS. 

2cos x[cos y — 1] 
(iy hes Oe) ee 
sin(b +c) +sin(b—c)+2sinb 


2sinacosc+2sina sina 
= = =R.H.S. 


7 2sinbcosc+2sinb sinb | 


(c) L.H.S. — ee — in ($2? Joos{ 5 ] 
sin A —sin B 2 2 
= tan #7 Joo 45?) Rats 
pp 
A-B A+B 
2cos cos 
(@) LHS _cosA+cosB _ 2 2 
~ """ 69s A—cosB 0 6 (#27). (2>4) 
sin sin 
2 2 
(#27) +") 
= —cot cot —- 


(e) LHS = [cos (-B+C+A)+cos(-A+B+C)] + [cos(A 
+ B-—C)+cos(A+B+C)] 
= 2cosC. cos(A — B) + 2 cos(A + B)cosC = 2cosC [| 
cos(A — B) + cos(A + B)] 
= 2cosC. 2cosA cosB = 4cosAcosB cosC = R.HS. 


4. (a) LHs.= 00s] 0+(n-3}6|-o0s]0+(n42] +6 : 


[Using cos C — cos D) 


20+(n-S4ne3 
2 y) : 
=> 2sin| ———-——_—_—_——_ |.s1n 
2 
3 3 
0+|n+— |o-O-|n-— 
(> >} G >} 
2 


= 2sin(8 + nd) sin =) 


(b) L.HS. = sin{ 0+(n-2}6] +sin{0-+(n+ 2) 


ik 6- 


COs 


cos(- a 2sin (8 + nd) cos 


: sinC + sin D = asin( 


wi 


el 2 sin(® + nd) 


TEXTUAL EXERCISE—4 (OBJECTIVE) 


B- 


1. (c) (a) sinl5°= 


(b) cosl5°= 


1 
Irrational 
22 ( ) 


Sees 


Irrational 
2/2 ( ) 


(c) sinl5° cos15° = 1/2. 2sin15° cos15° = 
1/4 = rational 


(d) sinl5° cos 75° = 1/2. a cos75°= 
° ° V3 . . 
= [sin90 +sin(—60 yJ- = ae ae = irrational 


2. (b) 


1+sin@ —cos0@ 
1+sin@+cos@ 


, 9 4 
3. (d) sina =,/1-— =—, 
ZY. do 


0<a<~ 
2 
1 
0< B<— 
P 2 
Le tea LG 
2 4 
cos( 2-F |. 
2 5V2 
24 
1+ — a- Bp 
=> 25.— cos'[ 
2 2 
=> cos:( =F) => 
2 50 


sin 


_ (1-cos@) + sin@ 
(1+cos@)+sin0 
2 2sin’ (0/2) +2sin(@ /2)cos(0 / 2) 
2cos’(0/2)+2sin(0 /2)cos(6/ 2) 


De cos(—0) = cos 


1/2 .sin30° = 


= tan(@ / 2) 
3 
a. cos(a — B) 
3 4 4 3 24 
—x—+—x-—-=— 


4. (a) 


5. (a) 


6. (a) 


Trigonometric Ratios and Identities < 1.111 


Now V3 cos(28) + sin20 


1 
tan = —= 

3 
ee: 1-tan’@ 2tan@ 

1+tan?@!| 1+tan’@ 


[Aliter: tanO = 1 /V3 > 0 may be taken as 30°] 
cos| — |+cos| — |+cos| — |+.....+cos}| — 
13 13 13 13 
12a 1 1 
Now cos} —— |=cos| z —— | =—cos| — 
13 13 13 
lla 21 
cos} —— |=—cos| —| and soon.... 
13 13 


Cos ue =—cos on . Therefore L.H.S. = 0 
13 13 


l l 
tan3A-—tanA cot3A-cotA 
7 l _ l 
tan3A-tand 1 1 
tan3A tanA 
7 l i tan3Atan A 


tan3A—tanA tan3A—tanA 
1+tan3Atan A = ok 
tan3A—tanA tan’*A 


= cot(2.A) 


Ze rea: mz—(B+C) => sinA = sin (B+ C) 


8. (c) 


=> 


sinA sin(B — C) 

= sin (B + C) sin (B — C) = sin’B — sin’C 

YsinA sin (B — C) = sin’?B — sin’C + sin’C — sin?A + 
sin’A — sin’?B = 0 


tanA = 2tanB + cotB 


tanA tanB = 2tan7B + 1 cath) 
Also tanA tanB — tan?B = 1 + tan’B 
1 + tan*B = tanB [tanA — tanB] ... {i1) 


2(tan A-—tanB)  2[tan A—tan B| 
l+tanAtanB 14+14+2tan’B 
[*.. using (1)] 


Now 2tan (A — B) = 


_ tan A-—tanB _ 1 
1+tan’? B tan B 


—cot B [using (i1)] 


9. (a) sinA = sinB and cosA = cosB 


=> 


=> 


sinA — sinB = 0 and cosA — cosB = 0 
A+B).,.{A-B 
20s Le }sin( 45 }-c el) 


. (A+B). (A-B 7 
And -2sin{ }sin( =0 vee ee (A) 


1). 


_ (A 
Both (1) and (11) are satisfied if in{ 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


(b) cos?(48°) — sin2(12°) = cos(48° + 12°) cos (48° — 12°) = 


1 v5+1 5+1 
cos60°. cos36° = —. vs = vs , 
2 4 8 
(b) sin 75° = sin (45° + 30°) = sin45° cos30° + cos45° 
3 +1 
sin30° = v3 
2/2 
(a) cos15° — sin15° = sin75° — sin15° = 2cos(45°) sin(30°) 
ee eee 
V2 2 V2 
2* t 
(b) tana =——— = =— 
14+2* 14+2* 1+t 
1 1 
tanB = ——__ =—_ , where t = 2* 
1+2°* 1+2t 


tana + tan 
Now tan (a + B) = eae 
1-—tana.tan B 


t 1 


t+] 1+2t _| 
t ] 


Pe Le OF 
cosA_ m 


cosB 1 
Applying componendo and dividendo, we get, 


cos A+cosB = mt+l 


=> tan(a+f)= >at+p=n/4 


(a) cosA=mcosB => 


cos A-—cosB 7 m-1 


A-B A+B 
2cos cos 
( 2 ( 2 _ 
Pe tae (4*8), a= = 
—2 sin sin| ——— 
Z 2 
. (B-A 
sin| ——— 
as eh ad ee [ 2 
2 m—-1 (254) 
COs 
2 
A+B m+ B-A 
=> cot .tan | ——— 
ee erie ee 


1 
1 
(a) cos* [= | — sin’ (= - 6] 
6 6 


Z cos }oos(20) =$e05(26) 


[:.. cos?A — sin?B = cos (A + B) cos (A — B)] 
in(x + +b 

(b) sae =" , Applying componendo and divi- 
sin(x—y) a-b 


sin(x+y)+sin(x-—y) 2a 
dendo, we get ————_____—— = — 
sin(x+y)—sin(x—y) 2b 
2sinxcosy _ a tanx a 
=o > =— 
2cosxsin y 6b tany b 


3 
(d) tan A= a (given) 


2cos’ cae 
1+cosA 2 {=| 4 
ee eo 0 ed en 
Z 9 


=> ux — 
1-—cosA > sin? (4) 


18. 


Rees 
‘1+cosA 


6 


TEXTUAL EXERCISE—14 (SUBJECTIVE) 


sin(2.A) cosA — 2sinAcosA 
1+cos(2A) 1+cosA 2cos’ A 


(a) 


sin A 


7 _ 2sin(A /2)cos(A/ 2) _ 
~ 14+cosA ~ 


2cos*(A/2) 


ACP Bee =i 

L.H.S. = cos2A + cos2B + cos 2C = 2cos (A + B)cos (A — B) 
+ cos(2C) = —2 cosC cos(A — B) + 2cos? C — 1 

= 2cosC [cosC — cos(A — B)] —1 = 2cosC[ — cos (A + B) — 
cos(A — B)] —1 =—1 —2 cosC [cos (A + B) + cos (A — B)] 
=— 1-2 cosC. [2 cosA cosB] = —1— 4 cosA cosB cosC = 
—l—4II cosA 


Hence Xcos(2A) = —1 — 4] IcosA 


(i) we have tanA + tanB + tanC = tanA tanB tanC 
Dividing both sides by tanA tanB tanC, we get cot B 
cotC + cotA cotC + cotA cotB = 1 


= A B C 
(ii) we have cot] — |+cot} — |+ cot} — 
2 2 2 

A B C 

= cot] — |cot] — |cot] — 

2 2 2 


Dividing both side by cot(A/2) + cot(B/2) cot (C/2), we 
get 

tan (B/2) tan (C/2) + tan(C/2) tan(A/2) + tan (A/2) 
tan(B/2) = 1. Hence proved 


L.H.S. = cosA + cosB — cosC 


A-B A+B 
~ 2eos{ z Joos{ ; ]-c0sc 


= -1+2sin( 


= —]1+2sin 


© 
77) 


c (44 
2003( 4 Jeos( 2) 
Joos{ $ }sin( S) . Hence proved 


= -—]4+2sin 


NIA NIA wHIA 

a 
aw 
| 


| a a a. 


= —]1+4cos 


EN 


. (a) L.HS. = sin’A + sin’B + sin’C 


1 

= 5 —cos2A +1-cos2B +1-cos2C] 
1 

= 513 —[cos2A +cos2B +cos 2C]] 


1 
= rae eo 22 


cosA cosB cosC = R.HS. [Refer no (1) ] 


(b) LHS = cos?A + cos’B — cos?C = 1/2[1+ cos2A + 1 + 
cos2B] — cos?C = 1 + 1/2 2cos (A + B) cos(A — B) — 
Cos’C = 1+ cos(A + B) cos (A — B) — cos?C = 1 — cosC 
cos(A — B) — cos?C = 1 — cosC [ cos (A — B) + cosC] = 
1 — cosC [cos (A — B) — cos(A + B)] = 1 — cosC 2sinA 
sinB = 1— 2sinA sinB cosC 


5. (a) L.H.S.= cos( 4] + cos( 2) + cos( S) 
2 2 2 


I 
We) 
QO 
© 
7) 


| 
Ne) 
QO 
© 
7) 


| 
No 
@) 
© 
an 


Nee Ne ee 
Bs) 


t 
i) 
QO 
S 
JO ORE ON Of NS 
| 
NN EY 
QO 
© 
iv 2) 
————N 
‘% bs 
me al | 
by 
Ne 
+ 
QO 
° 


snl *) 


I| 
NO 
Q 
© 
—— 
4 
P Bele aa 
QA la !9 
We 
‘.-.- oa 
QO 
fo) 
iv 2) 
aN 
| 


| 
No 
QO 
© 
Mm 
ia 
a 


==") (+7) (==*] 
=4cos cos cos 
4 4 4 


Hence proved [°° t—-B=A+Candxn—-A=B+C] 
_(m@-A)\),. (#-B)\,. (ax-C 
(b) R.H.S. = 1 + 4 sin sin sin] ——— 
4 4 4 
2sin sin 
4 4 


= 1+2sin{ 2 


| 
- sas 4) 
| 


4 
_ {na-A B-C _(a-A). (BHC 
=14+2sin cos{ 2S -2sin{ in ) 
4 4 4 4 
5 Sa [4-2 +) 
= 1+] sin 4 +sin a aa 


aed Gael 
— | COs —_ — Cos a 
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L+sin{ =A ONE) sin eB Ite) 


7 cos( 2 =42*9) -cos( E eee 


_{B me oo B+C 
1+sin( $+ sin{ }-1+-oos{ 


= sin (B/2) + sin (C/2) + cos (x —A)/2 
= sin (B/2) + sin (C/2) + sin (A/2) = L.HS. 


nxn A _ {A 
c m—-(A+C)=B,27 -(A+B)=C, cos $-4) -sin( 4) 


1 1 


= — —=cotA cotB 
tan A+tan B tan A+tan B tan Atan B 


=> L.H.S. =cotA cotB + cotB cotC + cotC cotB 
NowA+B+C=2z => A+B=n2z-C 
=> cot(A +B) =cot (n—-C)=-cot C 


cot Acot B-1 
=> ——— =-coatC 
cot Bcot A 
=> cotA cotB + cotB cotC + cotA cotC = 1. Hence LHS 
= RHS 


. LetA=x-y,B=y-z,C=z-x 


=> A+B+C=0 = A+B=-C 
tan A+tanB 

=> tan(A+B)=-tanc = mM——=-tanC 
1—tan A.tan B 


=> tanA+ tanB + tanC = tanA tanB tanC 
Hence tan(x — y) + tan (y — z) + tan (z — x) = tan (x -y) 
tan (y —z) tan(z—x)=R.HS. 


. (a) A+B+CH+z2 


Now cosA = cos(z — (B + C)) =—cos(B + C) 
= —[cosB cosC — sinB sinC] = sinB sinC — cosB cosC 
=> pee =1-cot BcotC 
sin BsinC 
Hence, L.H.S. = (1 — cotB cotC) + (1—- cotC cotA) + 
(1 — cotA cotB) 
= 3 —[cotA cotB + cotB cotC + cotC cotA] =3-—1=2 
= RHS 
(b) L.H.S. = sin (B + C —A) = sin (a — 2A) = sin2A 
*. L.HLS. = sin (2A) + sin (2B) — sin (2C) 
= 2sin (A + B) cos (A — B) — 2sinC cosC = 2sin(a — C) 
cos (A — B) —2 sinC cosC 
= 2sinC [cos(A — B) — cosC] = 2sinC [ cos (A — B) + cos 
(A + B)] 
= 2sin C. 2 cos (A) cos(B) = 4 cosA cosB sinC = R.HLS. 


TEXTUAL EXERCISE—5 (OBJECTIVE) 


1. (a) A+B+C=(2n+1)n 


=> A+B=[(@n+1)x—-C] 
=> tan(A+B)=-—tanC 
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=> 


tan A +tanB 


—__—__— =-tanC 
l1—tan Atan B 


tanA + tanB + tanC = tanA tanB tanC 


2. (c) L.HS. = sin’a + sin?B — sin*y 


_ 1-cos2a , lecos2p -| 21] 
2 2, 2 

1 

2 

Me ~/_2e0s(y) cos(a — B)-[2cos* y — 1) 

2: 2 


= = [c0s(2a) + cos(2 8B) - cos(2y)] 


1 1 
= 5 t cosy cos(a = P)POOe Ys 


= cosy [cos(a — B) + cosy] = cos y [cos(a — B) — cos (a 
+ B)]= cos(y) .2 sin(x) sin(B) = 2sine sinB siny. 


3. (d) ZA+ ZC = 180°, ZB + ZD = 180° 


=> 


cosA = cos (180° — C) = -cosC 
Similarly cosB = — cosD 
cosA + cosB + cosC + cosD = 0 


4. (b) sinA + sinB + sinC 


5. (b) tanA + tanB + tanC = 6 


~ 2sin( “£7 Jeos{ 4=# | + 2sin{ € Jeos(S) 
-2s9(S)on[ 454) -xn(S) 

: ae” 
wo(Sho(S os 


II 

NO 

QO 

Oo 

PM 

| 
Mn" 

NO 

QO 

Oo 

iv a) 
, a 
Nm] ow 
Na eS 

Ce) 

Oo 

NM 
a 
NO 


tanA tanB = 2 ... (il) 
We know that in a triangle tanA + tanB + tanC = tanA. 
tanB. tanC 

6 = 2tanC => tanC =3 

Also from equation (1), tanA + tanB = 3 
Now solving (11) and (11), we get tanA . tanB 


iii) 


cosB cosC _ cos BsinC +sinBcosC 


6. (b) cotB + cotC = ——+— = ; ; 

snB sinc sinBsinC 

_ sin(C+B)_sin(a-A)_ sinA 

snBsinC sinBsinC  sinBsinC 
eo sin B 
Similarly cotC + cotA = ————— and 
sinC’sin A 

cot A+cot B= ne 

sin Asin B 


L.H.S. = cosecA cosecB cosecC 


7. (bd) A+ B+C=2n > C=(n-(A+B)) 


=> 


tan A+tanB 


tan C = ———____—_ 
tan A.tan B -1 


tanC = -tan(A +B) > 


- @ 


YW Ud 


(ii) 


YUdY 


(ii) 


- (a) 


=> tanC <0 
= tanA tanB < 1 


Now C is obtuse 
tanA tanB —1 <0 


TEXTUAL EXERCISE—15 (SUBJECTIVE) 


ax + by =c ve vets) 
bx — ay =d Lueaeseat ll) 
V+y?= vee eee ill) 


Squaring and adding (1) and (2), we get ax? + b? y? + 
2bxy + b?x?+ a*y*— 2abxy = c? + d? 

(a? + b’)x? a (b? + a*)y?= C2 + d2 

(a? + b’) er y’) = C2 + d2 


(a7 + b?).1 =c?+d? [using (ii1)] 

Hence a? + b?=c?+ d@? 

ax + by =c sl) 
bx +ay =d ... il) 
aye air ... (iil) 


Squaring and subtracting (1) and (11), we get (a?x” + b’y? 
+ 2abxy) — (b?x? + a*y” + 2abxy) = c?-d? 

(a? = b?)x? 4 y? (b? = a?) =¢2_ qd? 

(a? = b?) (x? - y) =¢2_ qd? 

(a? _ b?)r? =¢2_ q? 


sin8 + cos® = m (i) 


(ii) 


m 
sin@cos@ = — 
n 


Squaring both sides of equation (1), we get sin?0 + cos?0 
+ 2sin8 cos® = m? 


m* —1 m m-\l Scot 
sin@cos@ = => == [using (i1)] 
2 n 2 

2m = n[{m* -1]> 2m + n= nm? 
secO — tanO =a (i) 
and secO tanO = b ... il) 

] 
We know parallel sec@ + tan@ =——_—_—__ 

sec) —tan@ 

secO + tanO = l/a ... (11) 

] 

a - aa ce | 
Adding (i) and (iii), we get secO = = 
2 2a 

] 

a eg 
Subtracting (iii) — (i), we get 2tan@ = 4— = ; 

a 
Now from (11), sec@ tan0 = b 
2 2 
a+] 3 l-a _} 
2a 2a 

(1 — a*) = 4a’b 
1 =a*+ 4a’b => l=ava’+4b 
sm@—cosO@=p (1) 


cosecO0—sinB=q ue. (i1) 
Squaring both side of (1), we get 1 — 2sinO cos0 = p’ 
2sin8 cos@ = 1 — p? ... (1) 
Also sin’0 + cos’0 = 1 


Y J 


(b) 


Y J 


(c) 


(d) 


(e) 


(sin8 + cos0)*— 2sin8 cosO = 1 
(sin + cos®)?= 1+ 1 -—p? [using (i11)] 


sin@ +cos@ =+,/2— p’ ... (AV) 
Now adding (1) and (iv), we get 2sind = p+ 2 —p° 


9 -PtNeTP v2 ~ Pp” 
2 


sin .. (V) 
he eee +J2—p*-p | 
Also (iv) — (i) gives, cos@ = —— ... (V1) 
°@ 
From (11), we get — =q 
sin@ 
cos? 8 = q sinO 
Using (v) and (vi), we get 
tp ip q(+/2- p? +P) 
2 7 2 
acos0+bsinQ=c a (1) 
a sin8 — b cos®0 =d ... (i) 


Squaring and adding equation (i) and (11), we get a? 
cos’0 + b* sin?0 + a” sin?0 + b?cos?0 = c? + d? 

(a?+ b’) (cos’0 + sin?0 ) = c?+ d? 

at b= ¢ +d 

acos80+a)y=x 2 (1) 
b cos(® — B) =y 
We can write cos (a + B) = cos [(0 + a) — (8 — B)] 
= cos (8 + a) cos (8 — B) + sin (8 + a) sin (8 — B) 


2 2 
cos (a + B) = aa a eee 
a b a b 


[using equation (1) and (11)] 
i ee oes 
cos (a+ B)= + ax. b* —y?* 


x cos0 — y sinO = cos (280) .... (A) 
and x sin0 + y cos0 = sin(28) we (il) 
Squaring and adding we get, x? (cos’0 + sin’0) + y’ 
(sin’8 + cos’0) = cos’20 + sin’20 
x+y? = 

sin@ — cos = p 

cosecO — secO = q 

p*? = 1 — 2sin® cosO 


1 — cos@-sin®@ 


Also g=——-- = — 
sin@ cosé sinOcos@ 


. - cos@ —sin@ 
From (1) and (11) we get, ¢ = (4) 
~p 


2 
- j) 

re Pp = - 
l-p') Pp - 
2 

p’q—q=2p 


1/3 
. (©) * = cos’ = cose =(*| 
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. m=cosec8 — sin8 

l—sin*@ cos’@ 

=> Se (4) 
sin@ sin@ 
1—cos’?@ 
Also sec8 — cos8 = n => ——— =n 
cos@ 

sin’ @ r 

=> =n ... {i1) 
cos@ 


From (i) and (ii), we have m?.n = cos*0 and n?m = sin*0 


2 1 2 1 
= cos@=m?.n> & sind =n? .m? 
Now we have sin20 + cos20 = 1 
4 2 2 4 


=> mn+mrnre=l > (mn)? | m7? + 7?° | =1 


. cos’ + cos? (a + 8) — 2cosa cos8 cos (a + 8) 


_ 1+cos26 " 1+cos(2(a + 8)) 
2 2 


+ @) 

=1+ 1/2 [2. cos (a + 280) cosa) — 2cosa cosO (a + 8) 
= 1+ cosa [cos (a + 20) — 2cos (a + 8) cosO] 

= 1 + cosa [cos(a + 20) — (cos (a + 20) + cosa)] 


—2cosacos@cos(a + 0) 


1 + 1/2 [cos (20) + cos (2a + 20)] —2 cosa cos cos (a 


= 1 + cosa (— cosa) = 1 — cosa = sin?a. Which is indepen- 


dent of ‘0’. 


TEXTUAL EXERCISE—6 (OBJECTIVE) 


a a 


Similarly sin® = (y/b)'? 


- 2/3 2/3 
Now sin’0 + cos?0 = 1 => = + =) =] 
a 


1 1 
. (b) Bi = secO and Gi = tand 
a 


2 2 
3 3 
Now sec’0 — tan?0 = 1 — = -(2) =] 


. (b) sinO + cos® = m 


= sin’?0+ cos’0 + 2sin8 cos0 = m 


2 
—] 
= sin@Ocosé = Bo 
Also sec8 + cosec@ = n 
l l sin@ +cos@ 
=> +——=n ee 
cos@ sin@ sin@cos@ 


=> 2m-=n(m?-1) 


m —1 
=> ~—«mM=n 
2 


. (a) secO0 —cos0 =n 


2 > 2 
1—cos’ 0 sin’ @ 
——_——_ =n =n 


cos@ cos@ 
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tan? @ 
=> =n (i) 
sec 
1+tan’?@ 
Also cot + tan8 = m ———_ =m 
tan 0 
sec’ @ . 
=> =m ... (il) 
tan@ 


From (1) and (11) we get, m?n = sec?9 and mn? = tan? @ 

sec® = (m?’n)!3 and tan0 = (mn?)!” 

Also sec”@ — tan?0 = 1 => m*?. n3—m%. n= 1 
=> m [mn?]!2— n[m?.n]!?= 1 


5. (c) acos@ + bsin®8 = m (4) 
asin9 — cos@ = n ... il) 
Squaring and adding we get, a* + b? = m?+ n’ 

6. (d) tanO + sind =m ... 4) 
tan8 — sind =n ... (i) 
Adding (1) and (11) we get, 2tan8 = m+n 

m+n a 
= tand= ... (ill) 
Equation (i) — equation (ii) gives, sin @ = ... (iv) 
ee m—n 
From (iii) and (iv) we have cos@ = .. (V) 
m+n 


Now multiplying (1) and (11), we get tan?0 — sin?9 = m.n 
= sin’0 [1/cos?0 — 1] =m.n 


= 2 
_a cos @) _ oan 


= sin’@ : 
cos’ 8 
. 49 -_ 4 ae 2 
an sin Ber = (m—n) im aie 
cos@ 16 (m-n) 


=> m—-n?=4Vmn 


=> (m’?-—n’)= 16mn 


7. (b) x = seco — tang 
] sin@01—sin@ 


cos@ 


cos@ —-cos@ 
l cos@_ 1+cos@ 


Also y = cosec8 + cot0 = — ; 
sin@  sin@ sin@ 
(1—sin8)(1+ cos) 

sin 8 cos@ 


7 1+cos@ —sin@ —sin@cos@ 


sin@cos@ 


1+cos@ —sin@ 
=> xy+l=—————_ 
sin@cos@ 


sin’@ + cos’ @ +cos@ —sin@ 


sin8 cos@ 


= (tan0 + e056) +( : — 
sinO cos@ 
= (tan® + cot0) — [secO — cosecO] = y — x 


—1 


=> xy+x=y-l 
‘ ytl 


8. (0): p= 


9. 


(d) tan8 — cotO 


Y J 


2sin@ cos@ 


l+cos@+sin@’ * 1+sin0@ 


ES) sin( $}.cos{ 2) 
presses 9 ci) 
2cos’ (5) 4 2sin(S Joos{ 5 
2 2 2 
cos” (5) — sin’ (5) 
q= en © Pe © 
sin? (5) + cos’ (5) +2sin (F Joos{ $) 
2 2 2 2 
2sin( $) cos’ (?) —sin’ (2) 
0 .{@\’ : 
cos 7 sin( 5 cos + in(2) 
o)+s(5 | 
cos| — |+sin| — 
+gqr= Ny Ry —] 
© co) sin( 
cos| — |+sin| — 
2 2 


... 4) 

sin8 + cot® = b ... il) 

Squaring both sides of (11) we get, 1 + 2 sin® cosO = b? 
2 


sin@cos@ a ... (All) 
... (AV) 


sin(20) = b?- 1 


. sin@ cos@ 
Also from (1) 


=a 
cos@  sin@ 


—cos(20) = a sin8 cosO 


cos(20) = -a{* =) ae b”) 
2 2 


= cos(20) = af) .(V) 


2". -p?)? 
From (iv) and (v), we get, eee: +(b* -1)y =1 


4(b?— 1)? + a2(1 bP? =4 
(b?- 1)(a2 + 4) =4 


TEXTUAL EXERCISE—7 (OBJECTIVE) 


(c) -l <cos8<1 => -5 <5cos0<5 


=> 
=> 


—5+12<5cos80+ 12<5+12 
Minimum value = 7 


2. (d) Let y =3 cosx + 4 sinx + 5 


3. (d) y = 4sin’*x + 3cos?x = 


=> 


Since — 5 < cosx + 4 sinx < 5 
y € [0, 10] 


4[1 — cos(2x)] i sr + a] 
2 2 


_ cos(2x) 
2 


3 7 
—2cos(2x) + —cos(2x) = — 
oe) 35 CONE) = 


mln 


4. (c) 


] 
2 
2 ] 
Using AM > GM. we get ———_“95 + > {[cos? x. 
Z cos’ x 


=> 


Since —1 < cos (2x) < 1 
1 > -cos(2x) = -1 => -l <-—cos(2x) < 1 


] ] ] 
—— <-—cos(2x) <— 
2 2 2 


Be oe oa 
2 2 
3<y<4 => Maximum values is 4 


Aliter: y = 4sin?x + 3[1- sin’x] = 3 + sin?x 
SinceO<sinx<1 > 3y<4 


2 
y=cos x+—, 
cos’ x 


cos x+ 


cos’x + sec’x > 2 => ve? 


5. (c) y=5cosé +3e0s{ 6 +243 


6. (a) 


Ts 


=> 
— 


= 5cos@ +3] e050 cos — sind sin | +3 


3.3 


= 5cos0@ rae ——sin9 +3 
2 2 


13 3/3 


= —cos0 — 


Now — (169427 <!3 c6s0—3¥3 sina <_(109 4 22 
4 4° 2 2 40 4 


7+3sys7+3 > 4sy<l0 


1 1 
y =sin| x +— |+ cos] x +— 
( 4 ( 4 


‘ _ 1 : . 
= a a 


— sin@ +3 


| 
foo a 
N | 
Sy Vie 
| 
— No | — 
| a qjowUw~ nla 
2. 
-) 
oy 
+ 
) 
No] — 
+ 
We 
Q 
© 
NM 
i 


So that tan@ = ae 
12 


Now y =r cos (x — 9), which allows its maximum value 
when x — 9 = 0° 

x= 0 

x= a 12 


(a) Using A.M. => G.M. 


tan’? a+cot’a ; ; 
——__—_— > tan a.cot' a 


2 
tan’a + cot?a@ > 2 


Wehave y = cos” (= - + os (= + 7 = sin (=) sin(2x) 


9. 


10. 
11. 


12. 


13. 
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BAe! sin(2x) 
2 
V3 
Nae = 2 


(a) —V9+16 <3sin6 —4cos6 < V9 +16 


=> 7-—5<3sin0—-4cos0+7<5+7 
=> 2< 3sin0 —4cos0+7< 12 
Minimum value 1/12 


(c) Maximum value 1/2 
(b) y = cosx + cos (V2x) 
Clearly y is maximum atx =Oandy__ is 2. Also period 
. _ 24 
of cos x is 27 and that of cos (V2x) is 3 ie, V2n 


cosx + cos (V2x) i is not periodic 

=> y,,,. Will not be obtained again. 

(b) f(x) = cos x + cos (V2x) 
In the similar way as done in above question minimum 
value will also occur only once. 


(d) y = sin’x — 12x + 7 = 4[sin’x — 3sinx + 7/4] 


Now-1<sinx<1 = —-l-=<sinx—<1-= 
OW SInX 5 5 7 


2 
=S 12s a(sin—) —2<25-2 


y €[-l, 23] 

Aliter: Put sinx = t 

y = 4t?—12t+7 [-l<t<l] 

y 1S a quadratic in ‘t’ whose graph is a parabola with 


3 
vertex at >. -2) 
Z 


4 


Maximum value occurs att = —1 andy, = 23° 
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1. (a) We know that sin18° = 


=> 


YVUUYNY 


U YUUUVESY 


YUYUUY 


Y J 


TEXTUAL EXERCISE—16 (SUBJECTIVE) 
V5-1 

4 
sin 18° is a root of equation 


PH 


| | 
i.e., x +—x-—=0 or 4x?+ 2x —1=0 
2 4 


Next lett9=18°> 508=90° 

36 + 280 =90°=> 30 = 90° — 20 

sin(38) = sin(90° — 20) = cos20 

sin (30) = 1 — 2sin’0 

3sin9 — 4sin°@ = 1— 2sin70 

Asin*9 — 2sin?0 — 3sin8 + 1 =0 

Hence sin18° is a root of equation 4x* — 2x?- 3x +1=0 
Since sin18° is root of both 4x? + 2x — 1 = 0 and 4x3 — 
2x? —-3x+1=0 

4x? + 2x — 1 is a factor of 4x° — 2x?- 3x + 1 =0 

Let a = 18° > 5a = 90° 

cos (Sa) = 0 

Scos cos°’a — 5c, cos,a sin’a + 5c, sinta = 0 

cos°a — 10 cos*a (1 — sin’a) + 5 cosa (1— cos*a)? = 0 
16cos°a — 20cos*a + 5 cosa = 0 

cosa [l6cos*a — 2cos?a + 5] = 0 

cos a #0 => lécos*a — 20 cos?a + 5 = 0 

cos18° is a root of equation 16x*— 20x?+5=0_.....(i) 


_Qn+l)n 


0 n= 0, 1, 2, 3,...,6 


70 = (2n+ 1)x 

cos (40) = — cos(30) 
2cos? (20) — 1 = 3cos0 — 4 cos*0 

2[2cos’0 —1] — 1 = 3cos0 — 4 cos*0 

2[2x?- 1]*- 1 = 3x — 4x? 

Where x = cos0 

8x4+ 4x3— 8x*-3x+1=O 2 2 2 OL. (1) 
(x + 1) (8x°— 4x?- 4x + 1)=0 


=> 40=(2n+ 1)n—30 


=> 8x>-— 4x?-4x+1=0 we (il) 


Hence roots of (1) are 


1 32 Sn 7X 
cos} — |,cos}| — |,cos| — |,cos} — |, 
7 7 7 7 

(== (A=) (=e) 
cos| — |,cos| —— |,cos} —— 
7 7 17 
On nN 


(4) [ =| (=) 
cos} —— |=cos| 2x —-—— |=cos| — 
7 a 7 


1 (=) (= | 
cos| — |,cos} — | & cos} — 

7 7 7 
are roots of 8x?— 4x?-— 4x + 1=0 


Now put x = 1/x in equation (i111) we get, 
8 y 4 


.. Gi) 


x? — 4x? — 4x + 8 = 0 and its rots are sec(z/7), 


(=) (= | 

sec| — |,sec]| — 

fi 7 
Fee} 

sec| — |+sec| — |+sec}] — |=4 
7 7 7 


[".. sum of roots of ax? + bx? + ex + d = 01s — b/a] 
Also put y = 1/x? in equation (111) we get 


ea eae Ve 


3/2 


y yy y 
8 — Avy — dy + y3?=0 
Wy (y - 4) =4 (y -2) 
y(y — 4)’ = 16 (y -2/ 
y’— 24y? + 80y — 64 =0 

3 3 >( 57 
and its roots are sec? (1/7), sec [= } se (=) , 
Now replace y by (y + 1) we get (y + 1)°- 24 (y + 1/ 
+ 80 (y + 1)-64=0 
=> y-—2ly?+35y —-7=0 


3 5 
Hence its roots are tan” =) tan’ (2 ) tan’ (=) 


YWUUY 


Pies 5( 32 5| OI 
. Since tan 7 , tan 7 , tan a are roots of equation 


y>—2ly* + 35y —-7=0 


7 ss 
=> tn{ © |tan( 3) tan{ > | = JT 
7 7 fi 


TEXTUAL EXERCISE—17 (SUBJECTIVE) 


. (a) sec’O0 > 1 


=> sec® acre ila ar cae +sec'( 24 >3 
4 6 4.4 . a 
0 


A ft 
Equality holds if ria ae ease 


4 4 3 4 
Not possible 
(b) A cosecA + B cosecB + CcosecC consider the graph of 
y = sinx 


Let P and Q be 2 points on it P(A, sinA), of $1] 


Q 


Clearly slop of OP > slop of OQ 


sind 1 sind 2 A 
> > > — 

A A 1 
2 


1 1 
— <— => Acosec< — 
sind 2 pi 


Similarly B cosecB < 2/2, C cosec C < n/2 
= AcosecA + BcosecB + C cosecC < 32/2 


. Consider the graph of y = sinx 


Let P(A, sinA), Q(B, sinB), R(C sinC) be any 3 points on it 


A+B+C sinA+sinB+sinC 
Centroid of A=G ee eae 


A+B+C ., (A+B+C A+B+C = 
and | —————_,sin] ————— | |and 


3 3 
Clearly LS > GL 


3 sinA+sinB+sinC . 
: 1: an sinA + sinB + sinC < 


3N3 
2 


TEXTUAL EXERCISE-18 (SUBJECTIVE) 


. (a) Using cosa + cos (a + B) + cos (a + 2B) +... 


cos|a+(n=1)F | sin(™ ne | 


sin( 
2 
Here a = 0, B = 20 


cos[6 + (n -1)6|sin(n - 8) 


+ cos (a 


+ (n— 1)B) = 


=> Required sum = 


sin 
_ cos(n@)sin(nO) _ 2sin(n@)cos(n®) 
sin@ 2sin@ 
= =sin(2n8)cosecé 


(b) cos Gq + cos(2A) + cos (7) ee 
2 Z 
Here a = A/2, B = 3A/2 
cos a ciara me fee sin 
Z 4 


Required sum = 


= cos [ olde 4}.sin{ = A} cose (4) 


2. 


Trigonometric Ratios and Identities < 1.119 


sina + sin 2a + sin 3a+.... + sin (na) 


‘ a . 
rn ae 2 . {a 
sin} — sin! — 
5) e 
a=a,Bp=al 


cos met) sin(na 


; n+l 
Required expression = tan| “| 


Also cos a+ cos (2a) +.... +cos(na) = 


cos@ + cos (30) + cos (50) + ....... 
cosecO 


; 1 . f 2nz 1 
=> required expression = —sin .cosec 
2 2n+1 2n+1 
1. (2n os l)x —fT T 
—sin| ———————_- [cos ec 
2 2n+1 2n+1 


1. 8 n ] 
= —,.sin| 7 — .cosec =— 
2 2n+1 2n+1 2 


Let C = cosa — cos (a + B) + cos (a + 2B) — cos (a + 3B) 
+.... cos (a + (2n—1)B) and 


n terms = 1/2 sin (2n8) 


S = sine — sin (a + B) + sin (a + 2B) — (a + 3B) +... — sin(a 
+ (2n—-1)B) 
C 4 is _ el ape re? + ella +28) ep eT E) _ aera e 
=e (l=e’ He se ane Or) 
— {2 ip “ 2ipn 
= g@ I ( = ) =p 1-e7"? 
1-(-e’* ) l+e? 
gt anger rn) e@ gerry) 


(1+ cos B + isin B) 2e0s*F + 2isin cose 


Baer co Cae 4 
2 2 
B 


2cos— 
2 


gi _ gierrtn) 


Deen perigle Sas 
2 2 2 


(cosa +isina)[1 — (cos(2 Bn) + 'sin2m) cost “A 4 


; 2c0s f) 
2 


(cosa +isin ar)| 2sin’ Bn—-i(2sin Bncos pm) | cost —isin 4 


[2 cos 4 
2 


= sinBn secB/2(cosa + isinw) (sinBn — 


cos ~isin | 
2 2 


icosBn) 


. sin’a + sin?2a + sin’?3a + ..... 
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B savwunipnees eee pices & 
=> C=sinBnsec 2 2 
B B 


sina sin Bnsin a COS COS pan 


B sin nl oos{ a _ é)) + 


=> Ce=sin Bn.sec— 
cos(nsin{ a -£ 


=> C= sin sec si +(. al Ans 


5. Let S = cosa sin2a + sin2Qa cos3a + cos3a sin4da + sin4da 


cossa + .... to 2n terms 
=> 2S = sin3a + sinew + sinda — sine + sin7a + sina 
ee + sin(4n + 1l)a — sina 


l 
> S= 5 (sin3a + sinSa + sin7a +..... + sin(4nt+1)a) 


and let C = 1/2 (cos3a + cos 5a + cos7a@ +..... + 
cos(4n+1 )a) 


Let (C +iS) = [e™ A i ae 


7 1 Be 1-(e*)" ee Ee 


y) 1-(e*) = 2 fee" 


e”* [1-—cos4na —isin 4na 
1—cos2a —isin2a 


et 2 2na — aptamer 


2sin* a —isina cosa 


ere a= 2na (sin 2na —icos ant) 


2sina(sina —icosa) 


= 5 sin2na coseca (sin2na —icos2na) (sina + icosa) 


=> C+1S=1/2 coseca.sin2nae (cos3@ + isin3a) (sin 2na — 
icos2na) (sina + icosa) 
= 1/2 coseca sin2na .e8* .(-i)e!@" 1.6% 
= 1/2 coseca sin2na e2*bik 

=> S=1/2 coseca sin2na . sin2(n+1)a Ans 


to n terms 


l1-cos2a 1-—cos4a 1-cos6a 1-cos2na 
=| —————. J +] —_—_ [ +. | ——— +... +] —— 
2 2 2 2 


] 
= nig — (cos2a + cos4a + cos6a +...+ cos(2n)a) 


n 1 
—-——C(say) : 
ar (say) 


Where C = cos2a + cos4a + cos6a +.... tcos2na 
and Let S = sin2a + sin4da + sin6a +.... +sin2na 


C +iS = ei? alte +e 


| 
© 
N 
# 
— 
a 
Q_ 
N 
Q 
we” 
| 
14s) 
N 
g 
—" 
| 
® 
N 
3 
S 
Ld 


- 2 . . 

sgi| 28In’ na —i2sinna cosna = pi 
2sin’ a —i2sina cosa 

sinna .cosecat (—1)e™*.1e7% 

C +iS = sinna coseca ei@*)e 

C = sinna coseca cos(n + 1l)a 


YU 


: ; n : 
=> required expression = 5S sinna coseca cos(nt+1) a 


coseca;. 
= - [n sina —sinnacos(n + la] 


ee _ [2n sina —2sinnacos(n + la] 


_ cose [2n sina —(sin(2n+l)a + sin(-a)) | 


ee [en + 1)sina@ —sin(2n + 1)a] Ans 


TEXTUAL EXERCISE—19 (SUBJECTIVE) 


1 1 
lim cos — cos —....... cos — = —_ 
no p2 2" 2? x 


=> taking log on both side 
~ 1 
> logcos — = logsin x — log x 
kl 2 
differentiating both side w.r.t x 
-Y stan = = iis 
Ese x xX 


differentiating again w.r.t x we get 


=, | x 5 ] 
“Lig 0" 5 — =-cosec’x + a 
=, | 5 ] 
Dagar 80" 55 = cosec’x — > 
iz x 
. To prove 
1 20 4n 1 
(a) cos—cos——cos—— =— 
9 9 9 8 
2x 2n | 
LAS = sin — cos— cos — 
2sin ? ? 
1 _ An = 
= = sin Sp Gy 
2x 2sin— 
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l 1 1 2 
= —_} sin | - sin{ n-=]-7— RH sin (2)*.-™ sin 22 sin( 20 +2 
2x2x2sin= 91 gsin™ 9) 8 He NS aN ge eae 
9 4... 20 te 20 bce 
(2)"sin— = sin—— sin — 
15x . 13m . On . 15 15 15 
(b) To prove Se erm CPE Ler 9 9 9 
5. LHS = [1 tan’ as (te tan =} 
L.H.S 
) y 0 
= sin( 2 — 7 sin( ES Nsin( EF in = cos@ ae noe a cos{ | 
34 634 34 34 34 34 34 = lim ; ee ——_ 
ay ae gn sage cos'( 4 
2 3 An 
= FLL LIRR a CC 2 2 2 2 
34 34 34 34 
[ 4 =) . | cos@ 1 1 1 
= sin —.cos —.cos —.cos — _ lim 9 ee 9 
2cos 34 34 34 34 cos—| cos— cos oe 
= a ne [sin St cos eee” 
7 2 Xt 34°°°« «334 TO 34 78 cos@ 
(2) cos lim @ @ a 0 0 
COs; .c08--7 008 5 iia: C08, O08 5 
] 
= cos —.sin — 
(2) cos 34 34 
34 
l 67 l 17x 2 l 
- a \ 34)” x \34 34) 16 cos 0 
(2)* cos 16cos = lim 
sin( 2° 
-RHS : cos{ 5] 
3. LHS (2)" sin{ ©.) 
x 20 =) 70 32 61 Sn 
= | cos—cos—cos— |cos—.cos—.cos —.cos— 
15 15 15 15 15 15 15 seed ised 
Tt 127 7 lim sin6@ @ a sin@ Sue Fae 
sin(2)? —. .COS— 
= 15 15 0 2. 


SECTION-II1 (ONLY ONE CORRECT ANSWER) 


. 8x . 127 
sin — sin — 
es 15 deg 15 1. (a) WeknowthatifA+B=45° then (1 + tanA) (1 + tanB) =2 
(2)° ns 15 in oe => at+4da=7/4 => o=7/20 
15 
12a 2. (©) 0-2 = 20090 =22 
sin 2009 
_ ol 7h 7h 15 ] 
= (2)" -2sin| 7 4S) 1S | aoe I oe => 0=2p- 20080 => cos0 = cos(20086) 
sa ae ee = cos(20) = cos(20076) 
=> sinO = — sin (20080) 
. 14n . 120 _ i, 
; Sin—T sin——_ Let P = cos® cos20 cos36........ cos 10040 and Q = sin@ 
Ze ~ sin(20) sin(36)..........sin (1004)@ 
(2) sin™  sin2™ — 21% PQ = sin (26) sin (46) sin (66)... sin (2008 8).... (i) 
» a Since sin(®) = — sin(20086) 
sin [x — =) C ss *) sin(30) = — sin (20058) 
1 15). 15 1 sin (10030) = — sin (10050) 
= SS Sin =RH.S 
Q) «(2 we, 3a (2)" sin(10046) = — sin (1004)0 
a ee ec -. From (1), 2 PQ = sin® sin(20) sin30 sin4é ....... 
sin(10046) = Q 
2a Ax 87 16z = 
4. L.HS = 16cos—cos—cos—cos—— = 2S 
6 15 15 15 2 
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3. (b) x =acos’0 sinO => x’?=a’cos‘0 sin’0 
y =asin’0 cos0 => y’=a’ sin‘O cos’ 
=> (x? + y’) =a’ sin’0 cos’0 [cos?0 + sin] 
=> (x’+y’) = a%sin°8 cos*O 
Also x’y? = a’ cos*0 sin’ . a*sin*0 cos*0 = a*.sin°0.cos°O 
=> (x?+y?) = a2xy? 


4. (a) Period of |sin (4x)| = 1/4, |cos (4x)| = 17/4 
But |sin 4 (1/8 + x)| = |cos (4x)| 
f and g are interchangeable 
7/8. 
Similarly for denominator. 
Required period is 1/8. 


1 P Of 
5. ZP+ ZO =— —+==— 
Y a = Gag 
p 
Q R 
tan (=) + tan (2 
2 ps =] 
1 -— tan > an 2) 
Z 2 
_6 
=> Gq -] 
= 
=> Fe ee a ee ee 
a a 


6. (c) tan(2a) = tan(a + a+ B- BP) = tan [(a + B) + (a —- B)] 
_ tan(a+f)+tan(a-f) 4 
1-tan(@ + #)tan(a — f) “421 
=> 20 =7/2 => a=-n/4 
Also tan (2B) = tan (B + B + a — a) 


= tan [(a + B) — (a — B)] = tan(a + B) + tan (a + B) = 
4 = tan(a + B). tan (a — B) = 1 


= Pee eer ee, ne 


a 


_ tan(a + f)- tan(@ — £) _vi2_ 
l+tan(a + f)tan(a- ZB) 141 
=> 2B =n7/3 => B=7/6 


(a + B) = (45°, 30°) 


(sin3A.cos A)’ —(cos3A.sin A)” _ 


7. (b) LHS.= 
(6) (sin A.cos A)” 


4 [(sin3A.cos A —cos3A.sin A)(sin3A4.cos A +cos3Asin A) 


2(sin Acos A)” 
_ 4.sin@2A4).sin(44) 
7 (sin2A)’ 


_ 4.sin(2A).2sin(2A).cos(2.4) 
7 sin?(2A) 
8. (d) We know that sin 3A = 3sinA — 4sin°A 
3sin A —sin3A 
—j 
General Equation = 


7 {3sin 10° —sin30° +3sin 50° — sin150° +3 sin 70° + sin 210°] 


= 8 cos(2A) 


= sin’A= 


1 atsinto + sin 50° — sin 70°] — Lees 4 
4 2.2 2 
3/4 [sin10° + sin 50° — sin70°] — 3/8 we (h) 
Also sinl0° + sin 50° — sin 70° 
= 2sin (30°) cos (20°) — cos 20° 
= cos 20° — cos 20° = 0 
General Solution = —3/8 


9. (c) f(8) =(sinO + cosec8) + (cosO + secO)? = sin’0 + cosec”0 
+2 + cos?O + sec’0 + 2 
1 1 


cos’?@+sin’ @ 4 
e 2 te = 
sin’ @ 


(sin@cos@)? —__—sin?(20) 


=5+4+ a 
cos’ 0 


f(8) is minimum when sin(20) is maximum. 
4 

{(8) minimum = 5+ i =9 

Ans (c) 


10. (c) Required equation will be x* — (cosec”? 8 + sec? 8)x + 
cosec? 8.sec? 8 = 0 


sin’?@ cos’@ sin?@ cos?@ 


arene) are 

a | aa ey i eae 
sin” 8.cos* @ sin” @.cos’ @ 
5 4x 4 

Lt 

sin°2@ = sin° 20 
Equation (1) will be come as given in option (a), (b) and 
(c) for sin’@ = 2, 4/3 and 4/5 respectively. Out of which 
only 4/5 is possible. So, cosec’@ and sec’0 can be the 
roots of equation (c). 


cosx sinx b 
11. (d) = tan x = — 
a b a 
b? 
| eee 
1-tan’ x 2 @g-p? 
= cos(2x) = ———__ = —“# = d 
2x) 1+tan’ x be a? +b? — 
1+—; 
2b 
t “ge : 
sin(2x) == 2 8 = 
1+tan* x b a atb a+b 
Lt 
a 


ala’-—b*] b2ab 
2 zg 2 
a’ +b a’ +b 


la cos(2x) + b sinx (2x)| = 


a’ —ab* +2ab’ 
a+b? 


a’ +ab’ 
a’ +b’ 


= Jal 


12. 


13. 


14. 


15. 


16. 


17. 


(d) tan? x + sec x —-a=0 => sec’x — 1+ sec x-—a=0 


=> 
=> 


YUU Y 


sec?x + sec x —(1+a)=0 
sec’x + secx=lt+a 


L.H.S.>2 => lt+a>2 
a>-l 
a € [-l, «) 
Per, eM coe => 0<sin’0<1 
2x 

2 2 

get ty tle 
2x 

x > 0 => Ux y+] = 2x 


O<x?+y?-2x+1<0 
O<(xK-1/+y’<0 > x=l1,y=0 


(a) sin8 + cosecO = 2 


=> 


sin8 = 1; cosecO = 1 


sin8 = 1 => sinO + cosecO = 2 


(a) A= 130° and x = sinA + cosA 


=> 


Y J 


x = sinl30° + cos 130° = sin 130° + cos (90° + 140°) 
= $1n130° — sin40° = 2 cos(85°) sin (45°) 


_ 2 c08(85°) 


Bb 


x > 0. 
x 

a=— => 18a=7 
18 

a=nx-—l7a 


cos a = cos (1% — 17a) = — cos (17a) 

Similarly cos (2a) = — cos 16a; cos (3a) = — cos15a; cos 
(8a) = — cos(10a) 

E = cos 9(a) = cos (17/2) = 0 


x x 
tan =—=> 
tan A 


C B 


Similarly Cm = —— Also Am + Cm = 2V2x 
tanc 


ee 


tanA tanC 
tanAt+tanC=2V2tanAtanC  —....... (i) 
Nee Ape” tanA+tanc _ 
2 1-tan AtanC 
tanA tanC = 1 ... (il) 


From (1) and (11) we get, tanA + tanC = 2V2 and tanA 
tanC = 1 

Solving these two we get, tanA = V2 — 1 

A=n/8 C = 32/8 
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18. (c) E=(1 + tanx + tan’x) (1 — cotx + cot?x) 


19. (a) sinx+sinx=1 > 


20. 


21. 


22. 


23. 


24. 


=> 


=> 


= (sec’x + tanx) (cosec?x — cotx) = sec’x cosec’x — sec”x 


cotx + tanx sec’x — 1 


1 4 
= — = 
ane 2 oD 
sin” xcos’ x sin’ 2x 


—l 


E is positive for all value x 


sinx = 1 — sin’x = cos’x 

.. (A) 
Also sinx + sin?x = 1, cubing both sides we get, sin*x + 
sin® x + 3 sinx sin?x [sinx + sin?x] = 1 
sin’x + sin®’x + 3 sin*x + 3 sin°’x = 1 
cos°x + cos’’x + 3cos®x + 3cos!*x = 1 


siInx = COS?x 


[using (1)] 


(b) x =h+a sec 


=> 


(a) 


=> 
=> 


=secO > cos@ = 
a x-h 
y-k 

y =k +b cosecO = “ao cosecO 
sy Sic, 
sin a? 
Also sin?8@ + cos?0 = 1 

a’ b* 


——, + =1 
(x-h) (y-k) 


0 sinB  cosB 
A=| -sinB 0 tan A 
cos(4+C) -tanA 0 
Ais a skew symmetric matrix of order 3. 
A=0 


(d) t, = sin (log,, 2) 


(b) 


(c) 


t, = sin (10g,, 3) 
too, ~ Sin log,, 10002. Which lies in third quadrant. 


10001 


tooo, 18 Negative. 


s= tanA + tanB + tanC = 7 
s=hl,3)— 1 


$= 8; 0) 


=0 
1+11 


tan(A+B+C)= 


1 
l-s, 


A+B+C=nzor0 


1 
Given 4,,,, =, ne +a,) . Let a, = cos 
1+cos@ 0 
| = cos— 
2 2 


=( + a,) = cos( 5) ; 


7 
Similarly a, = cos (+ so on 


7 
a COS Pal 


a, = 
a, _ 
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Now we know that 
G @ @ & a 
cos! — |cos}| — |cos| — |..... cos 00 = 
2 o: oe = @ 


l-a,” sind 
=> cos| ———— |=cos| —— |=cos@ =a, 
a,.a 


25. (a) asinx + b cos(x + 8) + b cos(x —9)=d 
=> asinx + b [2cosx cos0] = d 
=> asinx + 2b cos0 cos x =d 


We know that a sin x + b cos x = c has a solution if 


lo| < |e| S$ Va? +B 
\d| < Va’ sin’ x +4b’ cos” @cos” x 


2 2> to 2 2 222 
d“-a’sin’x d°-—a’sin’x 


> —.—~ <cos’*9 => cos’O2 — 
4b* cos’ x Ab* cos’ x 
aa | eee: 
= cos@ >————>—/d°-a 
2|o| 2/2 
26. (d) 


f(x) =(2cosx -(sinx- ins -co8.| oot x- >0 


=> J tae alge 
(2cosx p(sins 5 5 sin *)) 


cosx “OS 3 
— — 3 >0 
snx 37 
3 
ice 
sin(=—]| 
=> (20084—Df sins] VBsin{ x- 2] 3 21 59 


ee 
sin x sin — 
3 
1G WN a Ie 
=> (2cosx-1)| sinx-— |sin| x-— ||] sin] —-x]]>0 
2 4 3 
[. In (0,),sinx, sin > 0 
=> -f(x)=(2cosx-1) gies sin| x—— |sin| —-x]<0 
2 4 3 
1 
In interval (0. , f(x) > 0; 
In interval 


, f(x) < 0; 


2 


ala 


In interval , f(x) > 0 


2 


aa. a 
Wl AIA 
a 


a 


In interval 


2 


fF roy 
war 
N|A 
ea 


, f(x) > 0; 


In interval , {(x) > 0; 


2 


Ee | 
N|a 
an] 
NY” 


5x 
In interval (=. «) , f(x) <0 


a an a 5X 
From above f(x) >0 for x € (0,2 U (=2) U (=.=) 


27. (b) 0<a<p<y< 


1 
(*.. sinO is increasing function in | 0,— |) 
2 


O<sina<sinBp<siny<1 
3sina < sina + sin B + sin y < 3sin y wl) 


YU 


a 
Also cos@ is decreasing function in (0,5) 


1>cos a>cos B> cos y>0 
3cosa > cos a + cos 8B + cos y > 3cos y 
1 1 1 
< 
3cosa 


YU 


i < 
cosat+cosf+cosy 3cosy 
From Equation (1) and (11) gives 
sina +sin §+sin vy 
tana <| ———————————_ | < tan y 
cosa +cos B +cos v 


28. (d) sin? A + sin’B — sin?C = 


1-cos2A Fi 1—cos2B _ |! 7 soe | 
2 2 2 
1 1 
= ae ee +cos2B —cos2C] ... A) 


Now cos2A + cos2B — cos2C = 2cos (A + B) cos (A — 
B) — [2cos? C — 1] 
= 1 —2 cosC cos (A — B) — 2cos’C = 1 —2 cosC [cos (A 
— B) + cosC] = 1 —2 cosC [cos (A — B) + cos (A + B)] 
= 1-2 cosC . 2 sinA sinB = 1 — 4sinA sinB cosC 
= from (1); sin*A + sin?B — sin’C 


= =~ 5 + 2sin AsinB cosC = 2 sinA sinB cosC 


oo. ee a 
29. (b) General solution = ee res 


l-—cosA l-cosB 1-cosC 
2 2 2 


=~ a[e0s.4 +CosB + cosC | 


3° 1 
a [1 + 4 sin (A/2) sin (B/2) sin(C/2)] 


= 1-2 sin (A/2) sin (B/2) sin (C/2). 


30. (a) x’— px + q =0 has tanA and tanB as its roots 


=> tanA + tanB=p 
and tanA tanB = q 


4) 
ii) 


tan A +tanB Pp 
Also tan(A + B) = i 


1-tan AtanB 7 q 
=> sec? (A +B)=1+ tan*?(A+B) 


31. (d) 


32. (b) 


33. (a) 


ee aa ea) a 2 
(1-q)’ (l-q)’ 
LA 
cos*(A+B)=— 0? 
p +(-4) 
1-sin(4+B)=—Co 
p +(d-4) 
Pe 2 2 
Fe: on ee 
p +(d-4) p +d-4) 
cosA = —3/5 
, 9 16 
sin’ A =1-—-=— = sinA=4/5 
25 25 
tanA = —4/3 
4 4 12-20 -8 
S = sinA + tanA = -—-= = =— 
§ 3 15 15 
16 
P= sinAtanA = -— 
15 


8 16 
Required equation x* - ec x-—=0 


15x’+ 8x — 16 = 0. 


iCall 
cos’ | — |+cos’| — |+cos* | — 
2 2 2 
_ 1+cosd , LtoosB 1+cosC 
2 2 2 
3 2 
= —+— [CosA + cosB + cosC] 
2 i 
3 1 
= a5 — [1 + 4sin(A/2) sinB/2 sinC/2] 
=2 +2 sin(A/2) sin(B/2) sin(C/2) 
sin? (A/2) + sin? (B/2) — sin? (C/2) 
_ l-cosA _ lecosB (ES) 
2 p) 2 


ey, +cosB-cosC] 
2a 


..@ 


Now cosA+ cosB — cosC 


(As | “S 

= 2cos cos 

2 2 

- 2sin(S)oos{ #53) - 1- 2sin’| 
2 2 


= —] + 2sin(C/2) cos 47) 


)-cosc 


}- sin 


+co 
A B 
=—1+2sin(C/2). 2008 $ Joo (=) 
2 2 


= —1+4 cos (A/2) cos (B/2) sin(C/2) 


from (1) given expression = 1 — 2 cos (A/2) cos (B/2) 
sin(C/2) 


] 
al 


A 
=—] + 2sin(C/2) cos( 


*! 


34. 


i 


36. 


Ds 


38. 


39. 


40. 


(b) 


=> 


YUUY 
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sinA — V6 cosA = V7 cosA 
sin A = Ct +/6)cos A 


cos A 1 NT - V6 _ JF NA 
sinA a a6. V6 
cosA = (V7 — V6) sinA 
cosA + V6sinA = V7 sinA 
sin? A + sin?B + sin?C — 2 cosA cosB CosC =2 +2 cosA 


cosB cosC — 2 cosA cosB cosC = 2 
Vcosec’a +2cota =VJ1+cot?a@+2cota = 1 +cota,| 


aE <a <2 and cota 1s decreasing 


=> 1l1+cota<0O 
=— 1-cota 


cosa <—1 
}1 + cota| 


cosA =cosB cosC A+B+C=n 

cos(B + C)=cos(xn -A) B+C=2n-A 
cosB cosC — sinB sinC = — CosA 

cosB cosC + cosA = sinB sinC 

2cosB cosC = sinB sinC 

cotB cotC = 1/2 


(b) x = X cos — Y sin®@ ... (1) 


(b) 


— 


(b) 


y = X sin® + Y cosO 

x? + 4xy + y? =AX?+ BY? 
Squaring and adding (1) and (2) we get, x*+ y*= XK?+ Y’ 
xy = XY cos’0 + x” cos0.sinO — Y’.cos8.sin8 — XY.sin’0 
= XY(cos70 — sin?0) + cos0.sinO(X? — Y’) 

Putting in the equation, X7(1 + 4cos0.sin0) + Y*(1 — 
4cos0.sin8) + 4X Y(cos’0 — sin’0) 


x 
On comparison of coefficient, A = 3, @= Z 


sin"x + cos"x > 1 sad : 
sin’ x +cos" x am 7 
Using A.M. and GM —————— 2 "vsin” xcos” x 


2 
9) 2(sin xCOs x)” > [2- sin” (2x) 
pag 
22> | => 2-n>0 
n<2 


7 : 
cos +4) =—-sSInNa? 


eo 1 1 
Similarly cos( +3) =-sinf and cos 7 +4) =—-siny 


-[sinaw +sin # +sin 7] 
Required area = Se 
sina +sin B+siny 


3 
Equality holds, if A= B=C 
3 
3 } 


Minimum value = = 


> 3,/sina sn siny 


Required minimum value = —— 


i 
2 
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41. (c) 


42. 


43. (a) 


=> 


1 1 1 
x+—=2cosa, y+— =2co0s f,z+—=2cosy 
x y Zz 


x*— 2cosa x + 1 =0 

x = cosa +7 sina = cis a. Similarly y = cisB, z= cis y. 
Also x + y +z = xyz 

Xcosa = cos (a + B + y) 

Ysina = sin (a + B+ ¥) 

Squaring and adding we get, (X cosa)?+ (Z sina)? = 1 
cos’a + cos? B + cos*v + 2 cosa cosh + 2cosB cosy + 
2cosy cosa + sin? a + sin?B + sin’y + 2sinw sinB + 2sinB 
siny + 2siny + 2siny sina = 1 

3+ 2 [X cos (a — B)] = 1 

x cos (a — B) =—1 


(b) p sin (28) + (q — 1) cos (20) + (q+ 1) =0 


2tan@ 1- tan’ 6 
oe Ge = egy 
. 1+tan’6 (7 anes (+) 


2p tan@ +(q —1)(1- tan’ 8) +(q¢ +1)\(tan* 6 +1) =0 


tan’O+ptanO+q=O Oo, (1) 
Since a, B are roots of (1) 
tana + tanB = —p, tana. tanB = q 
Also tan(a + B) = a eee 
l-q q-l 
A 
V1+p?+q?-2q 
p 
C/) B 
C= 
sin? (a + B) + p sin (a + B) cos (a + B) + q cos?(a + f) 
(q-I"_, ppa-l) , _4(g-) 
2 2 3 2 2 2 
pt+q@-ly pt+aq@-l pt+q-h) 
n(3) 
sin a 
cosec@ = = 


sind sin (S| sin@ 


0 
sin{ 0 a 5 | snoees —cos@sin ud 
a 2)/_ 2 
sin( sind 
2 


sin (3) sin @ 
2 
= cot(8/2) — cotO 

Similarly replace 0 by 20, 46....., 

cosec (20) = cot(@) — cot(280) 

cosec (40) = cot(20) — cot(40) 

Thus n® term of the series is cot (2°60) — cot(2""0) 


Required sum of the series can be found by adding the 
terms 


S= oot (5 —cot q +[cot 6 - cot(26)] +[cot(24) - cot(46)] 


n-2 


—cot2”” 0 


S =cot @ - cot(2”"6) 


= k=n-]1 


44. (a) Given sinA. sinB. sinC = p 
And cosA. Cos B. cosC = q 


Dividing (1) by (11) we get, tanA. tanB. tanC = p/q 
Also ina A, tanA + tanB + tanC = tanA.tanB.tanC 


=> S,=S,=p/q 
Now S ia tanA.tanB + tanB.tanC + tanC.tanA 
_ sinAsinB sinBsinC — sinCsinA 
cosAcosB cosBcosC cosC cotA 


cos AcosB 
A+B+C=n 
A+B=n-c 
sin AsinB 
cos AcosB 
sin?C 
cos Acos BcosC 
sin Asin BcosC +sin’C 
q 

sin Asin BcosC +1-—cos’C 

q 
cosC[-—cosC +sin Asin B] +1 

q 
cosC[cos(A +.B) +sin Asin B] +1 

q 


sin(A + B) = sinC = 


sin AsinB 


cos AcosB 


_ cosC[cosA+cosB] +1 _ fi+4} q+l 


q q 


_ sinAsinB +) Seeten’ eee 


cos Acos BcosC 


sinC sin(A + B) 


cos AcosBcosC 


q 


The required cubic equation x*— S,x*+S,x—S,=0 


ele 


qx*— px’ + (q+ 1I)x-—p =0 


45. (a) 


(8 


2sin (=) sin (E) — cos (3) sin A 
_ 2 2 2 


2sin () cosec (=) sin G —sin Acot (F) —cosA 
2 2 Z 2 
2sin (4) sin G cos (3) sin A 
_ 2 2 2 


—cosA 


—cosA 


[«A+B+C =n 5[5-(427)| 
De 


Z 


=> sin G =cos(A+B/ 2)] 


=> 


oa 


= — 2sin? (A/2) — cosA = — 2sin? (A/2) — [1 — 2sin? (A/2)] 
==] 


L.H.S.= 


—cosA 


46. (b) Applying AM > GM for 6tan’0 + 54 cot® 


6tan”? 6 +54cot? 4 : 
5 > 

6tan70 + 54 cot? > 36 

6tan70 + 54 cot?0 + 18> 54 

Equality holds if 6tan?0 = 54 cot?@ = 18 

tan’0 = 3 and cot?0 = 1/3 

AM > GM can be applied to 6tan’0, 54 cot8 and 18 also 

So statement I and II both are correct. 


6x54 


47. (c) f(x) = cosx+ =005(23) - =00s(3x) 


“UYU Y 


48. (a) 


= cosx + [2c0s" » —1] ~Z{4cos" x —3cos x] 


4 1 
= = 3008" x+cos’x+2cosx is 


Let cos x =t 


Bes 1 
x)=-—t +t +2t-— 
I(x) - 7 


f(t) =4t? + 2t+2 

f(t) = 0, gives t = —1/2, 1 
f"(t) =-8t+ 2 

f"(1) < 0, f(-1/2) > 0 

t = —1/2 is period of maxima 
t= 11s point of minima 


4 -1 1 1 
f(t) = -~x—+-—-l-= 
max 3 8 A 2 
_ 1,1 3_2+3-18_ 13 
6 4 2 12 12 
t(t) . Seay We ee eae = 1628591 
min 3 0 2 2 6 6 
ae 13 144+13 27 9 
Require difference = —+— = i 
6 2 12 12 4 
cotA+cotB  cosAcosB ee ee 


tanA+tanB sin AsinB 
cotA+cotB 


>—_——— = > cot AcotB =] 
tan A+tanB 
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49. (a) Xxy = 1 
=> Xyor yz + 7x — 1] => xly+z]=1-yz 
1- 1 + 
=> x ea a a a (1) 
yt2 x Il-yz 
Let x = tanA, y = tanB, z = tanC 
tan B + tanC 
From (i), cot A = ——_—_ 
1-tanBtanC 
=> pps =cotA+cotB+cotC 
1 -— xy 
1 1 1 LUxy 1 


50. (b) 


tand tanB tanC — tanAtanBtanC xyz 


Oe (0, ) 
4 


t, = (tan®) ""°, t, = (tan) °°, t, (cot6)""”, t, = (cot 0)" 


(a : : : : 
For@e€ or ; tan 9 is an increasing functions and 


coté is decreasing function 

Let tanO = 1—-k, (k, > 0, k 0) 
cot0=1+k, (k, > 0,k, — 0) 

Where k, and k, are small positive real numbers. 
t, = (tanO)'~*,, t, = (tan0)!**, 


bet 
t, = (cot0)'-*,, t, = (cot0)**, 
Gat. S44, 

= I-k 4 = I-k 
Also t, = (cot@)'*,, t, = (tan@)*"*, 
Pee 


Le toad L 


S51. (b) t, = (sin), t, = (cosec0)™”° 


VUUUNY 


52. (c) 


t= (sin8)s°, t = (cosecO)*ose® 


logt, = cosecO log (sin) ... 0) 


l 
logt, = sinO log (cosecO) = sin og ) 
sind 


= — sinO log sinO 
log t, = sinO log (sin®) ... ill) 
log t, = cosecO log (cosecO) = — cosecO log (sinQ)...(iv) 
Now log (sin) < 0 

From (1) and (11), log 1/2 > log t, 

it 

From (ii) and (iv), cosec@ > sin@ 

logt,> logt, => t,>t, 

From (1) and (iii), log t, > logt, 

eae 

Also from (ii) and (iii), t, > t, > t, >t, 


Oe (0, ) => sinO <1,cos0<1 


Also cos8 > sin8 
t= (sin8)°°s? 


=> 


=> 


log(t,) = cos (log sin®) we) 
= (cosO)°°s? 
log, ,, = cos® log (cos0) 
t, = (sin6)*"° 


1. (a,c) (a) 


2. (a,d) cos’ x+ 
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= log (t,) = sinO log (sin8) vee eee 11) 
t, = (cos®) *° 
= logt,=sindlog(cosO) ss (iv) 


Since log (sin8) < 0, log (cos@) < 0 and log x is an 
increasing function 

From (11) and (iv) logt, > logt, 
> t,>t, 

From (1) and (iii), t, > t, 

Also log (cos9) > log (sin@) 
Ste ti Sat 


53. (d) Given OC = 10, OY =b=10-a 


CD = 2a, CY =a 


In AOCY = (2b)? + a*= 100 

=> 4b?+(10—b)?= 100 

=> b=4a=6 
CF = 16 +36 =/52 =7.21 km 
Perimeter of = 7.21 ’ 10 (km) 


7.21x10 


Time taken = = 7.21 Hrs. 


SECTION-IV (MORE THEN ONE CORRECT ANSWER) 


1+sinx 
= tan x 


cos x(1 + cosecx) 


Period is 7. 
(b) Period of |sin x| + |cos x| 1s 2/2 


; 2x 22 | 
(c) Period of sin(2x) + cos(2x) = L.C.M. of ee cs 1.€., 7 


5— 22 equality holds if cos’x = 1 
cos’ x 


cosx=+1 
x may be multiple of z . 
Again 1 + tan? (2y) = 1 equality hold if tan2y = 1 
y may be multiple of 2/2. 


cos‘ A sin’ A 


. (a, b, d) ——+ 


cos B sin’ B 
cos‘A sin’B + sin* cos?B = cos’B sin*B 
(1 — sin?A)? sin’B + sin*A (1 — sin?B) = (1 — sin’B)sin?B 
=> sin’?B + sin‘A sin?B — 2sin?A sin’B + sin*A — sin‘A sin’B 
= sin’B — sin*B 
=> sin‘A + sin’B — 2sin’A sin’B = 0 
.. option (a) 
=> simA=sinrBe 422 2 2 2 eee (i) 


2b 
6. (b,c) tanx= 


=> cos?A = cos*B 

cos'B sin*B — cos*B_ sin*B 

cos?B sin?A  cos?B_ sin?B 
[Using (1) and (11)] 

option (b) 


cee ee ii) 
LHS.= 


= cos’B+sin’B=1 


Similarly we can see that .. option (d) 


. (b,c) tan (=| = cosecx —sinx = tan =) a ee sin x 


2/ sinx 
2t pe 
Use sin(x) = sete and let tan (x/2) = t 
1+tan“(x/2) 
. 1l+¢ 9 2t 
General equation becomes ¢ = = ; 
2t l+t 


After simplification we get, t*+ 4t?-1=0 
t=—2+4 V5, But > 0 

t= 5-2 

tan?(x/2) = V5 2 


Y ¥ 


(v5 -2) 542 
(V5-2) V5 +2 
= (9 -4V5) (2 + V5) 


Aliter: tan?(x/2) > 0 
Only option (b) and (c) are positive. 


Also tan?(x/2) = 


. (b,c, d)a>b>0 


y =acosecO — b cotO 
=> y+tbcotO=a cosecO 
Squaring both sides we get, y” + b?+ cot?0 + 2bycotO = 
a” [1 + cot] 
=> (b’-— a’) cot?0 + 2by cotO + y? — a?=0 
Since cot0 e R 
=> D=0 
A4b’y? — 4 [y— a’] [b?- a7] > 0 
a’y* + a*b*— a* > 0 
y?> a2 — b2 


=> |y|> va 0? 
Minimum value of y is Va’ — b* 
Also y = 0, if a cosecO = bcotO 


Y J 


a 
=> a=bcosd => Cone 


Buta>b => cos0> 1 whichis impossible 
y = 0 for any value of 0 
Also 


Va? -b? =,(a—b)(a +b) > (a —bXa—b) >(a —b) 


y can’t it be a — b for any value of 0 


a-c 
(i) y +z =a [cos’x + sin’x] + c (sin’x + cos*x) =at+c 


(ii) y — z = a [cos’x — sin’*x] +4b [sinx cosx] + ¢ [sin’x — 
cos’x] = [a — c] cos2x + b sin (2x) 


ieee 1-tan* x op 2tan x 
1+tan’x 1+tan* x 
2 
ie ; a ee 
(ay) OO |p ae 
2 2 
Ab Ab 
14 | 4, 
(a-c) (a-c) 
re (a-cy -4b* | 8b*(a-c) 
(a-—c)y +(4b) (a-—c) +4b’ 


1 3 yp2y, ee 
= moan 4b’(a —c) +8b°(a-c)] 


_ (a-c)[(a-c)* +467) _ 


(a—c)* +(48") : 
> y-z=a-c 
sa ; _ 1-tan’x deat 2tan x 
sing cos (2x) many sin (2x) oe 
. (a, b, d) If sin® = sina 
Then 
(i)0=a (ii) 9=n-a 
(111) 9 = (1 + a) (iv) 89=2nx+a 


(v) 9=-(Qn-«a) 
. Lf Ie a 
sin (0/3) = sin (a/3) or sin (0/3) = sin( 2-2 or 


in(@/3) = sin . +) 
sin = i 
3 3 


Xu 
F (b, Cc) XE (0,5) 


V3-1 V3 +1 _4 5 


Given that 
sin x cosx 


(S21. 9 ASH! 5 


2./2 sin x 2/2 cos x 7 


me es Te \ 
=> sin| — |cosx+cos| — |sinx =2sinxcosx 
(5 Jomo) 


=> sin( + 7 = sin(2x) 
12 


=> De bee eae oy 
12 12 


=> xXx=>— orx= 


. (c, d) We know that sin@2nx) = *C, . cos*~'x sin x — *~"C, 
cos" *x sin’x + *'C.. cos*~°. sin’x ...... 

Now n= 1,2 

sin (2x) = °C, cosx sinx 

sin (4x) = 4C, cos*x sinx — *C, .cosx sin*x = *C, sinx 

cos*x — *C, cosx sinx [1 — cos*x] 

= sinx [4 cosx + 4cos*x — 4cosx] 

From above 2 examples we can say that sin (2nx) = 

sinx. P,_, (cosx) 

Each term of sinx, sin*x, sin°x ....... sinx can be taken sep- 

arate and sin’x, sin*x ..... etc. can be converted into cos?x 
Similarly sin (2nx) = cosx P,_, (sinx) 


2n-1 


10. 


11. 


Trigonometric Ratios and Identities < 1.129 


(a, b, c, d) 1 — sin4x = sin?(2x) + cos? (2x) — 2sin2x cos2x = 
[sin(2x) — cos(2x)]? 


= /1-sin(4x) =|sin(2x) - cos(2x) 
Similarly ./1+sin(4x) = |sin(2x) + cos(2x)| 
_ |sin(2x) — cos(2x)| +1 
 |sin(2x) + cos(2x)|-1 


(i) sin(2x) — cos(2x) +1 2sinxcosx+2sin’ x 

1 a 

sin(2x) +cos(2x)-1  2sinxcosx—[2sin’ x] 
cosx+sinx 1+tanx 

= ee = tan(7/4 + x) 

cosx-—sinx l-tanx 
- cos(2x) — sin(2x) +1 
i): 2S 


~ gin(2x) + cos(2x) -1 


2 5 
2cos’ x —2sinxcosx 
= =cotx. 


2sinxcosx —[2sin’ x] 


Similarly other options can be obtain 


(a, b, d) 
7 
Yitan?( 2) = -tan?( © aan’ et n’ (=) 
a (16 16 16 16 
+ 1+tan?| SE | +-tan?( SE) + tan 7) 
16 16 16 


2 3x ) 32 
+tan~| — |+cot”-| —]+1=EK+E.4+E+1 
16 6 1 2 3 


Where E, = tan’ (x /16) + cot? (x/16) 


E, = tan’ mall igre pe and 
16 16 

B, = tan*( | +cot =) 
16 16 


Now S = tan’0 + cot?0 = (tanO + cot@)?— 2 


[an od) ( 1 ) 4 
= +— 2 | | Se 
cos@ sing sin @cos@ sin“ (20) 
Now for E, = @=—>40=— 

16 4 


S = tan? (2/16) + cot? (2/16) = 


_ { 8¥2_ 
| V2-1 


Se) 
1-—cos4@ 


}2 =16+8V2-2=144+8 v2 


ne ba ps" 
16 4 
2 oe 
1 
Za) 
For &;: pee ape et 228 
16 16 4 


cos (40) = -1/V2 
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4.2 8 
Se ae 1 -2=16-8\2-2=14-8V2 => con d-rcosh tease 23 
1+—= 
v2 3 

required expression = 14 + 8V2+6+ 14-8 V2+1= => cosd+cosB+cosC 2 5 
24+1=35 
option (a) => Option (a) is true. 

Sone (2), ae()=1, (24) =f apee(-35) = 3a 44) 
i 3 )° 3) 2° 3 2° 

A BC 
32 4x 1 6x If we take — = — =— =0; 
ce = COR ee ee Cas = 2 sas 2 
6 th sage pre ce ] 
en — = —_ = —_ = 

>5cos° (=) =6@ and cos( =) = cos( 2 +) 2 2 2 

r=1 A B - 

10 10 eae 9 > cos tos +005 43K 

> {cos (=) = Yc0s'[ = cos’ (=) ater 2 2 

ic fie We = Option (b) is false. 
option (b 

. ” ‘3 Now, if we take A=B=C=— 
We have equation whose roots are tan” — tan*( 

a A B C 
Se De OG 
and tan’ (=) is x°— 21x* + 35x? — 720 ..(i) dp a Bn | 
3 5 = ere ora 8 
1 
The equation whose roots are cot? =, cot? 2, cot* — 
| 7 => Option (c) is false. 
is —7x°+ 35x* — 21x?+ 1=0 ... (i) 3. (a, b,c, d) 
. ; 3 ,(2r-1 .' A,B, C are acute angles 

From (1) and (11) we get Yan =21 = = cosA, cos B, cos C > 0 

Soot? an owe ee peel nee 

7 a 3icos A.cosB.cosC < (ses heos Brent | 

2r-1) »(2r-1 The maximum value exists for cos A = cos B = cos C = 
But tan’ ex Jr Xoo ( er =21x5 =105 1/2 i.e., when A = B= C= 2/3 
7 3 

option (d) 


WwW |b | Wo 


=> cosA.cosB=cosC < 
SECTION—V (COMPREHENSION TYPE ANSWERS) 


Passage A: 
ya 
1. (b) Let f(x) = x — sinx “x € (0, ) 
f(x) = 1 — cosx => f'(x)>0 
fis an increasing function “x € (0.2) 
Let0<0<<7n/2 
=> f(0)<f(d) 
=> 0- sind <0 — sind 1 
=> 0—<-sinO— sind => cosA.cos B. cosC < — 


=> Option (a) is true 
Now, if f(x) = sin x ; x € (0, 2/2). LetA, B, C € (0,2/2) 
andA+B+C=nz, then by deduction (4) 
Applied at function y = sin x, 
. {A+B4+C)_ sinAt+sinB+sinC 
We have, sin (ane) 2 —  —_ 


2. (a) A,B,C e (-=,5) - cosA, cosB, cosC > 0 


By AM. >GM. 


cos 4 +cosB +cosC > 3.4/cos A.cos B.cosC 


Equality holds for cosA = cosB = cosC = 1/2 
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=> 3sin(z/3) = sinA + sinB + sinC Ze. oi ein 
33. Now —+— etc € | —,.— 
=> sinA + sinB + sinC < ae 64 6 12 
By deduction (4) we get, 
=> Option (c) is true. 
x A (az A 
Also by A.M. = G.M., in an acute angled triangle >) é ae > sec é ase 
: Se" |e 
sin A = +sinC > sin AsinBsinC 3 2 
= sinA + SinB + sinC > 3(3/sin Asin BsinC | (x (a 2 
=> sec’ rear > 3sec’ 2 ae =6 
3} 33 
=> sinA + sinB + sinC > {2 ]-38>2 —— 
2 2 Dd ssec” —+—|2>6>3 
6 4 
=> Option (b) is also true 
Also by A.M. >G.M => Option (b) is false and Option (c) is true. 
nee an sae > 3.3 ne paecennaae P B 
5 5 so 5 5 5 assage Bb: 
; ; 5. (a), 6. (b) 7. (d) 
=> tn? tan? tan? 2 3(3)=1 cr 
2 2 2 3 cos A cos B cos C = rear 
=> Option (d) is also true 
docks ay nti, 220 ae, SEATS 
4. (a,c) sin A sin B sin C = zi 
ABC ya xa An Bu C (a Qn 
—,—,—e] 0,—| = —+—,—+—,—+—e] —,— 3443 
222 4 4 24 24 2 4 2 “tan A tan B tan C = .. C) 
Y os 
Now tan A + tan B + tan C = tan A tan B tan C 
343 
= on) 
3-1 
y=Cosx 


NowA+B+C=n2z 
cos (A +B+C)=-1 


x cos A cos B cos C [1 —2 tan A tan B] = -1 
O m/2 B 
Nee [1-2 tan A tan B] -1 
By deduction (4) we get, 8 
i+ Leos 242] => YtanAtanB=5+43 3G) 
ee - 2) \, = 2 from (1), (2) & (3) 


tan A, tan B tan C are roots of 


een) (3 +3) 
_ 24(5+43)x- =0 
Z Gaede ae wy woe 


x3(2+ 3 ) V3 x24(5 + 43 )x(2 + V3 ) V3 =0 
x? — (3 +2 V3 )x? + (544 V3 x -3 +213) =0 
(x -1) K-V3) &-@ +43) =0 
tanA = 1, tanB= V3, tanC =2+3 


Passage C: 


8. (a) cot?0 = > [6 + (cotA — cotB) + (cotB — cotC)’ + (cotC 


— cotA)’] 
=> Option (a) is true => Option (d) is false “. cove > 3 > 0 < 30°. 
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_ tan A tan B tanC 
sec Asec BsecC +1 


sin Asin BsinC 


1+cosAcosBcosC 


_ tan Atan BtanC _ 1 


YtanBtanC Ycot A 
10. (c) cotB + cotC = cot —cotA 


9. (d) 


= tang. 


- 2 
sin’ A 
sin BsinC 


II(sinA — 8) = sin30. 


sin(A-@) _ 
sind 


Passage D: 


11. (c) In any triangle cos (A +B+C) =-1 
=> cosAcos(B+C)-—sinA sin(B + C)=-1 
= cosAcos BcosC-—cosA sinB sin C —sinA sin B 
cos C — sin A cos B sin C = -1 
Now divide by cos A cos B cos C to get the choice (c). 


12. (c) Divide the identity of above question by tan A tan B 
tan C. 


13. (c) Convert to sine and cosine 


14. (b) Applying sine rule in AOAB, we get 


OB _ AB 

sin@  sin(180°-B) 
or OB = slieas .. 0) 

sin B 
Again applying sine rule in AOBC, we get 
OB a BC 

sin(C-—@) — sin(180°-C) 

conse 2 .. Gi) 
sinB 
A 


[6 


Equating the value of OB in (1) and (11), we get 


B C 


csin@ _ asin(C-@) 
sinC 
sinCsin@ _ sinA 
sinC 


sinB 


: (sin C cos @ —cos C sin o) 
sin B 


sinC 


sinB 


= sin A (cot @ — cot C) 


sinC 


_ sin(4+B) 
sin Asin B 


sin AsinB 


=> coto-—cotC= 


=> cot@-—cotC =cotA+cot B 

=> cota =cotA+cotB+cotC 

Now, (11) follows by squaring (1) and using the fact 
cotA cot B+ cot Bcot C+ cot C cotA = 1. 


Passage E: 
15. (c) sin atl sigue sin pee 
14 14 14 
5a 


ne . 3H ., 

= sin — sin — sin — 
14 14 14 

3x 2x 5a 
= cos — cos — cos — 
7 7 a 
5a 2x An 
=— cos — cos— cos — 
fi 7 7 

_ -sin8z/7 — 1 


8sin z/7 8 


16. (b) cos 2° 60828 caps cos2'0 2 
10 10 10 


sin 2 2 
_ lo _ 1 
256sin2?~ 26 
17. (c) cos 66s ef wees COS a 
11 11 11 


5a 27 3x Anz 5x : 
= | cos — cos— cos — cos — cos — 
( 11 11 1] 11 =) 


X 2H An 87 5x 
= | cos — cos— cos — cos — cos — 
11 11 11 11 11 


l6x 5a \ 5x Say 
sin —— cos — 2 sin —cos — 
1] ll | _ ll 11 I 
16sin— 32sin— 1024 
11 11 


Passage F: 
18. (a) 19. (c) 20. (c) 

(2 sin x — cos x) (1 + cos x) = sin? x 
=> (1+ cos x) [2 sinx —cos x —1+ cos x] = 0 
=> (1+cosx)(@2sinx—1)=0 
=> cosx=-—lorsinx=1/2 
so sina = 1/2 [asO<a<7z/2] 
=> cosa=v3/2 (1) 
Next, 3 cos? x — 10 cosx +3 =0 
=> (3 cos x— 1) (cos x —3)=0 
=> cosx= 1/3 ascosx #3 


22 


So cos B = 1/3, sin B = arm ... (2) 


and 1 — sin 2x = cos x — sin x 

sin’x + cos* x — 2 sin x cos x = cos x — sin x 

(cos x — sin x ) (cos x—-sinx—1)=0 

= Either sinx =cosx > sin y = cos y= 1/2 ... (3) 
or cosx —sinx=1=> cosx=1,sinx=0 
=> cosy=l,siny=0O (4) 
So that cos a + cos B + cos y can be equal to 


ae ee 


ESE Sue egy 5 ge eee eee | 
3 


2 3: ep pg) 
3/3 +8 
or 


= 364-052 46 
. 6/2 6 


sin o + sin B + sin y can be equal to 


m 3V2 +14 | _ 3+4v2 
62 6 
and sin (a — B) is equal to 
sin oa cos B—cos a sin B 


Mi, 1-26 


- 
3 2 3 6 


Ny |e 
x 


SECTION —VI (MATCH THE COLUMN TYPE ANSWERS) 


1. (i) > (b, ©); (il) > (a, b, ¢, d); (ili) > (€); Civ) > (a, b) 


(i) 


(i 


(ii) 


(iv) 


“UUUY 


E = cos? (A — B) + cos*B — 2 cos (A — B) cosA cosB 

= cos (A — B) [cos (A — B) — 2 cosA cosB] + cos*B = — 
cos (A — B) [cos (A + B)] + cos?B 

= sin?A — cos?B + cos?B = Sin’?A 

E is independent of B and C 

a = cosA cosB + sinA sinB cosC 

b = cosA sinB — sinA cosB cosC 

c= sinA sinC 

a? + b? = cos*Acos?B + sin?Asin*Bcos’C + cos?Asin?B + 
sin?Acos?Bcos?C 

= cos?A [cos?B + sin?B] + sin?Acos?C [sin?B + cos?B] = 
cos’A +sin?Acos?C 


a? + b? + c?=cos’A + sin? [cos?C + sin?C] = 1 constant 
x*+Ax+B=0 
Given tana + tanb=—A 
tana tanb=B 
tana + tanb —A A 
Now tan(a +b) = ————_ = ——._ = —— 
l-tanatanb 1-B- B-1 
sin(a + b) = ee 
VA’ +(B-1)’ 
sin (a + b) is independent of C. 
tan(A+B-C)_ tanC 2 tan(z-2C) _ tanC 
tan(A+C-B) tanB tan(z-—2B) tanB 
_ tan2C_tanC _ 2tanC/1—tan*C _ tanC 
tan2B tanB  2tanB/1-tan’B  tanB 


tanB| 1-—tan’C 


tan C = 0 or tan C =+ tan B 

C=nrt,;n€ ZorC=nr+B 
C>+B=nzbutBtCF nn. 

C =n. 

sin C + cos C + tan C = 0 + (-1)" + 0 = (-1)" which is 
independent of A and B. 


ne | -, 


2. (i) > (b); (il) > Cd); (ili) > (b); Civ) > @, b, ¢) 


(i) 


x sin’a + y cos*’a = sina cosa 
X sina = y cosa 


YUUNY YY 


=> 


=> 
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y =xtana 
Put y = x tan a in equation (1) 
X sin?a + COS’ a. “ =sinacosa 
cosa 
x sin’a + x sin a cos’a = sina cosa 
x sin’a + x cos’a = cos a 
X =cosa 
y =sina 
Moye 
, 2 . 4 
(ii) x= sind = ysin( += |= zsin{ +52] —k 
sin pa ee sin gee 
_ sind 1 | 3 1 3 
x ky k ae 4 k 
as sind +sin{ 0+2) +sin[ 0+") = 0 
x y zi k 3 3 
yz + xz+xy =0 => Xxy=0 
4+ Xxy =4 


=> 


(iii) A = sin? 8 + cos’*0 = (sin?0)* + (cos?0)’< sin’8 + cos”0 <1 


(iv) Given sinx + siny = 3 (cosy — cosx) 


=> 2sin oa cos( =) 
Z 2 
=3 2sin( 2 sin *=*) ... A) 
2 2 
2 Sf SS 3x -3 
Now sin3x + sin 3y = 2sin{ * eos a ») 
: x+y X-y)\)xt+y x-y 
ie 3 3 —_— | :‘— = 0, = 
sin 5 Joos [ ; 5 o(say) 
= 2[sin39 cos30] ... Al) 


From (1), we get, 


2 sin yy cos amt —3sin eee A = (0 
2 2 2 


. : xt+ 
Either in[ 


sin8 = 0 or tango = 1/3 [cos = + 


If sin8 = 0, then from (11), required expression = 0 
If tanod = 1/3 then equation (1) 1s true for all values of 


; + 
sin(* = | and hence for infinitely many pairs (x, y) 


- 1 
for which tan( 2 ») 5 1.e., the given expression 


1.e., sin3x + sin3y will not have a constant value. 


3 
3 3 
Alsoforcosb=+3/V10; cos3¢ = 4] +—— } - 3] +—— 
Y , [ + ( 4 


108 9 1 (108 108 ) 
oe £9 
10 


10 
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2 (108 9 or 1 (8 49) = 18 
V10 \ 10 V10\ 10 ~ 10/10 
18 


9 
sa) *oae 


. 510 
If sin30 = a which is possible for a pair (x, y) such 


that tan( ==) ae 


sin 30 =1 


sin3x + sin3y = 2sin30 [+ 


3. () > (d); (il) > (b); (ili) — (a); iv) > (©) 


(i) (a+ 2) sina + Qa— 1) cosa = 2a+ 1 
The equation a sinx + b cosx = c is solvable if 
e| <Va’ +b’ 
Here (2a + 1)? <(2a— 1)? + (a+ 2)’ is always true 
2tan(a / 2) _1-tan’(a/2) 
1+tan?(a/2)’ ~ 1+tan?(a/2) 


Let tan (a/2) =t 
given equation becomes 


2t ic a 
£9) = 24 (a 1)| —= |S 9041 
a ae ( (5) 


Now sina = 


(a+ 2).2t+(2a—1)(1-t?) =Q@a+1)(1 +t? 
2(a + 2)t + 2a — 2at?-1+ t?=2a+ 2at?+1+1? 
Aat? —2(a + 2)t+2=0 

2at? —(a+2)t+1=0 

2at? — at -—2t+1=0 

at [2t—1]-1[2t-1]=0 


1 
t= 1/2, t= 1/a; given tan— #— 
2 a 


t= 1/2 


VY J YUGUUUNY 


tana =<—$_—_—_—_—__ =——_= 
l-tan*(a/2) ,_ 1 


2tan(a /2) 1 4 
3 


1 37 
+—=— 
12 12 


37 
cot?8 = cosec?0— 1 | — 


(ii) cosecO = 3 


; es (37)? -(12)? _ 25x49 
(12) 12x12 


12 


coté = Be 
12 


pe 

cosecO +cos@ _ 127 12 eee 
8 8 8 48 

3 

4 


iy 29 8%) of | 
(iii) sin” | —— | = sin” | —-— |=cos’ | — 
18 2 18 18 


. 5f 47 
sin sy. = cos? (77/18) 


given expression 


np UTE . (47 
sin? (7/18) + sin?(z/9) + sin” ae + sin” | — 


9 
= in’ (2 +sin?| — eos" 4 e087 | |=9 
18 9 18 9 


a 
° @ auesioe® 
oy) An 
no = 2 

4 


Each term of the given expression is 1 
Required product = 1 


4. () > @); Gi) > ©); ill) > (b); (iv) > (a) 


(i) E=cos Qa + 8) + cos (2B + 8) = cos (2) cosO — sin 
(2a) sinO + cos (28) cosO — sin (2B) sinO 


= [cos2a + cos (2B)] cosO — sin® [sin (2a) + sin (2B)] 


Maximum value of E is 


[cos(2ar) + cos(2 B)) +[sin(2@) + sin(28)]’ 


= J1+1+2[cos(2@)cos(2f) + sin(2a@)sin(2 £)] 
= 2+2cos(2(a — B)) 
= ,/2x[1+cos(2(a - f))] 


= 2.cos(a — B) 

(ii) E = cos(2a) + cos(2B) = 2 cos (a + B) cos (a — B) 
Since maximum value of cos (a — B) is 1 
Maximum value of given expression 1s 2 cos (a + B) 


(iii) Va,Be (0, 
Sec 2a and sec 2B are both positive. Now, applying AM 
> HM 


cos2a +cos2 8 ‘ 2 
2 ~ sec2a +sec2f 


=> sec2a +sec2 £8 =——_—_—____ 
cos2a +cos2f 


=> sec2a+sec2f2= ee 
cos(a + f)+cos(a — Bf) 
2sec(a + f) 
cos(a@ — f) 
2sec(a + B) 
cos(@ — B) 


=> (sec2a+sec2f) . =2sec(a + Pf) 


(iv) H = Jtan@ + cot @ —2cos(2(@ + B)) 
tan8 + cot0 > 2 


= tanOd+cot@—-2 cos (2 (a+ B)) >2-—2 cos (2 (a+ B)) => 
2.2 sin*(a + B) 


Minimum value of given expression is 2 sin (a + B). 


=> sec2a+sec2f = 


=> sec2a+sec2f >| 


= 2sec(a + f) 


SECTION —VIl (ASSERTION AND REASON TYPE ANSWERS) 


1. (a) 


Using A.M > GM. 
tan A+ tan B+tanC 
3 
Also in a A; tanA + tanB + tanC = tanA.tanB.tanC 


> (tan A tan BtanC)'”? 


eee “ ane > (tan Atan BtanC)"”? 

Let t = tanA tanB tanC 

t > 3(t)! 

Cubing both sides we get, t? > 27.t 

t[t?— 27] >0 = 1(t-3V3)\(t+3V3) >0 
t>3 x3 


Minimum value of I tanA is 3V3 
Assertion is true and reason is correct explanation of 
assertion 


2. (d) a? + b?+ c?— ab — be —ca 


3. (a) 
4. (a) 
5. (a) 

=> 


= *h 2a? + 2b? +2c? —2ab -2bc —2ca | 
Z 


- =[(a-)" +(b-c)’ +(c-a)’|>0 
a? +b? + c¢?> [ab + be + ca] 
ae ab+bce+ca 

a’ +b> +c’ 


Assertion 1s wrong reason is correct 


( 21 [ =) 
cosa +cos| ~@ +— |+cos] a +— 
5 3 
q 
= cova +e0s{ x“ hat] +00s{ +2 +0) 
qt 5 
= cosa +cos| x-(—a}|+009{ 2 4( Za] 
(a oa 
= cosa —cos| —-—a@ |—cos| —+@ 
(5 -a)-on[ F +4] 
(a U 
= cosa —| cos| —-—a@ |+cos| —+a@ 
eo[ 5a) +0 3+) 
= cosat-2e05{ = Joosar=0 
3 | =) ( =) 
cos’ acos’ | a +— |+cos’| a +— 
3 3 
(+ [2+] 
3cosa@cos aes cos aera 


In second quadrant sin x is a decreasing function. 
2=3 => 


sin 2 > sin 3 


cos (B — y) + cos (y — a) + cos (a — B) = - 


2cos( 8 — v) +2cos(y —-a)+2cos(a — £)+14+14+1=0 


=> 


=> 
=> 


Trigonometric Ratios and Identities < 1.135 


sin’a + cos’a + 2 cosB cosy + 2sinB siny + sin?B + cos?B 
+ 2 cosycosa + 2 sinw siny + sin*y + cos*v + 2 cosa + 
cosB + 2sina sinB = 0 

(cosa + cosB + cosy)*+ (sina + sinB + siny)?= 0 

cosa + cosh + cosy = 0 and sina + sinB + siny = 0 
Hence assertion is true but reason is not correct expla- 
nation 

Since a? + B? = 0 

If a, B € R then a = B = 0 is only possibility 


6. (a) R: tanB = tan [ao —a+rBh—(r— 1)B] = tan [(a + rB) — tan 


[a+(r- 1)B] < 1+tan(@ +r) tan(a +(r -1)f) 
. fae Bye ne 
1+ tan AtanB 


Hence reason is correct. 
A: From reason 


tan B[1+tan(@w +r f)tan(a +(r -1) 8] 
= tan(a +r) -tan(a +(r-1)f] 


tan(a +rf)tan(a +(r -1)£) 
7 tan B 


1 


Required sum = 5 tan(or +r f)tan(a +(r -1)f) 


r=1 


1 n n 

= ar ae +rfB)—tan(a +(r =e) 2 
tan(a + #) - tana + tan(a +2f)- 

=—— =| tan(a + f) + tan(a +3) -tan(a+2f)|-n 
...tan(a +nf)- tania +(n-1)P 


tan(a +nf)—tana tan(a +nf)tana —ntan B 
= —_—_—_—a—a—“______ - hi [lll 
tan £ tan B 


7, (a) A: 7 s0c* +16) >tanxse0—1) = 2tanafl +4sinat 


=> 


17 sin x 2sin x 


+8 -16= 


- — [1+4sin x] 
COs” x COS” x COS x 


17+8sinx—-—l6cos*x 2sinx 

esas eee [1 +4sinx] 
cos’ x cos x 

l 


J17 +8sinx—16(1-sin? x) = 2——~(1+4sin x) 
x 


COS X COs 


V(4sinx +1) =2sinx(1+4sin x) 


[4 sin x +] =2sinx(4sinx+1) for x € [0, x] sinx >0 


Asinx + 1 =2 sinx (4 sinx + 1) 
sinx = — 
2 
Hence two solutions possible. Also |x| = x “ x € R* is 


true by definition. Hence assertion 1s true and reason 1s 
the correct explanation of Assertion. 
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8. (c) Reason is wrong: because tan (A, + A, +... +A,) = 


10. 


> 


YUdY 


(a) A: Since x, y € 0.2 | 


“UY 


Y J 


S Set Sao Se 


tan A +tanB+tanC — tan Atan BtanC 
1- tan A tan B - tan BtanC - tanC tan A 
Ifx +y +z=7 then tan (x +y +z) =0 

tanx + tany + tanz = tanx tany tanz 


tan(A+B+C)= 


tanx tany  tanz 


Given =k 
2 3 
tanx = k, tany = 2k, tanz = 3k 
k + 2k + 3k + 6.k? 
6k? — 6k =0 => 6k[k?-—1]=0 
k=0,+1,-1 
But k #0 


Only 2 solutions. Hence assertion is correct. 


2 


Therefore all tan*x, tan*y, cot?x, cot’y are positive. 

Using A.M > G.M for the numbers tan‘*x, tan‘y, 
1 1 

tan’ x.tan’ y tan? x.tan’ y 

1 


tan’ x+tan* y+ -——,—— 
tan” x.tan~ y 


tan’ x.tan’ 
We get zs 


4 


] ] 
24 tan* x.tan* y———__—. —_.—_— 21 
tan” y.tan” y tan” x.tan” y 


tan‘ x + tanty + 2cot? x cot?y > 4 
LHS > 4 

Also 0 < sin?(x + y) <1 
3<3+sin(x+y)<4 

RHS < [3, 4] 


Only equality holds i.e., sin?(x + y) =+ 1 


x+y=— 
oo 


tan*x + tan*y + 2 cos’x cos*y 
ya 3 ,({ 2 
Sanket ane ae +2cot’ xcot Pi 


= tan*x + cot*x + 2 = (tan’x + cot?x) 
tan’x + cot?x = 2 => tanx=1 
x = 7/4 and y = n/4 
Only one solution. Also reason 1s correct by deification 
and reason is correct explanation of assertion. 
4 2 

fa- = 

x -x' +1 
xty —x*y ty = x*-—3x’?+3 
(y — 1) x*+x?*[3-—y] + (y —3) =0. Which is a quadratic 
in x”. 
Let x” = 
(y—1)t?+ G-y)t+ (y-3)=0 ere 60, 
D=>0 


_ x’ —3x? +3 


=> y 
xi - x7 +1 


J UUYNY 


y 


YUN J 


11. (c) A: 


9+y*-6y-4(y-1) (y-3)=0 

y’— 6y + 9 —4y’+ loy —12>0 

3y?- 10y +3 <0 => 3y?-9y-y+3<0 
syV.1y Sally Sia 0 


1 
[y-t}o-9s0 


l 
€|—,3 we All 
y E | (11) 
Also we have supposed x? =t andx e€ R 
both roots of quadratic (1) must be positive. 
ae 
Sum of roots > 0 => _B=y1, 9 
y-l 
y-3 - 
‘gee => y<lory>3 ... (ill) 
y- 


From (i) and (11) 
1 
Range of f(x) is =. 


Similarly js 

xi +x? 41 
x= x? +1 

ar Fee 

Xyt+xyty=xt-x?4+1 

(y-I)x*+x'(1+y)+(y-1)=0 

(Vy¥-)D?+d+yt+(y-1=0 

D=0 

y'+1+2y-A4(y’+1-2y)>0 

3y?- 10y +3 <0 


1 
€|—,3 
. | 


Also sum roots > 0 


ay+l 4 ytl yg 
(y-]) y-l 
y €(-l, 1) 


1 
Range of g(x) is =. . Hence reason is correct 
sec'9—3tan°@ _ (1+tan’6)’ —3tan’d 
sec’ @ — tan’ @ (1+tan*@)* — tan’ 6 
_ tan*@-tan’O+1 — x*-x° +1 


Se | nee tang] 
tan’@?+tan° @+1 x +x +1 


Race E 7 
ange 18 | —. 
ae 


Assertion 1s true and reason is the correct explanation of 
assertion 


A: Let y= 


ee Se ee ee ee 
tan(@+a) tan(O+f) tanO+y 


x  tan(@+q@) 7 sin(@ + a)cos(@ + f) 


y - tan(@+f) cos(@+a)sin(@ + B) 


12. 


13. 


Applying componendo and dividendo we get, 


x+y sin(@+a)cos(@ + B)+cos(@ + a)sin(@ + f) 
x-y . sin(@ +a)cos(@ + B) -—cos(@ + a)sin(@ + Bf) 


= sin(26 +a + B) 
sin(a — B) 


Clearly reason 1s incorrect 


Now = TY sinla — B)=sin(26 +a + BP) 
x—y 


=> ey) cs — B)sin(a — B) = sin(26 +a + B)sin(a@ - B) 


+y . 
=> ae sin2(a — B) = sin (2q + a+b) sin (a—b) 
xy 


[cos(20 +28) —cos(26 + 2a)] 


Ny |e 


Similarly 
y +Z sin’(B = v) = [s0s(20 or 27| al cos(20 + 2£]] 
y-z 


ao sin’(y —a@) = =[:05(20 + 2a) -cos(26 + 27)] 
z—-x 


xt+ . : : 
eA sin? (a = B) =0 . Hence assertion is correct. 


(a R:\V4-VB]< 4-3). (i) 


Which is true for positive A and B and also reason is the 
correct explanation of assertion. 

Casel: A>B 

Squaring equation (i), we get 4+ B- 2VAB < A-B 


2B <2VAB = J/B< JA 


Which is true. 
Casel: A<B 
Squaring equation (i), we gett 4+B-2VAB<B-A 


24 <2VAB = JA< VJB 


Y y 


=> 
=> Which is true. 
Thus reason is correct. 
By reason 
sin’? x +2a” -V2a* -1-cos” x|<,||sin? x +1+ cos” x| = J2 


Maximum value of expression = V2 


= Assertionis correct. ©. (a) 


(b) «. A, B,C, D are angles of a quadrilateral; A +B +C+ 
= 2x and A, B, C, D é€ (0, 27) 


D= 
= =. € (0, z) 
A 


C D 
=> sin—,sin—,sin—,sin— >0 
a ye 2 2 


N | os 
fee 1 


By A.M. 2 G.M. we have 


ne > epee OMe 8, oe. eee > aes Cee © 
in— + sin— +sin— + sin— 2 4.4/sin —. sin—.sin —.sin— 
2 2 2 2 2 2 2 


3. Given that 
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A VIB Ate DY 
sin— + sin— + sin— + sin — A.B .C.D 
=> | —4—\___+_{_+®_ | 2 sin—.sin—.sin—.sin— 
4 Z 2 2 2 


sin A 


BB... E>. 
A B C D + sin — +sin—+sin— 
= sin—.sin—.sin—.sin— < 

2 g; 2 2 4 


Here maximum value is obtained for 
A B C D 

sin— = sin— = sin— = sin— i.e.,for — =— =— =— =— 
2 2 2 2 


Le3;A—-B=C=D=n7/2 


4g 
age _ v2 _l 
2 2 2 2 4 4 


-A. B.C. YD 1 
sin —sin—sin—sin— =— forA=B=C=D=7nx/2 
py 2 2 2 4 
=> ABCD isa rectangle 


Clearly reason is correct, but does not correctly explain 
the assertion. 


SECTION—VIII (INTEGER TYPE ANSWERS) 


. Let u=Va’cos’6 +b’ sin’? 6 +Va’sin°@+b’cos’@ , then 


maximum value of m? = 2 [a? + b?] 
Minimum value of m? = (a + b)? 
Difference between maximum and minimum value of 
m7? is (a — b)? 
Here a=4,b=3 
Required difference = (4 — 3)? = 
Ans. 1 


2 ; 4 
. We know that sina + sin{ a +22) + OG a = 0 and 


2x An 
cos@ +cos aes +cos as =0 


3 3 
m_ 2 
n 3 


=> m’?+n’?=> Ans. 13 


axsin@ — bycos@ 
cos’ @ sin’ @ 


sin’@ cos’@ 


=> axsin?O@=bycos0 => 
by ax 
sin@ — cos@ _ 
(by)? (ax)? 


=> sin0=k.(by)!3, cos0 = k (ax)!3, Also sin?0 + cos?0 = 1 
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=> k2(by)?? + k? .(ax)3= 1 


a 
(ax y +(by Nee 
1] b 1/3 
(ax) ” +(by) ax)? + (by? 
_ (ax)? 
sr > 2/3 2/3 
y (ax) + (by) 


He os 
cos@ me 


= — ax)?” + (by)? + = ax)?” + (by)? =a? —B? 
(ax : ) 
axy?? + (by)? | (ax)? + (by)*? | ay ee 
— [(ax)*? +(byy ep? = a’ = b? 
= (ax)*” +(byy? _ (a? -b*y? 
k =-1 .. Ans, -1 


Also we have a* — b? 


y 


1 
2cosA =x+— => x’*-—2cosAx +1 =0 
x 
=> x=cosA+ isinA 
Similarly y = cosB + isinB 


* +2 = cos(A— B) +c0s(B - A) = 2cos(A - B) 
y Xx 


Hence k = 2 as: 


Ans. 2 
Jsin A +Vsin B +VsinC = 5 


[;~ A=-B=€=60"] 
Let t = v3/2 
Given equation becomes 3Vt = Vk 
Squaring both sides, we get 9t = kt? 


=> kt=9 


3 


Ans. 12 


. Using sin 2x = 2sinx.cosx 


2 
= V4sin* @ +4sin’ 6.cos’ 6 + 2005( = +2 
4 4 
- 2 - 2 2 0 2 (ed : 
= ,/4sin’ 6 +(sin’ @.cos’ 0) + RD) eS tS 


= 2sin@ + 2(1-sin@) =2. 
Ans. 2 


1 
>, "C, [coskx.cos(n +k)x + sin(n —k)x.sin(2n —k)x] ...-(i 


bt 
—* 


= (2" —k)cosnx 


8. As we know that cos36° = 


9. tan(60) = 4/3 


n-l a Oi 


L.HS. = us 


sae” —k-n+k)x-cos(2n-—k+n-—-k)x] 


“lcos(k +n +k)x +cos(k —n—k)x 


amy OF besoin +n)x +cosnx + | 


1 2 | cos(n)x —cos(3A —2k)x 
n-l Hn 
= —Heos(n + 2k)x —cos(3n —2k)x +2cosnx] 
k=1 
L +2k +3n 4) 
2 sin| ————————_ 
7 n-1 ger 2 
25 . a 
xsin — 97 = x+2cosnx 
n-l] R 
= [2sin 2nxsin(n — 2k)x +2cosnx]| 
k=1 
n-1 


= >)"C, [4 sin xcosnxsin(n — 2k)x +2cosnx] 
= > 4 On | (cosnx) (2 sinnxsin(n — 2k)x +1] 


= a Oe | cos nx [cos(2kx) —cos(2n —2k)x + 1] 


1 n-l 


= >7"C, cosnx[cos 2kx — cos2(n —k)x]+ >) "C, cosnx 
k=1 
Now, > "C, cosnx[cos2kx — cos 2(n - k)x] 
n-1 i 
=>) "C,_, cosnx[cos2(n — k)x — cos2(k)x 
k=] 
=> It equal 0 
= > "C, cosnx = cosnx( "C, $°C, +. C5) 
k=1 


= cos nx [(2)" —2] = ((2)" — k) cosnx (given) 
= k= 2 


SE 


4 


cat 7 )° = 2 +3 +V4+V6 


15 
Acos36° + cot es : 


=V5+1+V2+V3+ 4+ V6 
=V1+V2+V3+V44+V5+V6= Diy ok =6 


Ans. 6 


= sec’(60) = ia 
9 9 


cos(6@) = t= 


3 
Case 1: cos(6@) = A => 3=5 cos (60) 


10. 


11. 


12. 


= sin(60) = 4/5 = 4=5 sin (66) 


Now = [4eosec(26) — 3sec(20)] 
2} —sin(2@)cos(20) 


2sin(2@)cos(20) 
_ Sfsin(40)] _ 5 
sin(4@) 
Ans. 5 


Roots of x*— 7x?+ 5=0 
are tana, tanf, tany 


Now to form an equation whose roots are sec?a, sec”B, sec”v 


Put y=1+»x? => x=Jy-1 


3 
Equation (1) becomes (Jy = 1) —-7(y-1+5=0 


(y-lJy-1=7y-12 
Squaring both side we get (y — 1)? (y —- 1) 
= 49y? + 144 — 168y 


=> y-y*+ty-—1-—-2y’? + 2y — 49y*— 144 + 168y = 0 


=> y3— 52y?+ 17ly — 145 =0.....4i) 
Now roots of equation (ii) are sec’a, sec*B, sec”y 


sec’a. sec’B . sec*y = Product of roots of equation 


(11) = 145 
Ans 145 


_ (23 =) (=| 
sin| —z7 |}=Ssin| Z —— |=siIn| — 
24 24 24 
eee 
942 


Using 1 — cos = 2 sin’(6/2), we get 


2sin?| — |=1-cos| — 
24 12 


(Se 
, (£)- 2V2 


Now cos( =] = cos(15°) = 
12 


=> sin” a 
2 
=> sin( =)- 2V2 - v3 -1 
24) Vaya 
P= 2.932 p?-q-r=9 
Ans. 9 


sinx + sin?x + sin¢x = 1 => sinx + sin*?x = cos’x 


Squaring both sides we get sin’x + sin°x + 2sin*x = cos*x 


=> 1-cos’x + (1 —cos’x) + 2(1 — cos’x)? = cos*x 


= 1-cos’x + 1 —cos*x — 3cos’x(1 — cos’x) + 2(1 + cos*x 


— 2cos’x) = cos*x 


=> 2 — cos*x — cos’x — 3cos*x + 3cos*x + 2 + 2cos*x — 


A4cos’x — cos*x = 0 
=> 4-cos*x — 8cos’x + 4cos*x = 0 
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cos*x = 4 — 8cos?x — 4cos*x 
cos*x — 4cos*x + 8cos?x = 4 
Required value = 4 

Ans. 4 


UU SY 


gabe 
x 1+co0sl5° =f 22/22. +3. 41 
13. COS SS 
V3 -1 


24 sinlS® is 3-1 


ve 
(2V2 + 3 +1)V3 +1 aden ees 
2 


J2+V3+V4+J6 
= Vp +Vqtvrtvs (given, p<q<r<s) 


=>p=2,q=3,r=4,8s=6 
>ptqtrt+s=3 


14. Divide by cos‘a 
= 15 tanta + 10 =6 secta 
=> 15tanta + 10 =6(1 + tan’a) 
=> (3 tan’a —2)=0 
tan’a = 2/3 
=> cosec’a = 5/2; sec?a = 5/3 
=> 8cosec’a + 27sec’a — 241 


~ 5( 2 }+27{ 22) —2a1 =9 
8 8 
15. °. cosA + cosB + cosC = ti 


4 
Seal. 
2 4 


1+ aaa ae sin 
2 2 
A.B, 
4 sin— sin— sin—= — 
2 2 2 
_3 >k=3 
A 


Ans. 3 


< 
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16. °. E=(cos’x + sin’x)? — 2sin’xcos’x — k?(cos?x — sin?x)* 


= ] — 2sin’x cos’x — k? [1 — 4 sin’x cos’x] 
= (1 — k’) —2 sin’x cos’x (1 — 2k’) 


E is independent of x if k” = > 


me 

2 
t=2 
Ans. 2 


17. tan 7 ey a ee ee 
wn £=2-1= V3-Wi 
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=> P=4:0-3,.R=2,8>=1le-I=5 
APQT is right angled triangle 


Atea= —*3x4=6 


Area of rectangle = 2 x 1=2 
Required sum = 6+ 2=8 
Ans. 8 
18. 2 B=60°, ZC =45° 
BD _ AD 
ZBAD _ sin60° 


Z BAD = BD x v3 
AD Z 


Now 


/» (\ 

Tp a © 
CD _ AD 

ZCAD  sin45° 


Also 


Dividing (1) by (11), we get 


] 1 
Ue de (given) >k=6 


2a An 
. X=y cos —=Z cos — 
3 
=> x=-2 =_75 y =z=-2x 
2 2 


xY PyZ zx = 2x2 + 4x2 2x2 =0 


. (1 -cot 1°) (1 — cot 44°) 


= 1 —cot 1° — cot 44° + cot 1° cot 44° 


cotl°cot 44° -1 
cotl®°+cot 44° 


1 — cot 1° —cot 44° + cot 1° cot 44° = 2 
Similarly (1 — cot 2°) (1 — cot 43°) = 2 and so on 
Total pairs are 22 
(1-cot 1°) (1-cot 2°) ..... 
(1 — cot 44°) = 2”= 2 

= th=22 


cot 45° = cot (1° + 44°) = 


ZBAD _ BDV3/2_ BD V3 
ZCAD CD/VN2 CD Y2 


Trigonometric Equations 


BExintRopucTION 


We have already learnt trigonometric identities. What is 
trigonometric equation? What is the need of learning trigo- 
nometric equation. How are the trigonometric equations 
distinct from the trigonometric identities. These are some 
of the questions which will come to your mind when you 
come across the problem related to trigonometric equations 
and begin to study this topic. 

The need for study of these equations will be realised 
as we proceed further. Whereas any Tnigonometric Identity 
is satisfied for every value of the unknown angle, the 
Trigonometric Equation is satisfied only for some values 
of unknown angle. e.g.,] + tan’@ = sec” 0, sin30 = 3sin0 
— 4sin°0 are trigonometric identities and sin3 x = sin x 1s a 
trigonomerical equation as it would be satisfied for some 
(discrete real) values of x. 

Thus every trigonometric equation is not trigonometric 
identity but every identity 1s a trigonometric equation. This 
satisfies our first query. Application of trigonometric equa- 
tion lies in dealing with Heights and Distance, Architectural 
design, Mechanical engineering. Astronomy, Surveying and 
numerous other fields of science and technologies. 

Specially discussing the solutions of trigonometric 
equation as well as inequalities geometrically 1s interesting 
and if practiced efficiently gives very quick and convenient 
visual way of analysing the equations and inequalities. 


¥: TRIGONOMETRIC EQUATIONS 


The equations involving one or more trigonometric 
functions of unknown angles are known as trigonometric 
equations. e.g., cos@ = 0, cos’@ — 4 cos@ = 1, sin’@ + 
sin8 = 2, cos20 — sin3 0 = 1. 


CHAPTER 


Trigonometric identity 1s an equation which 1s satisfied 
by every value of unknown angle where as trigonometric 
equation is satisfied only for some (finite/infinite) values of 
unknown angles. 

e.g., cosec”0 — cot? @ = 1, sin’@ + cos? = 1, cos20 = 
cos’@ — sin’@ are trigonometric identities. 


Solution of Trigonometric Equations 


A solution of a trigonometric equation is the value of the 
unknown angle that satisfies the equation. 


l 
e.g., sind = ay 


1 qt 3n On (II 

=> @=— ord= —, —, —, — , 

4 4’ 4 4 4 

Thus, the trigonometric equation may have infinite 
number of solutions and are classified as: 


(i) Particular Solution 
(1) Principal Solution and 
(11) General Solution 


Particular Solution 


Any arbitrary value of unknown angle which satisfies the 
equation 1s called particular solution. 

e.g., 0= m4 1s a particular solution of equation sin@ + 
cos = V2 


Principal Solution 


Principal solution is the value of unknown angle belonging 
to the principal domain of trigonometric function. It is 
numerically the least value of the angle. The principal 
domain for a trigonometric function 1s defined as an interval 
belonging to the domain of said function in which it is 
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biyective 1.e., strictly monotonic and takes up all possible 
values, conventionally. It is considered nearest to origin 
preferable positive. e.g., the equation sin@ = 1/2 is satisfied 
by the angle 0 = —72 /6, 1, 52/6, .. etc., but only 7/6 lies 
in the principal domain, so 7/6 1s principal solution and 
general solution is always expressed in terms of principal 
solution. Principal domain for trigonometric functions are 
given below: 


Trigonometric Function Principal Domain 
[-2/2, 2/2] 
[-n/2, 2/2] ~ {0} 


sin x 
cosec x 


COS X [O, 7] 

Sec x [O, a] ~ {2/2} 
tan x (—n/2, 1/2) 
cot x (O, 7) 


General Solution 


Since tngonometric functions are periodic, a solution can 
be generalized by means of periodicity of the trigonometric 
functions taking the help of principal solution. The solution 
consisting of ‘all possible particular solutions’ of a trigono- 
metric equation is called ‘general solution’. 


ILLUSTRATION 1: Find the General, Principal and Particular solution of the trigonometric equation 


qa) sin 0=0 (11) sind = | 


SOLUTION: sin 0 = | 


(au) sin 0=—-] 


FIGURE 2.1 


2 Z 
1 


General solution 


nt,ne Z 


Qnr+——:n ER In7z——;,nEZ 
2 2 


ILLUSTRATION 2: Find the General, Principal and Particular solution of the trigonometric equation 


(1) cos 0=0 (11) cos 8= 1 


SOLUTION: cos 0= | 


(111) cos 0=—-] 


FIGURE 2.2 
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ee 


Particular solution 


Principal solution 


General solution 2nnt i ne 2 Inc ne Z (Qn+l)enEeZ 


ILLUSTRATION 3: Find the General, Principal and Particular solution of the trigonometric equation 
Gi) tan = 0. Gi) tan @= | Gu) tan @=-1 


SOLUTION: tan 0= | 


¥: 
1 
—2n =i fe) 1 2m Xx 
_ On im | 98 f on 3 2 m3 3m Sm} 7m Qn 
4 4 i 4 4 i 4 4 4 4 4 4 
4 
FIGURE 2.3 


Principal solution 


General solution nz, nEZ n+ nEZ ne nEZ 
General solution of equation sin® = k . snO=0@0=0,4 4,4 2n, + 3a, .... 
& O=nar,ne ZL. 
Theorem?: sind=0< @0=na, wherene Z. . snd=00 0=nz7, ne Z. 


Proof: We know that sin@ = 0 for all integral multiples | Theorem 2: If 0 = a@ be one solution of the equation 
of 7. sin6 = k where -1 <k <1 1e., the general solution is given 
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by sin 0=sina @& 06=n7+ (-1)" a, where n € Z. and 
a € [-2/2, 2/2]. 


We have, sin 6 = sin a, where 
en 
aée|l-—,— 
2 2 
O@+a\.(@-@ 
& sind-sna=0<—2cos 5 sin 5 = (0. 
O0+a ._(@-a 
& cos [ ) -oorsin[ 5 )-0 


2 
Q- 
)=em+)Z,meZor| 


Proof: 


(a+e 


me Z. 


& (0@+a)=(Qm+1)a,me Zor 
(0-a)=2mn,me ZL 


0=(2m+1)n2-a,me ZorO=Qman)tameZ 


. 


0 


6 = (any odd multiple of 2) — & or 
0 = (any even multiple of z) + a 


ILLUSTRATION 4: 


SOLUTION: 


& O=nn+(-l1)"a,wherene Z.. sinO=sina 


<& @=nn+(-1)"a,wherene Zandae 2, 4 


Graphically 

Clearly, there are two sets of solutions. 
0=a,27+0,427+ 4, ..... = 2kn+a and 
O0=n-a,3m-a,52-4,..... =(2k+ l)x-a 


So (@1s even multiple of 2) + a or (odd multiple of 7) 
— a, taking union of these two, we get the general solution 
6=nn+(-1)"a. 


—2T+A-T-Ol 


FIGURE 2.4 


Find the general solution of equation sin@ = 1/2. 


We know that sin 2/6 = 1/2. So equation reduces to sin@ = sin 72/6 


So general solution of the given equation is 0 = naz + (-1)" 76, ne Z. 


ILLUSTRATION 5: Solve sin 2x = J/2 cosx 


SOLUTION: 


We can write the given equation as 2sin x cosx — /2cosx =0 


] 
=> 2 cos x(V2 sinx—1)=0 => toss — 0 or sin x= ay 


1e.,x = Qn+1)— ne ZLorx=knt+(-l} a= Z 


union of the above two constitute the general solution. 


ILLUSTRATION 6: 


SOLUTION: Since sina, 1, cos2a@ are in GP. 


If sina, 1, cos2 are in G-P, then find the general solution for a. 


=> 1=sina cos2a => 1 = sina (1 — 2sin’a) 


=> 2sin’a — sina + 1 =0 > (sina + 1) ( 2sin’a — 2sina + 1) =0 


=> snat+1l=0(. 2sin?a-—2 sina +1 = sna 2) too 


sina = —] > sina = sin (—7/2) 


l 


= n+" -2), nel, > g@=nnt+ co(2 nEZ, 
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ILLUSTRATION 7: Solve cos’0 — sind = —1 
SOLUTION: Given cos’0 — sin@ = —1 and applying the relation cos*0 = | — sin’0 and writing the given 
equation as a quadratic equation in sin@, we get sin*@ + sin@ — 2 = 0 
Factorizing, we get (sin@ — 1) (sin@ + 2) =0 
Thus sin@ = 1 or —2, and since sin@ cannot be equal to —2 
> sm@=1>0=na+(-l)"a2,nEZ 


ILLUSTRATION 8: Solve the equation sin (x + 7/4) = sin 2x 


SOLUTION: Considering the value of 2x as a particular solution of x + 7/4 the general solution is given by 
x+ 2/4 =na+ (-1)" 2x,n € Z since the sine relation is involved 


na — 71/4 


ee ee 
ears: 


Solving this for x, we get x = 


Taking two cases n = 2m and n = 2m + 1, we get 


(2m+)a—-7/4 


mez 
3 


x= + 2mm. m eZ 


TEXTUAL EXERCISE-1 (SUBJECTIVE) 


1. Find the general solution of the following: (b) sin 8+sin 76 = sin 40 
snes ots. (c) cos @—sin 30 = cos 26 
a0: (d) sin7 0 = sin 6+ sin 36 
(b) sin @= 1 4. Solve 
ay + | —| 
(c) sin 6= —I (a) sin #9 9 cin 9 sino 


2. Solve the equation: 


(b) sin m@ + sin nO =0 
(a) sin 96 = sin 0 (b) sec@ =—J2 


. 5. sin @+ sin3 6+ sins 6 = 0 
3. Solve the following equations for 0. 


(a) sin3@+5sin@=0 
Answer Keys 
1. (a) O= n+) ,8n+3)—n P Z (b)2nn+— 0 eZ (c) na; nel 
3 
2. (a) 9=7F Qnt) an eZ (b) 0 = Intt—-; neZ 


xz i XN 
3. (a)nz,ne Z (b) 7 ot (anne | neZ (c) 7 or( ni }a or( 20-3] eZ 


l 
(d) oor [anaes | neZ 4(a) 2ma or em eZ (b) art or (2r +1) La =a! 


nL m+n m-n 


5. ee et je RineZl 
3 3 
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General solution of equation cos 0 =k Proof: We have, cos 8 =cos a, where a € [0, 7] 
& cos @-—cosa =0 
u 
: = = (2n + 1)— 
Theorem 1: cos 0@=0 2 0=(2n pt se (044 (0-4 
= —2 sin 5 sin 5 = 0. 
Proof: We know that cos 6 = 0 for all odd multiples of 
ie | (zz3 vor bet ; 
3 = sin = 0 or sin = 
geosoegas a a 2 2 
Z 2 2 
e 0+a 0-a 
2 0=Qntl)>neZ = 7 =n or 7 =nn,ne ZL 
ss = 0 SOS Uns. eZ & O0+a=2n7n or @-a=2naz,neZ 
2 & 0=2nn-a or @=2nnat+a,ne ZL 
Theorem 2: If—1 <k <1 and a 1s one solution of cos 6 = ee ee eee 
k, then the general solution is given by cos = cosa & @ 
=2nnt+a,ne Zandae (0, z]. & 0=2nn+a,ne ZL, wherea e€ [0,2] 


Graphically 
2n-a 2n 2n+a 
FIGURE 2.5 
Clearly, we have solutions of the type taking union of these two, we get the general solution 
= = 
0=a,2n7+0,4a7+4,..... =2knat+a ene 
0=-a,2n7-a,4m7-,..... =2kn-a 
REMARKS 


1. Thesolution of cos0= 1 is 0=2nz7+0=2nz7, ne Z. 


2. The solution of cosx = 0 is xX = 2na + 7/2, n € Z. That is x = (4n + 1)nz/2, n € Z. Since numbers of the form 
4n+1,n€ Zand those of the form 4n - 1,n € Z together exhaust all odd integers, we may write the solutions 
more compactly in the form x = (2n+ 1)7/2,ne Z. 


3. The solution of cos0 = -1 is given by 0 = (2nn + 2),n € Z. That is 0 = (2n + 1)z,n € Z. Now numbers of the 
form 2n + 1,n € Z are the same as those of the form 2n - 1, n € Z because both are collections of all 
odd integers. Hence avoiding duplicity, we can write the solution in more simple and compact form as 
O=(2n+1)z,ne Z. 


ILLUSTRATION 9: 


SOLUTION: 


ILLUSTRATION 10: 


SOLUTION: 


ILLUSTRATION 11: 


SOLUTION: 


ILLUSTRATION 12: 


SOLUTION: 


Trigonometric Equations 


Solve the equation sin x + sin 5x = sin 3x. 


Let 2sin 3x cos 2x = sin3x .. sin 3x = 0 or 2cos 2x = | 


=> sin 3x = 0, => 3x =nT 
=> cos 2x = 1/2, => 2x =2nnr+ 13 
Therefore x = n7/3 or nuxzi7/6 


Solve sin 6x + sin 4x = 0 


Applying the formula for the sum of sine, we get sin5x cosx = 0 


If x is a solution for the equation, then at least one of the following equation 1s true. 


sin 5x = 0 or cosx =0 


< 2.7 


G) 


Gi) 


Conversely, if x is a solution of one of the equation (11) then it is solution of equation (1) as well. 


cue . ” 3 : nit 
So the equation (1) is equivalent to the equation (11). Equation (11) has the solutions x = a 


a Qn+)= whereneZ 


Find general solution of cos3@ = sin20. 
This can be solved by two different methods: 
Method-I: We can write the given equation as cos30@ = cos & 26 | 


1 
=> 30 = Inn +| 20) where n € Z 
= 50 = Inn + — and also 0 = Inn ~~ 


> d= n+) and d= 4n—)— where n € Z 


Method-I: sin 2@ = sin (z 30) => 20=nnr+(-l)” (= - 30] 


Casel: When 7 is eventi.e.,m = 2m, wherem € Z 

A A 
20 = 2ma+ (= 30 | => @= es where m € Z 
Case ll: When nis odd,n=(Qm+1)forallme Z 


26 = m+ yx-(=-36 = @=—(4m +1) — where m € Z 


Solve sin?x + sin? 2x = | 


l-cos2x Il—cos4x _ 
seed hein =a = 


The given equation can be written as | 


= cos 2x + cos 4x =0 > 2 cos 3x cosx =0 


> cos 3x = Die, 3x = Ont 1) = x= (2n+1)—, where n € Z 
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or cosx=O01e,x=Qm+1) S «where m eZ 
1 ; 1 
Since all the solutions of x = (2m + 1) a are included in x = (2n + 1) x 


1 
So, the required solution can be written as x = (2n + 1) = ‘ne Z 


ILLUSTRATION 13: Solve cosx — 2sin? x/2 = 0 


SOLUTION: The given equation can be written as cosx — (1 — cos x) = 0 
=> 2cosy= | > cosy = 1/2 — cas 23 
=> x=2nrntinaBinEe Z 


ILLUSTRATION 14: Solve sinx + sin3x = 2cosx 


SOLUTION: The equation can be written as 2 sin 2x cosx = 2cosx 
1.e., 2 cosx (sin 2x —1) = 0 so either cosx = 0 or sin 2x = 1 
The equation cos x = 0 gives x = (2n + 1)z/2,neé Z 


The equation sin 2x = 1 gives 2x =(4n+ 1)a/2,ne Z 


1e.,x = (4n + 1) qos LZ 


Hence the solution set is {Cans ib ‘ne zh w) {(2n -- Le ‘ne zh 


TEXTUAL EXERCISE-2 (SUBJECTIVE) 


1. Solve the following equations for 0. 3. Solve the following equations for 0. 
(a) sin(m + n)@+ sin (m — n)@ = sinm@ cos@ + cos2@ + cos3@ = 0 
(b) cos36 = cos*O 4. Solve the following equation for 0. 
Cos(3@ + a) cos (38 -— a) + cos (58 + a) cos(50 — a) 


2. Solve the following equations for 0. 
(a) cos@ + cos7@ = cos4@ 
(b) cosO + cos3@ = 2c0s20 5S. Solve the following equation for 0: sin (30 + a) . 
sin(36 — a) + sin(a + 8) — sin (8 — a) = cos2a 


= cos2a 


Answer Keys 
1. (a) kam; 2kw/n+ wW3n,k,ne LZ (b)nw2;neZ 


l l 1 \z 20 
2. (a) (anes |F ned (b) [ns |e or 2n7 , nEeZ 3. (n+ |For (ane = | nel 


1 \z 1 \z 
4. n= |For ae L 5. pnd dares aS e7 
2/8 ie 4 8 2 4 
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General solution of equation tan 6 =k 7 


e€ Zwherea € (= = 


2 


Theorem 1: tan0=0< @=na7, wherene Z 2 


Proof: We know that tan @= 0 for all integral multiple of 2. | Proof: We have, tan 0 = tan a, where a € — =| 
tan 8=0 aie 
& 6=0,+7, +27, +32, ...... 

& G=nn, nel 


sin@ sind 


cos@ cosa 


tan 0=0 <& sin Ocosa-—cos Osina=0 sin (@- a) =0 
& G=naneZl 
& 6-a=ntneLlod=nntane Zl 
Theorem 2: Let k be any real number and a be a 
particular solution of the equation tan@ = k. Then the <& O=nn+a,wherea € (= =| 


general solution of equation tan 9@=tanaisO0=na+a,n 2 


Graphically 


LA ZL AGA | 


~2n +o 4 SF -n+0 F T™ +O oh eva Sx 


FIGURE 2.6 


It is also clear from the graph that solutions are of the type na + a. 


REMARKS 


Similarly, the equation of the form cot 0 = k, sec 0 =k, cosec 0 = k can be respectively transformed into the forms 
tan0 = 1/k (k# 0), cos 0= 1/k, sin 0 = 1/k which can be solved as mentioned above. 


ILLUSTRATION 15: Solve the equation tan20 — (1 + V3) tand + V3 =0 


SOLUTION: Factorizing the given equation (tan@ —1) (tand —V3) = 0 
= tan@= 1 or tand = V3 = tan@ = tan 7/4 or tand = tan(7/3) > O=nn+ 7/4 or 0=na+ 73 


union of the above two sets of solution 1s general solution. 
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ILLUSTRATION 16: 


SOLUTION: 


ILLUSTRATION 17: 


SOLUTION: 


ILLUSTRATION 18: 


SOLUTION: 


Solve the equation tan (7/4 — x) + tan (7/4 + x) = 4. 


l-tanx 1+tanx 29 


l+tanx Il—tanx 


2 - 2 
as (1+ tan x)” +(1— tan x) 2% 


l—tan? x 


=> 2(1 + tan’x) = 4 (1 — tan*x) 
=> 3tan?x=1 > tan’ = 1/3 
1 
=> tanx = +1/V3 or tanx = tn =] 
> x=nnt+7/6 or x =na-7/6,n€ Z 


So, solution isx =nz+7/6,n € Z 
Solve the equation tan 6 + tan 26 + tan @. tan 20 = | 


We rewrite the equation as; tan @ + tan 20 = |— tan 8. tan 20 


TON ONO 2k tae =) Shana /A) 
1—tan @. tan 20 
30 =nr4+7/4 3 10 


Solve sec x — | = (J/2 —])tan x for real values of x. 


Given equation is sec x — | = (/2 —|)tanx 


As we know the relation sec?0 = tan?0 + |. It can be exploit by squaring both sides of the given 
equation in an appropriate manner 


=> secx = (/2 —1)tan x sl 

=> sec*x= (/2 —1) tan? x +14 2(J2 -1) tan x 

=> |+tan?x =(2+1-2V2)tan? x+1+2(J2 —-1)tanx 
— 2 (1-2) tanx (tanx—1)=0 

=> tanx=O0>x=n0 


or tanx -l1 =O >x=n7+7/4 => Xx=nztornt+7/4;nE Z 


Aliter: Let secx—-— |= (/2 -1)tan x > l—cosx = (V2 -1)sinx 
7 aa - emia coe 2sin— sin —— 2-1 cos — 0 
=> 2sin : G2 eee Oe => 9 9 (V2 ) 9 
sell 2. Oe x 2 x n 
=> sin—<sin—-—(J¥2-—l)cos—+}=0 > sn—=O0 or tan—= ae = tan — 
| 2 (v2 ) “| 2 2 ( ) 8 


x HR re 
=> =n or Be ee mele nee en 


N | & 


Note: 

It is important to note here that all the above are not the solutions of the original equation but of 
its squared version. Squaring many times brings some extra solutions. So we must check which 
of the solutions satisfy the original equation. 
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Check: 
(i) forx =na=> sec (nz) - 1 = (4/2 -1) tan (n70) 
=> -1"-1=0 
It is true only when 7 is even. Hence for odd 7 an extra solution has been obtained which 
does not satisfy the original equation. So, it should be excluded. 
=> only 0=2 km 1s a solution fork € Z 
(ii) forx =na+ 2/4 => sec (nn + w/4 )— 1 = (V2 - 1) tan (nw + W/) 
= (2 = 1 = (14/2. —l]= eo 1). Which is true only for even n. 


Hence x = 2nz + 2/4 1s a solution. 


Hence the general solution is x = (2mz), (2n +4 ; where n,m € Z 


TEXTUAL EXERCISE-3 (SUBJECTIVE) 


1. Solve the following equations for 0. 3. Solve the following equations for 0. 
(a) tan5@+cot 206 =0 (a) cosOQ=1+cot@ (b) cotO@-tan@=2 
(c) tan@ + secO = V3 


4. Solve the following equation for 0. 
2. Solve the equation sin3 x = cosx. tan@ + tan26 + tan36 = 0. 


(b) 3tan(@—15°) = tan(9@ +15°) 


Answer Keys 
1 3k -1 N 1 X 
1. (a) 0 Qn+)ZineZ~\— kez} (b) nt+—;neEeZ 2. x=nx+—or2nz +— 
6 2 4 4 8 


1)" 1 \z 
ODS 527 Gna (b) [ns3 JF, neZ (c) nn+nO,ne ZL 


3. (a) O= >> 


l 
4. @=nn,nEeZore= nn + sn Zor = na ttan” (—-).nez 


a 


General solution of equations sin’ = k, cos?0 = k, © cos 20 =cos 20 


tan’6 =k > 20=2nn+2a,neZ 


sin? @= sin? a, cos? 0= cos’ a, tan? O=tan?a@& AO=na+4a > @=nnta,neZ 


Oy storia (i) tan? 0=tan?a 
l1—cos2@ _1-—cos2a@ 
a a ae l-tan°@ Il-tan’a 
& cos20=cos 2a a 1+tan?@ ~ 1+tan’? a 
& 20=2nnt2a,neE ZL 
& O=nnta,neZ 
(1) cos? 0=cos’ a <> cos 26 =cos 2a 
1 cos2 _ 1+cos 2a <> 20=2nnt2a,ne ZL 


92 = O=nnta,neZ 


(applying componendo and dividendo) 
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y=sin20 


FIGURE 2.7 


Table 2.2 Results at a glance (In results given belown € Z) 


[sno [équaton | Generaisoution [No [Equation [General Soution 
FE ee 
Ps fomo=1*[o=anm «dt & ain ———«d =n 
Pr fom o=1 =n e dt [tom ~*d On 
[2 fiinomsina _[=narcira [im [em d=ona —~(O=2nnbo, 
FC 


NOTES 


1. ao is generally used to denote the principal value of the angle. (i.e., numerically least angle) 
2. Untill and otherwise every where in this chapter ‘n’ is taken as an integer. 


3. The general solution should be given unless the solution is required in a specified interval or range. 


ILLUSTRATION 19: Solve the equation 7 tan? 0 — 9 = 3sec’@. 
SOLUTION: Given 7 tan? 0 — 9 = 3sec70. 
or, 7 tan? @ — 9 = 3(1 + tan’@) or, 4 tan? 0 = 12 


2 
A 1 
or, tan G= tan 


=> 0 = nt new 


ILLUSTRATION 20: Solve 7cos? 6 + 3sin? 0 = 4. 
SOLUTION: Given 7cos’ 0 + 3sin? 0 = 4 or, 7cos? 0 + 3(1 — cos” 0) = 4. 
or, 4cos? 0=1 .«.cos?0=1/4=cos? 7/3 
=> 0@=nnr+ 73 wheren € Z. 
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TEXTUAL EXERCISE-4 (SUBJECTIVE) 


1. Solve the equation tan’ x + cot” x = 2. 4. Solve the equation 2 + 7 tan” 6 = 3.25 sec? @. 
2. Solve the equation tan’x = 3 cosecx — 1. 5. Solve the equation cos26 = cos’é. 
3. Solve the equation 2 sin’ x + sin? 2x = 2. 6. sin’n@—sin?(n — 1)0 = sin. 

Answer Keys 


lLnztmw4neZ 2.nrntn/3,neZ 3. (2n+ 1) Sinn wh;ne Z 4.nntnr6,neZ 


m 
5.nnt,ne LZ 6.maz or 


n— n 
Peetu IVALENT EQUATIONS (ii) sin? @=1 and cos@ = 0, these are equivalent equation. 
Definition: Two equations are called equivalent if they have (iii) sin@= i ey I , these are not equivalent 
same set of solutions. Therefore fx) = 0 1s equivalent to g(x) af 2. Z 
= 0, iff same set of values of x satisfy both the equations. equations because the solution set of the two 


equations is not the same. 
For example 


(1) sinx = 0 and tanx = 0 both are equivalent equation as (1v) 
0 = nmis the solution of both the equations. 


| l , 
sin’ @ =—andcos’ 0 = es equivalent equations. 


NOTES 


1. While solving an equation, the equation can be replaced only by its equivalent equations. 


2. No such transformation should be done in which domain of equation expands because expansion of domain may 
leads to extraneous roots. 

3. No such transformation should be carried out in which the domain of equation contracts because domain 
contraction may result into loss of roots. 


EEX important POINTS TO REMEMBER e.g., when cos0 = 0 > @=(2n+ j= or 
2 
: 1 
Caution: 1 0=(2n+ 1) = 


1. At times you may find that your answer has different 
format than that in the book in their notations. This 
may be due to the different methods of solving the 
same problem. To deal with such situation, you must 2. While solving trigonometric equations, you may get 
check their authenticity. This will ensure that your an- same set of solution repeated in your answer. It is 
swer 1s correct. necessary for you to exclude these repetitions e.g., 


or 0=(4n+ 1) > but all are equally true. 
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2)Y (5 *Io) wee & the set na +— 


forms a part of the second set of solution (you can 


check by putting k = 5m+2;m € Z). Hence the final 


answer should be = + 7 keZd 


3. Sometimes the two solution set consist partly of 
common values. In all such cases the common part 
must be presented only once. This is done because the 
general solution is set of solutions which is obtained 
by taking union of such sets. All the elements in a 
set must be distinct, so repetition of solution must be 
avoided. 


Caution: 2 


Following tips and steps will help you to systematically 
solve the trigonometric equations. 


1. Try to reduce equation in terms of one single trigono- 
metric ratio preferably sin@ or cos@. 
If we have choice to convert a problem in sine or 
cosine then cosine form is convenient compared to 
sine form. This is because in general solution of sine, 
we will have to deal with (—1)” which 1s inconvenient 
compared to the dealing of + obtained in cosine form. 


2. Factorize the polynomial in terms of these trigonomet- 
ric ratios (sine, cosine) ratio 


3. For Left Hand Side to be zero, solve for each factor. 
And write down general solution, for each factor 
based on the standard results, that are derived in earlier 
articles. 


ILLUSTRATION 21: Solve the equation sin@ — 2cos@ = 2 


SOLUTION: Given the equation sin@ — 2cos@ = 2 


eg.,sind-A’,=0 > 0 =nn+(-l)’sin“'d, 


cos0 — A, =0 = 0=2nnt+cos'), 
Make sure that 2, and 4, € [-1, 1] rather than blindly 
writing it, otherwise the solution will be absurd. 


Caution: 3 (Domain of Equation) 


We already know that domain of a function is set of the 
values of independent variable for which that function 1s 
defined, and domain of an equation is defined as a common 
interval for unknown angle in which all the trigonometric 
functions used in equation are individually defined and 
equation as a whole and part remains defined. 

“Domain of equation should not change. If it changes, 
necessary correction must be made”. 


Caution: 4 (Root Loss in an Equation) 


While solving an equation in 0 if we get some values of 0 
and all of them satisfy the equation and there exist another 
value of 0 which satisfies the equation but 1s not present in 
our solution, then this value is clearly a root of the equation 
but is missing in our answer. Such value will be called as 
‘lost root’. Root loss while solving the equation means that 
we have missed out some solutions due to some algebraic 
operations. 

Ifin any process there is a loss of roots, then that process 
is defective, because for general solution all possible values 
satisfying the equation must be obtained. Thus for complete 
solution there should be no loss of root. 


Converting sin@ and cos@ into function of tan6/2, we obtain 


2 tan 0/2 _420— tan’ 6/2) 
1+ tan’ 0/2 1+tan’ 6/2 


6 5 0 50 
—-2 = tan—-—l+tan° —=1+tan° — 
2 2 2 


0 
or, tan = 2= tan B => @=2nr7+2tan'2:neZ 


Now, we claim that 6 = (2n+1)7Z 1s also a solution of this equation. 


To verify 1t we put 0 = z (1.e when n = 0) in original equation (1) we get 


sina — 2 cos r= 2 or 0 — 2 (-1) =2 


Thus clearly, the equation 1s satisfied. Similarly, for other values of n also the equation remains 
satisfied for 0 = (2n + 1) z. So our claim 1s valid. 
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Concluding, we can say that 0 = (2n + 1) 1s a root of the equation but it is not present in our 
solution.1.e., there has been a loss of roots in the process of solution implying that conversion of 
sin§ and cos@ in tan 0/2 for solution of an equation may cause root loss. 


The question is why there has been loss of root? In the original equation, 0 1s not restricted. The 
only restriction 1s that it must satisfy the equation. But on transforming siné@ and cos@ in tan 0/2, 
a restriction has automatically crept in. The restriction is tan 0/2 should be defined. 


1.€., : should not be odd multiple of = 


or, . #Qn+1) 5 of, 0#(2n+ 1m 


That is why it is missing 1n the answer. Loss of root occurs due to change of domain of equation. 
So, we conclude that domain should not change while solving equation. 


Caution: 5 (Extraneous Roots) root. e.g., to solve the equation tan 6 = 1 => tan’ 0 = | 
> 0=nn+ 7/4 
While solving the trigonometric equations, if a root obtained But the solutions na — 7/4 do not satisfy the equation 


does not satisfy the equation, then it 1s called an extraneous | tan @= 1 and thus called as “extraneous roots”. 


ILLUSTRATION 22: Solve the equation sin@ — cos@ = | 


SOLUTION: We can use various methods to solve this equation. One of them is squaring both sides: 
The given equation is sin@ — cos@ = | 
By squaring, we get sin?0 + cos?@ — 2sin@ cos@ = | or, 1 — sin2@ = 1 
or sin20=0>20=n2 
@=nn/2 wheren € Z. 
If €=0 (e., for m = 0) substituting in the equation (1) 
we get LHS = 0-1 =-—1+4RHS 
Therefore 6 = 0 though obtained in the process of solution, does not satisfy the equation. So, it 
is an extraneous root. A close observation of the solution @ = nz/2 will indicate that a number of 


extraneous roots are present in this answer. To find the reason for presence of extraneous root, 
let us consider the equation sin@ — cos@ = —1 ... (11) 


Squaring we get, the equation | — sin 26 = | whose solution 1s: 
=> sin2gdé=0>20=nn 
@ = nv/2 which is same as when the equation was sin@ — cos@ = | 
Put 6 = 0 (when nv = 0) in (11) we get L.H.S. = 0-1 =-1=R.H.S 
equation is satisfied. Thus, @ = 0 is actually the solution of equation (41). Since 
square of + | and —1 is the same, the equation after squaring contains the roots of 


both the equations (1) and (i). That 1s why we got extraneous roots. Thus we can 
conclude that 


‘Squaring should be avoided as far as possible. If squaring is done, check for the extra- 
neous roots’. 
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ILLUSTRATION 23: 
SOLUTION: 


ILLUSTRATION 24: 


SOLUTION: 


ILLUSTRATION 25: 


SOLUTION: 


Solve the equation — tan@ + secd = V3. 


Given equation is — tan@ + sec@ = V3 (4) 


l . 
then — ne + = /3 ...(i1) => J3cos@+sin0 =1 
cos@ cos@ 


dividing both sides by 2, we get 


v3 


=> Ne pine aes => 60s0:c0s_-4sin0. ei eae 
2 2 2 6 6 3 


=> cos pies eae => allele, FP 
6 3 6 3 


Taking positive sign, 0- 2 = 2nnt +> => 0=2nn += 


=> @=(4n+ >. Taking negative sign 9-7 = na ~~ = Q= 2nm ~~ 


Let us verify the solution thus obtained. 
For the solution to be correct cos@ # 0 otherwise terms in (1) will not be defined. 
Therefore @ should not be odd multiple of 7/2. 


=> OF (4n+ Ve [".. 4n 1s even and 4 + | is odd] 


Hence the solution will be 0 = 2nz a only, where n € Z 


From above discussion we conclude that: 
We should check that denominator is not zero (at any stage of the solution) for any 
value of 6 which is contained in the answer. 
Solve the equation tan 5@ = tan3@ 
Now tan 56 = tan30 => 50 = na + 30 
or, 20=nt=> 9 =, where n eZ 
putting m = 0, we get @ = 0 for which original equation is satisfied 
putting m = 1, 0 = 2/2 equation becomes tan = tan = 
Equation is not defined for odd multiple of 2/2 


hence we conclude that 6 = nz, wheren € Z 


Find the set of values of x for which oleae 


1+tan 3x. tan2x 7 
tan 3x — tan 2x 


1-+tan 3x. tan2x_ 
=> tan 3x -2x)=1-> tanx= 1 


Given equation is 


=> tanx = tan (7/4) > x =nn+ 7/4 
But for this value of x, tan 2x = tan (2nz + 2/2) = @, 


which does not satisfy the given equation as it reduces the LHS expression to to indeterminate 
form. Hence the solution set for x is null set (@ ). 
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additional roots. Cancellation may cause root 
loss. 


- SOURCES OF EXTRANEOUS ROOT AND 
LOSS OF ROOT 


2. Avoid squaring as far as possible while solving the 
equation because by squaring we may get invite extra 
roots. If squaring is unavoidable then do check for ex- 
traneous roots after solving finally. 


Analysing the previous illustrations, we can conclude that 
Extraneous roots normally occur because of either extension 
of domain or squaring or raising the power of both sides of 


equation, while the loss of root is because of restriction of | 3. The answer should not contain such values of 6 which 
domain or cancellation of terms containing unknown on both make any of the terms undefined or infinite. 
sides of equation which are in product. To avoid the occurrence 4. Domain should not change. In case of the change of 
of the above two; following points must be taken care of: domain, necessary corrections must be applied. 
1. We should not blindly cancel like factors on 5. Check that denominator is not zero at any stage while 
two sides because this term may also contain solving the equation. 


ILLUSTRATION 26: Find the number of solutions of tanx + secx = 2cosx in [0, 27]. 


SOLUTION: Here, we have tanx + secx = 2cosx 


=> sinx +1 =2cos?x > 2sin? x + sinx -—1 =0 => sinx = 1/2, -1 


3% Ske 
But sinx=—1 > x= = which does not satisfy the parent equation (1) 


l 
Thus sinx = = a 


= number of solutions of tanx + secx = 2cosx is 2. 


ILLUSTRATION 27: Solve sinx = 0 and ES aoe Q and show that their solutions are different. 
cos(x/2)cos(3x/2) 


SOLUTION: We have, sinx = 0 > x =n71.e.,x = 0, 1, 27, 37, 
sin x 


Where as COOOL = ( where cos x/2 #0 and cos 3x/2 #0 


= x4 0. 3m, 57. 


sin x 
————————— =()>sinx=0 
cos x/2 cos3x/2 


=> L727. 27. 357.40. 


From (i1) and (111), we get x = 277, 477, 677, 


1.e., we observe from (1) and (iv) that the two equations are not equivalent. Since, some 
solutions of the first do not satisfy the second equation. 


2 tan @ 


1+tan°@ 
cos@ and check whether the two answers tally or not. 


ILLUSTRATION 28: Solve cot@ = sin20 by substituting sin 26 = and again by substituting sin20 = 2sin0. 
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SOLUTION: First Method: Put sin20 = een ; in cotO = sin20 
1+tan°@ 
2 tan @ 2tan @ 
ot A= ae oe <a 
1+tan~ 0 tan@ 1+tan’@ 


2tan?@=1+tan?@ => tan*@=1 
fan -@ = (1) = tan") => @= nt 


Second Method: Put sin 26 = 2sin@cos@ 
cot @ = sin 20 

S88 = 2sin@cos@ => cos@=2sin’ OcosO 
sin 0 

cos@(1 —2sin? 8)=0 > cos@=0 


Neral ie) eee, 
a. (| = sin: 774 


V2 


= 9 = Qn+1)— or O= nt t— (ii) 


From (1) and (11) it 1s clear first method gives less number of roots then the second method, 
and the cause of root loss is restriction of domain. 


TEXTUAL EXERCISE-5 (SUBJECTIVE) 


1. Find the solution set for 3 tan? 0 — 2sin@ = 0. (d) If assertion 1s incorrect, but reason 1s correct 


— Now consider the following statements: 
2. Find the number of distinct solutions of sec@ + tan@ = 


N 
3,0 5 @ S32. (i) A: The only solution of cot@ = sin2@ is 0 = nz eT 
3. Find the number of values of x € [0, 27] that satisfy | tan 6 
cotx — cosecx = 2sinx. R: => 1+ tan’ G= 2tan’ 7 


tan@ 1+tan?0 


4. The questions given below consist of an assertion (A) ‘ I 
and the reason (R). Use the following key to choose => 1=tan°0 >O0=m+4 a 
the appropriate answer. 


; 3 tan 3x — tan 2x 1 
(a) If both assertion and reason are correct and reason (ii) A: <a) have-sountion nee z 


is the correct explanation of the assertion. 1+ tan 3x tan 2x 
(b) If both assertion and reason are correct but reason 
is not correct explanation of the assertion. tan A—tan B 
ae P a R: ———— = tan(A - B) 
(c) If assertion is correct, but reason 1s incorrect 1+tan Atan B 
Answer Keys 


1. 0=nn,0=nn+(-ly'n6 2.3 3. 0 4. (i) d (ii) d 
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TEXTUAL EXERCISE-1 (OBJECTIVE) 


1. The general solution of the equations: 


sin @ = -P and tan @ = J3 


4 4 
Gy ne" (b) 2ne4+—% 
3 3 
4 
(c) nw+ = (d) none of these 


2. sinx.sin (60°— x). sin (60°+ x) = 1/8 and n € Z, then: 


(@—) x=ne+Cly @) x= +Cire 
Nt 
(c) x=nn+(-l)"3 @ x= ~ i: vas 


3. The general solution for o 1s, if 
Gi) sina, 1, cos2 a in GP. 


(a) nt+(—- y= (b) nw+(- ID" 


(d) na+ 2 ry (d) None of these 


(11) 2cos? 8 + 3sin@ = 7 


(a) Pe n-| 


=) nn + (—l) 
(c) nt+(- yt (d) None of these 


G1) 1/6 sina, cosa, a in G.P. 


(a) 2nn-— ~—(b) «Qn += 
3 3 
(c) 2nm (d) None of these 

(iv) sin? © — cosa = 1/4 for 0<a<2z. 
= Xu = SIT 

(a) a (Db). = ae 
S 7H x ON 
ee 


(v) ae cosa+1=0 


5 5 
(a) 2nm+ = (b) 2na+ = 


5 
(c) 2na—- = (d) None of these 


4. The solution of the equation tan 26 tan 6 = | is 
nt 


Oia ea 


(d) None of these 


n 
0 =nt+— 
(a) eee 


nu WT 
Fa idea 
(c) aay 


10. 


12. 


. The general solution of the equation 


tan@ + tan 20 fais tan @ tan 20 = 3 1S 


b) o=— 


(a) @= Gn+)— : 


(c) 0=GBn- D (d) None of these 


. The number of distinct value of @ satisfying 0 <@O0<727 


and satisfying the equation sin 6 + sin 50 = sin 361s 
equal to 


(a) 6 (b) 7 
(c) 8 (d) 9 

. If sin 0+ cos 6 = 1, then the general value of @ is 
(a) 2nn (b) ne +(-1ly & er 
(c) 2nn+ > (d) None of these 


. General solution of the equation cot 6 - tan @ = 2 is 


nT 


(a) n+ (b) te 
(c) a ate _ (d) None of these 


. ] . 
. If sin’?@- 2cos@ + ri = 0, then the general value of 0 1s 


(a) Fink = (b) 2nn+ = 
3 3 
(c) nm — (d) nn — 
If 2tan’0@ = sec’0, then the general value of 0 is 
(a) nxt 7 (b) nz a 
V4 1 
+— d -— 
(c) na 1 (d) nx r 


. The most general value of @ satisfying the equations 


sin@ = sin @ and cos 8 = cos @ 1S 


(a) 2ntn+a (b) 2nxn-a 
(c) nt+a (d) nn-a 
The sum of all the solutions of the equation 
COSx. COS & ) cos (Z-x)=2 xeE[0, 67] 1s 
3 3 4° 

(a) 15x (b) 30x 

110 z 
(c) (d) None of these 
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Answer Keys 
1. (b) 2. (b) 3. (i) (a) (ii) (©) iii) (c)_ Gav) 
8. (b) 9. (b) 10. (c) 11. (a) 12. (b) 


‘TRIGONOMETRIC EQUATION OF SOME 
SPECIAL FORMS 


Equation of Form: (a cos x+ bsin x=c) 


It is known that for any ordered pair (a, b) of real numbers 
(not simultaneously zero) there exists a corresponding pair 
of real numbers r and @ such that r > 0. To see this, plot the 
point P (a, b) in the x y — plane (P may lie in any quadrant 
or an any axis). 


FIGURE 2.8 


Join O to P and let its length be r and Z XOP = 6, 
where 61s measured in the positive direction. From the very 


ILLUSTRATION 29: Solve the equation J3 cosx—sinx =1. 


SOLUTION: Given equation is J/3 cosx—sinx =1 


(d) (v) (b) 4. (a) 5. (a) 6. (a) 7. (v) 


definitions of sin@ and cos, we have cos@ = a/r and sin@ 
= b/r, where a = rcos@ and b = rsin@. Here r= Va’ +b’ 
and 6 = tan!(b/a) 

The angle @ should satisfy r cos@ = a and r sin@ = b and 
so lies in the same quadrant as P (a, b). 

The given equation then becomes r cos@ cos x + r sin@ 
sinx=c 

Hence r cos(x —- 8) =c31.e., cos (x-O0)=c/r 

For this equation to have a solution, we must have 


-l<co/rs<lie, -Va’+b? <c<Va°+d’ 


If cosa = c/r, then the general solution is given by 
x-O=2nrta,neZ 


> x=2nr+O0ta,nEeZ 


Thus a criterion for the solvability of the equation is 


cl< Va°+b° 
le|<v 


In simple cases, it is advisable to divide the given 
a 


equation directly by Va’ +b” and recognise eae and 
a 
b 


Page cos@ and sin@ for some suitable angle 0. 
a 


Dividing both sides of the equation by dial y+(-l’ =2, 


we obtain (./3/2) cos x— (1/2)sin x = 1/2. 


Observing that (3/2) = cos — and (1/2)= sin = ; 


1 ee 
we get cos Bon x = SUT sinx= Lf 2 


That 1s cos [x42] Y2= cos. which gives vt nn, ne VW, 


oe i. 
Hence the solution is x = i ee neZ 
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Algorithm: Thus we can conclude that to solve the é 
equation a cosx + b sinx =c, following steps should be taken: => cos(x- ¢)= aa 
a 


1. Puta =rcos ¢,b=rsin 9, er . 
a=rcos 9, rsin g; Casel: If|c|> Va +b’, then the equation; acosx +b 


b sin x = c has no solution. 
CS Va +b , and ¢ = tan" a Ic| 
me Case ll: If|c|< Va’ +b’, then put; ——->— > =cosa, 
Va +b 


2. Substituting these values in the equation we have, 
so that cos (x - 8) =cos a 


rcos décosx+rsin ¢@sinx=c 


Cc = x-O0=2nrta,nEeZ 
=> roos(x-¢d)=c => cos (x — ¢) = — 
r => x=2nr+O0ta,nEeZ 


ILLUSTRATION 30: Solve the equation sin x + V3 cosx = V2. 


SOLUTION: Given 3 cosx+sin x = V2 ; dividing both sides by Ja? +b° 


eel ee anal COs Para =cos a 
— D D D) 2 = 6 A = Te ane 


=> vedng se = Pe ae Sng 
4 6 12 12 


ILLUSTRATION 31: Prove that: p cosx — g sinx = r admits solution for x iff —,/p*+q° <r< Jp +q° 
SOLUTION: Here, we have p cosx — g sinx =r 


= 
dividing both sides by ./ p* +q° , we get 2g? 


So a ae 
jp rg VP rg 


: r 
We get, cos@cos x — sing sin x = ~=———_ > _cos(x +) = 
Por 


put, = cos@, =sin@ in the equation (1), 


as we know -1 <cos(x + @ ) <1 


the above equation posses solution only if —1< 


ie., when —,/p°+q° <rsJp+q 


.~ SIRK+7COSX . : 
ILLUSTRATION 32: Evaluate x if ce is purely imaginary, where i = /-1 
+d 
sinxticosx  U—“)(sinx+icosx) _ sinx+cosx+i(cosx—sin x) 
I+i (1-1) +7) 2 


As per the question it has to be purely imaginary so real part must be zero > sinx + cosx = 0 


SOLUTION: Here 


ILLUSTRATION 33: For x € (—7, 7) find the value of x for which the given equation (3 sin x + cos x) Salen cntaeed 
is satisfied. 


soumon: [2 £)}) 
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2 [afon(eet ff a1 folen(ort 


1 
To make the RHS well defined it 1s necessary that sin : +2) =0>ye ( 


=> {2sin{ +) [ ) = ]. This equation is of the type “= 1 with ¢ € (0, 2] 


=> tlht=0>7=0o0rt= 1, bul feannot be equal to 0 > 7 = | 


1 1 l tf on 20 
Hence 2sin aan =]=> sm oe =— = x+—=—or— = x Viet = 


Z G6 6 6 


TEXTUAL EXERCISE-6 (SUBJECTIVE) 


1. Find the number of solutions of cosx = | 1 + sin x| for 4. Solve the following equations for 0: 
allO <x <3z. 2 cos@ + 3sin@ = 3. 
: : It+sin2x _ 
Bp mele Lies <aualion “Suen eos) =r Wen 5. Find the total number of integral values of ‘n’ so that 
= SxS 7: 
sin x (sin x + cos x) = n has at least one solution. 
3. Solve the following equations for 6: 
(/2 -1) cos 6+ sin 0= 1. 
Answer Keys 
1. no. of solutions are 3; 1.e., 0, 32/2, 27 2.x = 7/4 3. @= nn + neZ 
4. (4n +1) (4n — 1) 5 + 20, n € Z where o = tan- (3/2) 5.2 


Equation of the Form: a, sin"x +a, sin"-'x cos | equal to n, are said to be homogeneous with respect 
x+a_sin"-2 x cos? x + +a_cos"x=0, to sin x and cos x of degree ‘n’. For cos x # 0, above 
2 eee00 n — 


equation can be written as, a, tan” x + a, tan” x +..... + 


where a,, a 
of the exponents in sin x and cos x in each term 1s 


a, are real numbers and the sum | aq =0 
n 


ILLUSTRATION 34: Solve the equation S5sin* x—7sinxcosx+l6cos’ x= 4 


SOLUTION: To solve this equation we use the universal trigonometic identity: sin*x + cos’x = | 


To write the equation in the form 5sin” x— 7sin xcosx+16cos’ x = 4(sin* x +cos’ x) 


5 9 . 9 
=> sin x—/sinxcosx+l2cos x=0 


dividing both sides by cos? x, we get tan? x—7tanx+12=0 


Now it can be factorized as (tan x —3)(tanx—4)=0 


=> tanx=3ortanx=4 ie, tanx=tan(tan 3) or tanx = tan(tan 4) 


=> x=na+tan 3 or x=na+tan 4 
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TEXTUAL EXERCISE-7 (SUBJECTIVE) 


1. Solve the equation 2 sin? x — 5 sinx cos x — 8 cos? x =—2 4. Find the set of values of @ for which the pair of 
D SGIGVE 3 bbe? OS ON .2 Sin COSd Si 0 = 0 quadratic equations x? + 2x + 3 = 0 and (2 sinO)x? — 


3. Solve the equation 6 sin? 6 — sin@ cos@ — cos? 6 = 3 (43 cos 8 | x +33 = 0 have a common root. 


Answer Keys 


4 
1.x =na+tan~! 2 and na + tan~! (-3/4) 2. 0=nn+ 73 3. na — 7/4 or nx + tan! Bi 
4. 2nn + 22/3 ° 


TEXTUAL EXERCISE-2 (OBJECTIVE) 


eT Z, b) T 
1. The equation a sinx + b cos x = c where|c|> Va +b" oe oy ee ; 
i. (c) one (d) Infinite 
(a) one solution 7. The number of solutions of the equation tanx + secx = 2 
(b) two solution cos x lying in the interval [0, 27], is 
(c) no solution (a) O (b) 1 
(d) infinite number of solutions (c) 2 (d) 3 
2. The number of solutions ofcos@+ J3sin@=5,| 8. The equation k cosx—3sinx =k+ | is solvable only if 
0<@<5z1s (a) ke(—0, 4) (b) ke (0, 4] 
(a) 4 (b) 0 (c) ke(4, «) (d) None of these 
(c) 5 (d) None of these a 
9. The equation sin*x + cos*x + sin 2x + a = 0 is solvable 
3. If sinx+ Re) cosx = hie , then x is for all a; where 
l l 
(a) 2nn+—, na -% (a) -;Sas— (b) -3<a<l 
12 3 
3 l 
(b) Qnn +, Ine -—- (c) Sa (d) -l<a<l 
l 12 
(c) 2nm + ey ee 10. From the identity sin3x = 3sinx — 4sin3x it follows that 
2 12 if x is real and | x| < 1, then 
(d) None of these (a) (3x -—4x°)> 1 
_ (b) (3x — 4x°) < 1 
4. If V2 sec 0+ tan 0= 1, then the general value @ is (Cree 
(a) nn + 3 (b) na+ ae (d) nothing can be said about 3x — 4x? 
4 
rr Tr 11. If 3sinx + 4cos ax = 7 has at least one solution, then a 
(c) 2nn— 1 (d) 2nx =A has to be necessarily 
(a) odd integer (b) even integer 
5. The number of solutions of the given equation (c) rational number (qd) irrational number 


tan@ + sec@ = V3 , where 0 < 0 < 27 is 12. If the equation a, + a, cos2x + a, sin*x = | 1s satisfied 


(a) 0 (b) | by every real value of x, then the number of possible 
(c) 2 (d) 3 values of the triplet (a,, a,, a,) is 
6. If | k | =5 and 0° < @ < 360°, then the number of (a) O (b) | 


different solution of 3 cos 0+ 4 sin @ = kis (c) 3 (d) infinite 
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13. If cos* x + acos’?x + 1 =0 has at least one solution, 


then 
(a) aE[2,0) (b) aeé[-2, 2) 
(c) a€é(—ee, — 2) (d) ae R-(-2, 2) 


14. sin6+3 cos = 6x-x’-11,0<50<42,.xER 
holds for 
(a) No value of x and @ 
(b) One value of x and two values of @ 


(c) Two values of x and two values of @ 
(d) None of these 


15. Solution of the equation 


sinx + cos x —2./2 sinx cosx =Ois 


Answer Keys 
1. (c) 2. (b) 3. (b) 4. (c) 5. (b) 
11. (c) 12. (d) 13. (c) 14. (c) 15. (a) 


A Trigonometric Equation of the Form: 
IR (sin kx, cos nx, tan mx, cot Ix) = 0 


where R is a rational function of the indicated arguments 
and (k, /, m, n are natural numbers) can be reduced to a 
rational equation with respect to the arguments sin x, cos x, 
tan x, and cot x by means of the formula for trigonometric 
functions of the sum of angles (in particular, the formulae 


(a) x= (8k +3).— orx = 2ka t+ :keZ 
12 4 
1 
b) x=nt+— 
(b) x=n 7 


(c) x=(Qne+ - 
(d) None of these 


16. Ifthe equation 2 cos x + cos 2kx = 3 has only one solu- 
tion, then 
(a) k € set of rational nos. 
(b) k € set of irrational nos. 
(c) k € set of integers 


(d) None of these 


6. (b) 
16. (b) 


7. (c) 8. (b) 9. (c) 10. (d) 


for double and triple angles) and then reduce equation (1) 
to a rational equation with respect to the new unknown, 
t = tan x/2. By means of the formulae, 


2 tan x/2 l— tan’ x/2 
sin x = ———_—_.,, = ——_____ 
1+tan~ x/2 1+tan~ x/2 
2tan x/2 l—tan’ x/2 
tan x = ———_—_.,, cot x = ————_—_- 
l—tan~ x/2 2 tan x/2 


ILLUSTRATION 35: Solve the equation (1 — tan@ ) (1 + sin20 ) = 1 + tané@ for real values of 0. 


2 tan @ 


SOLUTION: (1-tan@) t yeacisicaaell 
1+tan° @ 


Je1+tan6 => (l-tan@) 


1+tan* @+2tan@ 


- = 1+ tan dé 
1+tan~ @ 


(1 — tan 9) (1 + tan?0) = (1 + tan@) (1 + tan’6) 

(1 + tan 0) (1 — tan@) (1 + tané ) — (1 + tan?0) = 0 
(1 + tan 9) (1 — tan?@ —1 — tan’0 ) = 0 

(1 + tan 0) (—2 tan?0 ) =0 = tan’ 0 (1 + tand ) = 0 


when tan?@ = 0 > tan 0@=0> 0=nt 


when | + tan@ = 0, tan@ = —1 = tan(—2/4) > 0 = na + (-a/4) = na —- 7/4 


Thus 0 = na, na — 7/4, where n € Z is the required general solution 
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ILLUSTRATION 36: Solve the equation (cos x-— sin x) (2 tan x+ =} 2 = O for real x. 
cot x 


SOLUTION: Let y = tan x/2 and using the formula. We get 


ee 2 tan x/2 


1+tan’ x/2 : 1+ tan? = | aes x/2 


7 aoe At 
(ee Allee 


3° + 6F +8 — 27-3 7 
(f+ hlee) 
97-3 =0 
l 


I+ 


se Or + or — 


Atan x/2 


_ it tan" x/2 io. 
1+tan? x/2 : 


1+? 
ss | +a=0 


Its roots are t, = B and 1, = B (Hit and Trial) 


~ 


Thus the solution of the equation reduces to that of two elementary equations 


x ] x 
tan — = —— or tan — = —-—— 


2 v3 


x a a 
= a nit = = x= 2nf — is the required general solution 


Equation of the Form: I (sin x + cos x, sin x. 
cos x)=0 


In the given equation R is a rational function. Equations 
containing sinx + cosx and sinx. cosx can be solved easily 
by substituting sin x + cosx =t 


Step I: Supposing (sinx + cosx) or, (sinx — cosx) as the 
case may be equal to ¢, find the value of sinx cosx in terms 
of t using the following identities: 

(sin x + cos x) = sin? x + cos?x +2 sinx cosx=1+2 
sin x COS x 


eg.,ifweputsinx+cosx=t aa. (1) 

| t?-] . 
> sinxcosx= => .. (11) 
Step Ii: Taking (1) and (11) into account, we can reduce 


the given equation into; R(t, (? — 1)/2) = 0 and evaluate t. 
(Similarly, by the substitution (sin x — cos x) = t, we can 
reduce the above equation into R(t, (1 — ?)/2) = 0) 


Step lil: For each value of t the original equation changes 
to new equation of the type sinx + cosy = t which can 
further be solved easily. 


ILLUSTRATION 37: Solve the equation sinx + cosx = 1 + sinx cosx 


SOLUTION: The given equation is sinx + cosx = | + sinx cosx 


Let sinx + cosx = z, by squaring we get 
2 
| 


1 + 2sinx cosx = z* => sinx cosx = 


Substituting these values in the equation (1), we get 


2 


g 
= 2-1 


>27?-27+1=0>(2-1)?=0 
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ILLUSTRATION 38: 


SOLUTION: 


Method 2: 


=> z=1|1e., sinx + cosx = | 


l l l 
Now dividing both sides of the equation by ¥2, we have ——cosx+—=sin x = —= 
8 q y a a ia 


=> cos(x — 2/4) = cosz/4 > x -— w/4 = 2na + w/4 


Taking positive sign, x — 7/4 = 2n z+ w/4 
=> y=2nn+n/2= (4n+1)— 
Taking negative sign x — 7/4 = 2n z- w/4 


=> x=2n7,(4n+ = where n € Z is general solution 


Solve the equation sinx + cosx — 2V2 sinx cosx = 0 
Method 1: Put sinx + cosx = ¢t > 2 sinx cosx = ? - | 


=> ¢—-V20?+V2=0> V2 -1t-V2=0 


The numbers ¢, = V2, = ~1/N2 are roots of this quadratic equation. 


Thus the solution of the given equation reduces to the solution of two trigonometric equations: 


l 


sinx + cosx = V2 and sinx + cosx = a 


1. l 1. l l 
+ —sinx+——cosx=1 and Fe ee 


V2 V2 V2 V2 


nN .f Hn .f ] 
=> sinx. ae a and Seen ge ere eee cy 


vi n l 
=> sin| x+— |=1 and sin| x+— |J=-— 
4 4 2 


ra a Xt nj 4 
Bese (n+) and a ee (-]) 4 


=> Por ae and xene—-CiIyr 2-2 
4 6 4 


Here sinx + cosx = 2V2 sinx cosx = V2 sin 2x 
or | osinx + Fo cosx V2 sin 2x or sin (++ }- sin 2x 
=> 2x =na7+(-ly" «w+ 7/) 
Taking n to be even integer 1.e.,” = 2m,m € Z. Then 2x = 2m x1+x+ 7/4 
x =2mn+ 7/4 whereme Z 
Taking n odd,n =2m+1,me Z 
Then 3x = (2m + 1) 2- 7/4; 
2m+1 va 
<3 


l l 3 
Thus x = SS I 3 sai # wherem € Z 


Trigonometric Equations < 2.27 


Equation Involving Higher Even Power of sin”? x etc.) are used to reduce the degree of equation and 
sin x and cos x thus the equation are solved conveniently. 


If the equation contains higher degrees of sin x and cos x, 
then results of multiple angle (cos2x = 2cos?x -1=1-2 


ae Tx, 
ILLUSTRATION 39: Solve the equation sin* x + cos‘*x = tl xCOSX. 
SOLUTION: We transform the expression sin‘ x + cos*x isolating a perfect square: 
‘ i : ‘ ame 2 2 - 2 2 
sin‘x+cos‘x= sin‘ x + 2sin” xcos” x+cos* x—2sin” xcos” x = (sin" x+ cos" x)" — 2sin" xcos" x 


; 1. , 
where we get sin‘'x+cos’x =1-——=sin?2x 00, (i) 
ps 


1. Tx 
Using (1), the given equation becomes | — zai 2x = ra 2x 
=> 2sin*2x+7sin2x=4 => (2 sin2x — 1) (sin2x + 4) =0 


A 
either 2 sin2x-1=0> 2x =nnx+(-1)" Za where n € Z 
or sin 2x + 4=0 which has no solution because sin2x 4 —4 


So, the solution of equation is x= as (-1)" aA where ne Z 


; 29 5 
ILLUSTRATION 40: Solve the equation sin’ x+cos’’ x = 760°5. 2x — G 


SOLUTION: Using the half-angle formulae we can represent the given equation in the form 


[Hs0s2e (sos? 29°. .4 5 
——_— | +| ————_| =—cos ae 


2 2 16 
= (HE) +(e) - 28 
Substituting, cos 2x = t, we get 7 7 16 16 
=> 247 + 10 — 11 =0 whose real root is ?= 1/2 
cos? 2x = 1/2 
=> 2x =nntn/416., n(a/2)+ 2/8 ..(1) 


or 1 +cos4x = 1 => cos4x =0 


=> 4x =Qm+ DF >x= a n,m € Z (set of integers) 


both the solutions are equivalent 


ILLUSTRATION 41: 3./3 sin? x +cos’ x +33 sinxcosx =1. 


SOLUTION: Let a = 3 sinx, b = cos x; c =—1, then given equation reduces to a? + b> + c? — 3abc = 0 
=> (at+b+c)(a’+b*+c’?-ab—-be-ca)=0 


=> (/3 sin x + cos x— 1)(3sin? x + cos? x +1— 3 sin xcosx +cosx+ V3 sin x) = 0 


=> (/3 sinx + cosx— 1) 5[ 3 sin x— cosx)* +(cosx+1)?+(-l- V3 sin x)’ | =0 
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Thus the given equation has solution if ./3 sinx+cosx—1=0 as other factor gives 


Ae) sin x =cosx =—] Which is impossible. 


V3 ] l 4 i 
=> /3sinx+cosx=1>—sinx+—cosx=—> sin( x4) sin 2 
cs 2 2 2 6 6 


1 ya 
e+ — |=ar-(—1) — 


ifnisodd 3 x= = ee Dee ear eo 


xX 
If nis even > x =na+ Fee a 6 


TEXTUAL EXERCISE-8 (SUBJECTIVE) 


1. Solve the equation 7cos? 6+ 3 sin? @= 4. 4. Find the number of solutions of the equation 
sin’x — sinx + cosx = | in the interval [—4z, 47] 


2. Solve the equation sin‘ x + cos*x = sinx cosx. ag ee i 
5. Solve the equation sin’ + cos*x = | 


3. Solve secx + cosecx = 2V2. 6. Solve the equation sin’x — 5sinx cosx — 6cos’x = 0 


Answer Keys 


An+1 
Lanta 2— 


HLneZ 3. x =2mn+ W/4,x = (2m + 1)a/3 - W/12; meZ 


4. 9solutions 5.n7/2; neZ 6. naz — 7/4, na + tan’ '6; nEeZ 


m SOLVING SIMULTANEOUS EQUATIONS | Equations with Only One Variable 


To solve the simultaneous equation in one variable say x, 


Here we discuss problems related to the solution of 
we observe the following steps 


two equations satisfied simultaneously by one or more 


number of unknowns. We divide the problem into two | step J: Find values of x satisfying both the equation 


categories: individually and lying in [0, 27] 
(@) Two equations satishied simultaneously by one un- Step Il: Select the values satisfying both equations 
. known. simultaneously. 
(11) Two equations satisfied simultaneously. by two un- 
known. Step lil: Generalize the values to get the general solution. 


ILLUSTRATION 42: Find the most general solution for satisfying the simultaneous equation tan@ = V3 and 
cos6 = — 1/2. 


SOLUTION: The values of @ satisfying both the equations individually and lying in 0 € [0, 27] are 
tand = V3 > @= 1/3, 42/3 and 


Trigonometric Equations < 2.29 


cos0 = —-1/2 => 6 = 27/3 or 47/3 
= The common solution is 0 = 47/3 


=> General solution is 0 = 2nm7+ 47/3, n € Z 


l 
ILLUSTRATION 43: Find the most general values of @ which satisfies the equation sin@ = — 1/2 and tan@ = Be 


SOLUTION: First find the values of 0 lying between 0 and 27 and satisfying the two given equations sepa- 
rately. Select the value of 0 which satisfies both the equations, and then generalizing it we obtain: 
in liz 


l 
sin@=-— > @0=—or 
2 6 6 


l ia TK 
tan 0 =—= — @=— or — (values between 0 and 27 
3 ee 


ee 7 
common values of 0 = 72/6. The required solution is 0 = 2nn +—= ne Z 


TEXTUAL EXERCISE-9 (SUBJECTIVE) 


1. Solve the system: sin0@ = 1/V2 and cot@ = -1. 5. Solve the system of equations for x and y- 
an ee sin xsin y = 0.25 
ae ae 7 
os Maivethesysieuand= Sanat a= 3 @ 4). (ii) _a 
. Solve the system: sin and tan a sin(x—y) =0 ae ar 
6 Solve the system of equations for x and y: 
l 
l—tanx 
3. Solve the system: cos@ = —= and tand=-l. = tan 
V2 1+ tan x 
M4 
ae ae 
4. Solve the system: sin@ = — 1/2 and tan@ = 1/N3 6 
Answer Keys 
l. (8n+3)2:xeZ 2. Inn + 40/3 3. 2nn — wW/4 4. (2na + 72/6) 
4 
, ; (2k 
5. G1) (n+ m) 7/2, (n-—m) 7/2) (11) (nt+ 146, -—n1a+ 7/6) 6. 7 94°" 9 94 
Equations with Two or More Variables used to solve for trigonometric equations in one 
variables. 


While going through the problems involving more than one 
variable in most of the cases you will find that one of the 
following approach may be employed to proceed smoothly 
and to crack the problem in short span of time. 


(b) Extract the linear/algebraic simultaneous equations 
from the given trigonometric equations and solve 
them as algebraic simultaneous equations. 


(c) Many times you may need to make appropmiate substi- 


(a) Substitute for one variable say y in forms of other tutions. It will be particularly useful when the system 
variable x 1.e., eliminate y and solve the way you has only two trigonometric functions. 
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sin x 
ILLUSTRATION 44: Solve the system of equations; x + y = 22/3 and ——— = 2 


sin y 
SOLUTION: Given x + y = 27/3 (i) 
and 21 * — 9 ii) 

sin y 
Let us reduce the second equation of the system to the form sinx = 2siny (4) 


using x + y = 22/3 we get sinx = 2sin(22/3 — x) 


=> sinx = 2 (sin. cos- 00s. sins) = 2(Pcosms sins) 


1 
=> sinx=~v3cosx+sinx => cosx =0> Ld 
Substituting in x + y = 27/3. we get y = -na + 2/6 


1 
v= + ney ——nn + a6, where n eZ 


a 


; it 
ILLUSTRATION 45: Find the points of intersection of the curves y = cosx and y = sin3x if as <x< - 


SOLUTION: Given curve is y = cosx and y = sin 3x 
Now, for points of intersection both equations must be satisfied 
cos x = sin3 x or cosx = cos (17/2 — 3x) > x=2na + (a/2-3x) 
when x = 2nm+a/2-3x, x=n7w/2+7/8 


when x = 2nm -—7/24+3x, x=-na+a/4 


Putting nm € Z we have the values of x within given interval a 3a © 
8 


? ? 4 


vem: Nt I va 
Values of y within the given interval = C08? cos (= | cos — 
—3% 3H XN t\{n | 
Hence points of intersection will be given by | ———, cos—— |, | —, ae ern eae = 


ILLUSTRATION 46: Find all values of @ lying between 0 and 27 satisfying the equations 
r sin@ = V3 and r+ 4sin@ = 2(V3 + 1) 
SOLUTION: Given equations arersin 0 = PB eg ge (1) 
and r+4sin@ = 2(V3 +1) ii) 
To find the values of @ we must eliminate r 


Now from (i) we get, r= —— 
S 


in@ 


Substituting the value of 7 in (11) we get 


3 
—+4sin@ = 2/3 + l) = 4sin’0 — 23 sinO — 2sin0 + ¥3 = 0 
sin 


=> 2sin@ (2sin9 — V3) -1 Qsin@ — V3) = 0 > (2 sind — V3) (2 sind - 1) =0 


a 


3 
=> 2sin@— V3 = 0, sin 0= = = sin = => d= nae + (1) 
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l 
= 2sin@—1=0, sin = — = sin = 9= nx +(-l) 


Therefore values of @ lying between 0 and 27 are 6° 


ILLUSTRATION 47: Solve the system of the equation sin*x + sin’y = 1/2 and x —y = 47/3. 


l l l 
SOLUTION: We transform the first equation of the system 5 Cl —cos2x)+ rl —cos2y)= 5 


cos 2x + cos2y = 1 > 2 cos (x + y). cos (x —y) = 1 
Hence it is clear that the system has the same solution as the original system 
1.e., the system of equations are equivalent 


cos(x + y) cos (x —y) = ~ 


and x —y = 4n/3 


eh. Ue : 4 
So from the equation (1) and (11) we have cos(x+ y)cos (=) 


> cosxty)=-loa>xt+y=2nntin 

Hence we have two linear equations in x and y 

x+y=2nntaza,ne L>x-y=4n/3 

Solving these two equations: x = nz +7 

Taking + ve sign of (111) x = (n+ 7/6) x 

y =k, 2, k=(n+ 7/6) and y = kn - 4n/3 

Taking —ve sign of (111) x =n2+ 72/6 

y=nn+ m6 —- 42/3 = nax- 7/6 

The general solution of system of equation is given by 
An i 1H 

le kn“ | and (n+ nn + 7% | where k,n € Z 


so these are the solutions to the original system 


NOTES 


1. Whilesolving two dependentequations different letters should be taken to represent the generalized solution. Same 
letters insuch case willcausealoss of roots. But while solving twoindependentequations we may takethesameletter 
to represent the generalized solution. In the problem discussed above, the value ofx and y depends on the values of 
x-yand x + y both. Change in even one causes change in the value of x and y and so we must take different letters 
for generalization of the two solutions. 


2. In the above example, we have written the relationship between the unknowns x and y and the set of solution of 
the system has been expressed in terms of only one integral parameter e.g., n, k etc. But in practical applications, 
we may sometimes be required to express the general solution in terms of two integral parameters while solving a 
system of equations with two variables. 

3. Sometimes introducing a new variable helps in solving an equation efficiently. Introduction of new variables 
can be employed in those cases where a system contains only two trigonometric functions or can be reduced to 
such a form. 
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ILLUSTRATION 48: Solve the system sinx + cosx = | and cos2x — cos2y = | 


SOLUTION: Given equations are sinx + cosx = | 
and cos2x — cos2y = | 


By putting cos2x = 1 — 2sin* x and cos2y = 2cos’y — 1 in equation (11), we get 


= cos2x — cos2y = 1 —2 sin’ x + 1 — 2cos*y = 1 

= sin’ x + cos’ y = 1/2 
and hence system is sinx + cosy = | 
sin* x + cos’y = 1/2 

which 1s equivalent to the original system 

Let us put sinx = uw and cosy = v; (uw € [- 1, 1] and v € [-l, 1]) 
Tier || 

and u?+ vy? = 1/2 

Solving (v) and (vi), we get w = sinx = 1/2 and v = cosy = 1/2 

Hence the general solution of the given system of equations 1s given by 


mt 1 


x= ma+(-l) 2 meL;y= Inne ne L 


The solution of various pairs formed from these values of x and y 1s precisely the set of all solu- 
tion of the original system of equation. 


TEXTUAL EXERCISE-10 (SUBJECTIVE) 
1. If cos (« — y) = 1/2 and sin (x + y) = 1/2, find the 3. Solve the system of equations: x + y = 7/4 and 


smallest positive values of x and y and also their most tanx + tany = |. 

general valle’. 4. Solve the system of equations: sin (x + y) = 0 and 
2. Let A and B be acute positive angles satisfy- so cae 2 eae 

ing the equations: 3 sin? A + 2sin*? B = | and 5. Solve the system of equations: sinx + siny = ¥2 and 

3sin2A — 2sin2B = 0 then prove that A + 2B = 7/2. cosx cosy = 1/2. 


Answer Keys 
ei a a 1 1 a 1 1 
lx = —,y=—,x=Qntm)— + — +(-1)"—, y= (Qm-2n) — + = +l)" = 
ey ee eet te ets VI ey at a ee a a 
3.x = W4—-—na, y =nawherene ZL 4. x= (m+n). y= = (m — n) where m, 1 eZ 
Ds x= (mtn)et sy =(n—m)nt— where mne L 
TEXTUAL EXERCISE-3 (OBJECTIVE) 
l. If-a<x<a,-a<y<mandcosx+cos y= 2, then 2. Total number of solutions of sin2x — sinx — 1 = 0 in 
the value cos (x — y) 1s [—22, 2z] is equal to 
(a) -l (b) 0 (a) 2 (b) 4 


(c) | (d) None of these (c) 6 (d) 8 


3. IfO<x<32,0 <y < 3m and cos x. sin y= 1, then the 


possible number of values of the ordered pair (x, y) is 
(a) 6 (b) 12 

(c) 8 (d) 15 

. If x, ye[O, 27], then total number of ordered pairs 
(x, y) satisfying sin x. cos y = | 1s equal to 


(a) 1 (b) 3 
(c) 5 (d) 7 


. The ordered pair (x, y) satisfying 
] — 2x —x? = tan? (x + y) + cot? (x + y) is 


(a) 0,(2n+1) +1] 
(b) (ant) 41) 


(c) [-1,(2n-1) 41 


Trigonometric Equations 


. The ordered pair (x, y) satisfying 


4+ sin’x + cos’x = 5 sin’x. sin’y 1s 


(a) Cae n+) nez 


(b) Gass mn"), n, mez 


(c) Gast m+), n, mez 


(d) None of these 


. The ordered pair (x, y) satisfying 


sin’x = siny and cos‘x = cosy is 


(a) (nz, 2mz),n,m éeT 


(b) (ne +=, 2m +=), n, mez 


(d) None of these 


6. The ordered pair (x, y) satisfying 
1— tan x 


(c) ne 2m +3) n,meZ 


TU . 
= tan y and ae car 1s 


nk a nk 
@). |S SZ 
2 24 2 = 24 


nt SH nt 2 7 
Oo o0o ap 


l+tanx (d) (n+ ©, 2mm) n,m eZ 


9. The ordered pair (x, y) satisfying 
Sin’x + sin’y = 3/4 andx + y= 7/3 1s 
(a) (nz,-mm),n,meZ 
(b) (nz +2/3,-mr),n,meZ 

(c) (nx, mx + 7/3), n,meEZ 

( 


(d) (nt +7/6, mr +7/6),n,meZ 


Answer Keys 
1. (c) 


2. (b) 3. (a) 4. (b) 5. (c) 6. (a) 7. (c) 8. (a,b) 9% (b,c) 


#R808LEMS BASED ON EXTREME VALUES OF SIN X AND COS X 


Type |: Trigonometric equations involving single variable 


< 2.33 


Step 1: When LHS and RHS of equation have their ranges say R, and R, in common domain D and R, 7 R, = 9, then the 


equations have no solution. 


Step 2: IfR, OR, have finitely many elements and the number of elements are very few, then individual cases can be 


analysed and solved. 
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ILLUSTRATION 49: Solve for x: 1 + tan* x = cos*x 


SOLUTION: RHS e€[0,1]=R,; LHS e€[1,0) =R, R, 0 R, = {1} 


equality occurs iff cos® x = 1 = 1 + tan*y. 


cos*x = | and tan*x = 0, possible only if xe{nn:n € Z} 


ILLUSTRATION 50: Solve forx :3 snx=x*?-4x+7 
SOLUTION: 3 sinx=x°-4x+7 > 3sinx = x?- 4x +4+4+3 
3sin x = (x — 2)? + 3 
RES ¢'[3,0)— 4, LHS €[-3,3) Rh, A, Ok, — 13 


So, equality occurs iff x = 2 and sin x = | which 1s impossible. 


Type Il: Trigonometric equations involving more than one variables 


To solve an equation involving more than one variable, definite solutions can be obtained if extreme values (range) of the 
functions are used. 


ILLUSTRATION 51: To find x, y, z satisfying the equation cosec’x + sec*y + sin?z = 2 


SOLUTION: Since cosec’x > | and sec’y > | and sin’z > 0 


: ; - _ cosec’x +sec” y+sin’? z= 2 
= cosec’x + sec*y + sin?z > 2 So equality 


22 
= a 
cosec’x = l, sin’ x = 1 SO eer ae 
holds iff sec” y= l, => cos” y= l=> y=mnr 


e 2 . 
sin’ z= 0. sin?z=0 =>z=kxr 


A 
Therefore G.S. is x = Ce eed =mn,z=kn,m,n,keZ 


ILLUSTRATION 52: Solve sin‘ x = | + tan®x 


SOLUTION: L.H.S. sin*x < 1 and R.H.S. 1 + tan®x > 1 
=> L.H.S=R.H.S only when sin*x = | and | + tan®x = 1 
sin*x = | and tan*x = 0 
which 1s never possible since sinx and tanx vanish simultaneously. 


Therefore the given equation has no solution. 
ILLUSTRATION 53: Solve sin*x + cos*y = 2sec7z 


SOLUTION: L.H.S = sin*x + cos’y < 2 and R.H.S = 2 sec?z>2 
Hence L.H.S and R.H.S can be equal iff both are equal to two 1.e., when 
sin?x = 1, cos?y = 1, sec? z = | 


=> cos’?x = 0, sin?’y = 0, cos? z = 1 > cosx = 0, sin y= 0, sinz =0 


Nu 
=> x=(Qm+ ae y=nn,z=tn where m, n, t are integers. 
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ILLUSTRATION 54: Find the solutions of the equation sin x. sin 2x. sin 3x = | 


SOLUTION: sin x. sin 2x. sin3x = | 


Possible cases 
Case 7: 


sin x = | and sin2x = —1 and sin 3x = -1 


or sin x = sinz/2 and sin 2x = sin = and sin 3x = sin 


3 
orx = mm + (-1)" Sand x= "84-1" and n= “E+ 


3 Z 


there is no value of x which satisfies all equations simutaneously 


Case 2: sin x = —1 and sin 2x = | and sin 3x = -1 


_ 3x _ a 3H 
or sin x = se and sin 2x = sin a and sin 3x = sin ae 


37 nit 37 nit A 
— (ane n _— —] n = = n 
or x =na+(-1) <a and x 5 +( erg and x ms +(-l) a 


there is no value of x which satisfies all equations simultaneously. 


Case 3: 


sin x = —1 and sin 2x = —1 and sin 3x = | 


_ 3x . 3H _ a 
or sin x = ee and sin 2x = sin — and sin3x = sin > 


ni 


orx =na+(-l)" 5 


and x = —v+ 


nT a 


Cy eens ey 


4 3 6 


there is no value of x which satisfies all equations simultaneously. 


ILLUSTRATION 55: Find the solutions of the equation sin x. cos 4x. sin 5x = —1/2 


SOLUTION: sin x. cos 4x. sin 5x = —1/2 

(sin x. sin 5x). cos 4x = —1/2 

or 2 (sin x. sin 5x). cos 4 x =-1 

or cos?4x — cos 6x cos 4x = -] 

- l+cos8x _ [eter oss 
Z Z 


or (cos 4x — cos 6x) cos 4x = -1 


)- —l or cos8x—cosl0x— cos2x = —3 


cos8x = —1 


here only possible case is 


cos2x = 1 


cosl10x =1 which satisfies the equation. 


But there 1s no value of x which gives cos 8x = —1, cos 10 x = | and cos 2x = | simultaneously 


m TRANSCEDENTAL EQUATIONS 


To solve the equation when the terms on the two sides 
(LHS and RHS) of the equation are of different nature e.g., 
trigonometric and algebraic, we use inequality method. 
Which 1s used to verify whether the given equation has any 
real solution or not. In this method, we follow the steps 
given below: 


Step I: If given equation is f(x) = g (x), then let y = f(x) 
and y = g (x) 1.e., break the equation 1n two parts. 


Step Il: Find the extreme values of both sides of equation 
giving range of values of y for both sides. If there is 
any value of y satisfying both the inequalities, then there 
will be a real solution otherwise there will be no real 
solution. 
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ILLUSTRATION 56: 


SOLUTION: 


ILLUSTRATION 57: 


SOLUTION: 


x. l 
Solve 2cos” - sin? x= x*+— ,0<x< 7/72. 
my 


In this problem, terms on the two sides of the equation are different in nature. 


L.HLS. is in trigonometric form, where as R.H.S 1s in algebraic form. Hence we will use inequal- 
ity (extreme value) method. 


From L.H.S., y= 2eos” —. sin” x tt) 
= (1 +cosx)sin*x<2 {. 1 tcosy = 2 sin’x = 1} 
because (for 0 <x < 7/2, 0 < cosx < 1 and O < sinx < 1) 
ie, = 2 
9 ] 
from RH Sy = x. 4— 22 
- 


A.M.=2GM> 

x ye Ze. Vee 
Evidently No value of y can be obtained satisfying (11) and (iv) simultaneously 
no real solution of the equation exists. 


Determine all the values of a for which the equation 


cos*x — (a + 2) cos? x — (a + 3) = 0 possesses solution. Also, find the solutions. 


cos! x — (a+ 2) cos? x — (a+ 3)=0 


=> cos*x= (es ser 
2 
2 
either cos’ x = —1 (not possible) 


cos? x = 


or cos?x =a+t+3 


Since 0 <cos’x=1>0s@a+3<1>-3 <a<—2, andcos’x =—(a+ 3) 


=> x=nr+cos 'Ja+3 


TEXTUAL EXERCISE-11 (SUBJECTIVE) 


1. Solve sin’x = 1 + cos* 3x. 3. Solve sin’x + cos’y + sin? z = 3 cosec? u. 


2 


2. Solve 2cos’ 


Answer Keys 


oe ae 49-8 4. Solve the equation cos® 2x = 1 + sin‘x. 


lx =(Qn+l)—,neZ 2.x =0 


3.x = Om +1), y = nm z= Op +1) Su =Qq+ > where m,n,p,qeE Zl 4.x =nn 
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TEXTUAL EXERCISE-4 (OBJECTIVE) 


1. 


The equation sinx cosx = 2 has 
(b) Two solutions 
(d) No solutions 


(a) One solution 
(c) Infinite solutions 


The number of solutions of the equation 
2cos(e*) = 5*+ 5%, is 
(a) Zero 
(c) Two 


(b) One 
(d) Infinitely many 


The number of solutions of the equation 
2cos (2nmx) = 5*+ 5*, where n € Z 1s 

(a) Zero (b) One 

(c) Two (d) Infinitely many 


The equation 3 cos x + 4 sin x = 6 has 
(a) Finitely many solutions 

(b) Infinite solutions 

(c) One solution 

(d) No solution 


The equation sin x + siny + sinz = -3 
forO<x<2m.0<y<2a,0<2z< 27, has 
(a) One solution 

(b) Two sets of solutions 

(c) Four sets of solutions 

(d) No solution 


Number of solution of the equation 
2sinx = 3x?+ 2x + 3 is 
(a) 0 
(c) 2 


(b) | 
(d) 4 


Number of solution of the equation 
2cos? (x/2)sin?x =x *+ 1/x? is 
(a) 0 (b) | 
(c) 2 (d) 4 


The number of real solutions of 


2cos (e*) = x?+ 2V2x+4 is 
(a) | (b) 2 


(c) no solution (d) None of these 


Answer Keys 
1. (d) 2. (a) 3. (b) 4. (d) 5. (a) 
11. (a) 12. (c) 13. (b) 14. (a) 


10. 


12; 


13. 


. The equation sin* x = | + tan® x has 


(a) infinitely many solutions 
(b) exactly one real solution 
(c) No solution 

(d) None of the above 


The equation sin? x + cos? y = 2 sec? z has 
(a) exactly two real set of solutions 


(b) x = (2m + 1) Soy =m, z= tn, m,n,t € L 


(c) no solution 
(d) None of the above 


. The real solutions of the equation sin x cos y = | are 


(a) x= (Am + 1)—, y= 2nm, m,n € L 
(b) x = (2m + 1) Sy TnI m, ne Z 


(c) no solution 
(d) None of these 


sin x 


= (cotx)”"” 1s 


* 
cos” x 


Solution of the equation (tan x) 
1 
(a) x= ea orx =nz+a 


N 
b = nwr+— 
(b) x=n A 


(c) x=nn+MW4orx=nna+(Cl)" 272 
(d) None of these 


Solution of the system of equations 

tan? x + cot? x = 2 cos’ y and cos”? y + sin’ z = | 1s 
(a) x =nz,y =ma,z =kawherek,m,ne Z 

(b) n=kn+ 7/4, y =ma, z =nn where k, m,ne ZL 
(c) no real solution 

(d) None of these 


14. Solution for x and y when x? + 2x sin xy + 1 =O 1s 
(a) x=+l,y=2na-wW2;n€ Z 
(b) x=l,y=2nzneE Z 
(c) x=-l,ry=Qn+)laneEeZ 
(d) None of these 
6. (a) 7. (a) 8. (c) 9. (c) 10. (b) 
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GRAPHICAL SOLUTIONS OF Let Oatia eae 
P EQUATIONS oo 


also we know that; —1 < sinx < 1 


For solution of equation f(x) — g(x) = 0 
Let a is root. > f(@) = g(a) = k(say) 


-14 


)(10,1) 
(-%, 3/4) 


=> y=f(x) and y= g(x) 


have same output for input x= @. g(x) = xI10 
=> (a,k) satisfying both the curves FIGURE 2.9 
y= f(x) and y= g(x). 
. -ls <1 > -10<x<10 
Solutions of equation f(x) — g(x) = 0 are abscissa (x — 10 
co-ordinate) of the point of intersection of the graph y = f(x) Thus sketching both the curves when x € [-10, 10]. 
and y = g(x). 
Step 3: Count the no. of the points of intersection. 
Algorithm: To solve the equation f(x) — g(x) = 0 If graphs of y = f(x) and y = g(x) cuts at one, two, three.,...., 
e.g., 1Osinx —x =0 no points, then number of solutions are one, two, three....., 
zero respectively. 
Step 1: Write the equation f(x) = g(x) 1e., sinx = x/10. From the given graph we can conclude that fix) = sinx 


aa . 
Step 2: Draw the graph of y = f(x) and y = g(x) on same and g(x) = 10 intersect at 7 points. So number of solutions 
x - y plane. are 7. 


ILLUSTRATION 58: Find the number of solutions of the equation, sinx = x7 +x + 1. 
SOLUTION: Let f(x) =sinx and g(x) =x7+x+1=(x+4+ 1/2)? 4+ 3/4 


which do not intersect at any point, Therefore no solution. 


FIGURE 2.10 


ILLUSTRATION 59: Find the number of roots of the equation tanx = x + 1 between —7/2 and 27. 


SOLUTION: This is also a problem of trigonometric form on LHS and algebraic form on R.H.S. 


FIGURE 2.11 
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This can be solved by plotting the graph. Let y = tanx and y =x + | Sketching both curves on same 
axes. we see that, the number of points of intersection is two. Hence number of solutions 1s 2. 
SH 
ILLUSTRATION 60: Total number of solutions of the equation 3x + 2 tan x = a in [0, 2z] is equal to 
(a) | (b) 2 (c) 3 (d) 4 


By/4 5a 3x 
SOLUTION: 3x + 2 tanx = ae => tanx= rai 


Sz 3 
Graphs of y = oe = and y = tan x, meet exactly three times in [0, 27]. 


Thus number of solutions = 3. 


FIGURE 2.12 
ILLUSTRATION 61: Total number of solutions of sin {x} = cos {x}, where {. } denotes the fractional part, in [0, 2z] 
is equal to 
(a) 3 (b) 5 (c) 7 (d) None of these 


SOLUTION: sin {x} =cos {x} 
Graphs of y = sin {x} and y= cos {x} meet exactly 7 times in [0, 22] 
y 


3 4 95 


FIGURE 2.13 


ILLUSTRATION 62: Total number of solutions of cos 2x =| sin x |, where X € (-.2) is 
(a) 3 (b) 4 (c) 5 (d) 6 
SOLUTION: Method: 1 By case analysis 
Case (i): When xe (-=.0] ; sinx < 0 => |sinx| = — sinx 


*. cos2x = — sinx = 2sin’x — sinx — 1 =0 
=> (sinx -1) Qsinx+1)=0 = sinx = 1 or sinx =-1/2 
> x=-2/6 
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Case (ii) when x € [0, 2); sinx > 0 
=> cos2x = sinx 


=> sink =—1or1/2 


= 2sin'*x + sinx —1 =0 
=> x=7/6, 52/6 


Total 3 solutions are there => (a) 1s correct 


Method: 2 Graphically graph of y = cos2x and y =|sinx| is as shown below in same x-y plane. 


¥ 


FIGURE 2.14 


Clearly there are 3 points of intersection in [-2.x | corresponding to x = -n/6, 
x = 7/6 and X = 52/6 2 


There will be be 3 solutions 


TEXTUAL EXCERISE-5 (OBJECTIVE) 


1. 


Total number of solutions of sin 2 x = |/n |x|| 1s 


(a) 8 (b) 10 

(c) 9 (d) 6 

Total number of solutions of sin |xx| = |/n |x| 
is 

(a) 8 (b) 10 

(c) 9 (d) 6 

Total number of solutions of |sin zx| = |/n |x| 
is 

(a) 8 (b) 10 

(c) 9 (d) 6 

Total number of solutions of sin |x x| = |/n |x|| 1s 

(a) 18 (b) 22 

(c) 20 (d) 16 


The number of solutions of the equation: | cos x | = [x], 
(where [.] denotes the greatest integer function. 
(a) Zero 
(c) 4 


(b) infinitely many 
(d) None of these 


. The number of points of intersection of the two curves 


y =2 sinx and y = 5x? + 2x +3 is 
(a) O (b) | 
(c) 2 (d) 2 


. The number of solutions of tan x. tan 4x = | 


for 0 <x < zis: 
(a) | (b) 2 
(c) 5 (d) 4 


. If a, be[O, 2z] and the equation x? + 4 + 3 sin 


(ax + b) — 2x = 0 has atleast one solution, then (a + 5) = 


7TH SI 
ede byt 
(a) 5 (b) 5 
(c) = (d) None of these 


. Total number of solutions of maximum (sin x, cos x) 


IS 
= ey in (—2a, 5z) 1s equal to 


(a) 3 (b) 5 
(c) 7 (d) 9 


10. Solutions of the equation |cos x| = 2[x] are (where [ | 
denotes the greatest integer Function) 


(a) Nil (b) x = 73 
(c) x =+1 (d) x = 2773 
Answer Keys 
1. (d) 2. (a) 3. (b) 4. (c) 5. (a) 
11. (a) 


m@ SOLVING INEQUALITIES 


To solve trigonometric inequalities including trigonometric 
functions, it is good to practice periodicity and monotonicity 


Trigonometric Equations < 2.41 


11. Total number of solution of 


a 32 
In|sin x| = —x? + 2x in EB = is equal to 
(a) | (b) 2 
(c) 4 (d) None of these 
6. (a) 7. (d) 8. (a) 9. (c) 10. (a) 


of functions. Thus, first solve the inequality for one period 
and then get the set of all solutions by adding numbers of 
the form 2nz;n € Z to each of the solutions obtained on 
that interval. 


ILLUSTRATION 63: Find the solution set of inequality sinx > 1/2. 


SOLUTION: When sinx = 1/2, the two values of x between 0 and 27 are 7/6 and 52/6 from the graph of 
y = sinx, it 1s obvious that between 0 and 27.(see figure 2.15) 


l 
sinx > = for 7/6 <x < 57/6 


Hence sinx > 12 => 2nn += < x< Ss 


The required solution set is @ (ane ae Qn + =| 


neZ 


ILLUSTRATION 64: 


w (of b(n 


51 


By/4 


If 0 < 6 < 27, then the intervals of values of 0 for which 2 sin?0 — 5sin9 + 2 > 0, is 


( 


CB 


SOLUTION: Since, 2 sin’?O—5sin0+2>0=> (2 sin 0-1) (sin 0-2)>0 
[where, (sin 0 — 2) <0 for all 0 € R] 


FIGURE 2.15 
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l 
. Qsm@-1)<0>sn 0< — 
2 
5 
From the graph, 0 € (0, zu e : 2m | 


ILLUSTRATION 65: Solve the inequality sin 2x > 2 sin? x +(2—-J/2) cos? x. 
SOLUTION: sin 2x >/2 sin’x + (2-2) cos’x 
2 sin x cos x > 419: sin’x + (2- V2) cos’x 
or 2 tan’x —2 tanx + Gea) <0 


24 44—4(/2)2- V2) a2) _ 24y4-8V248 8/2 +8 


or tanx= 


a) ID 
_ 29 FO ee 2)? _ 24(2V2-2) _ oy eee 


fy ? 
tanx € (/2 —1, l)orxe _—— neEeZ 
ILLUSTRATION 66: Solve the inequality: sinx cosy + 1/2 (tan x) > 1. 


SOLUTION: Here, left hand side is defined for all x, except x = na + > where n € Z 


| 2y 
=> 2sinxcosx+tanx>2> [4 yp? Y= 75 where y = tanx 


2y+yl(lt+y")-2(1+y” 
ee er 
ey) 
. 2Brtydty)-2d+y) 20> y-2y’+ 3y-220 
>y(—-)D-yo-)+2y-)N200ry-1)0?-y +2) 20 


Ly 7 
> y2 i: y-yt2= ta geen for all } 
tan x = 1, shown in figure given below 


Nu a . HH 
=> —<x<— ina solution in (-=,5) 
4 2 Zz 


ra a A a 
> nat a <x<nat+ = Ee Zie, xe n+ nn). ned is the general solution. 


y tanx > 1 


xXx=n/2 


X = —n/2 


FIGURE 2.16 
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TEXTUAL EXERCISE-12 (SUBJECTIVE) 


1. Find the solution set for 2 sin?x — 3sin x + 1 <0 when 


(1) cos3x+ V3 sin 3x <2 
x € [0, 27]. 
(ii1) Ssin* x—3sin xcosx—36cos’ x >0 
2. Solve the following inequalities: 
(iv) sin 4x + cos 4x cot 2x > | 


(a) cosx <-1/2 (b) sinx > -1/2 
(c) tanx > —V3 (d) sinx + V3 cosx > 0 5. Solve the following inequalities: 
ie 9) (i) 6sin* x—sinxcosx—cos’ x > 2 
3. Prove that O< peste 2 — for all 0. Me 
2+cos@ 3 (11) cosx?> 1/2 
4. Solve the following inequalities: (il) 2sin’x/2 + cos2x < 0 


(iv) cos?x + 3 sin2x + 2 V3 sinx cosx < | 


(i) sinx+cosx <— . 
sin x (v) sin°x + cos® x < 7/16 


Answer Keys 


51 


1. <x<— 
6 


ala 


An 


2. (a) U || nn +28 zl ann (b) YU ane =, ann 
3 3 n=Z 6 6 


(c) U ne sn | (d) U on p%, 260495 
n=Z 3 2 n=Z 3 3 
4. G@) 2nm+5n/4<x<2n0+3n/2;,2nt <x <2na+a/4,2nt+2/2<x< (2Qnt+l) 

(11) sila je <x< one: eee (iii) ni +cot™ a <x<nt+cot” -= | 
3 36 3 36 3 12 
1 nt 

(iv) —<x<—+— 

2 8 


5. G) nat W4 <x <na+ cot'(-4/3) 


(ii) ~[E ses JE fone ses fone +%s— fone s% <xs—fone—% where nen 


(111) Onn —- <x <2nn—~: Qnat+ <x <Inmt+e 
Z 3 3 2 


(iv) nt-<x<nn (v) LALLA LAR a ee a ll 
3 2 6 2° 3 


TEXTUAL EXERCISE-6 (OBJECTIVE) 


1. Solution of the inequality sinx > 1/V2 belongs to a a 
(c) ar Sa where n € Z 


3 
(a) [ann +, dna + =) where n € Z 
4 4 (d) None of these 


30 X 
(b) (20 ve 2nt -4) wheren e€ Z 
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2. All solutions of the inequality cos x >—-/3/2 belongs (a) |-x _ 3a gj ee bey 3a 
to a a> al ia’ 
(a) (2 + dn +22.) where n= 0,12 (b) o =) % r| 
6 2 6 2 ? ? o°° 4 b) 4 4 >) 
5 SI a 

(b) | 2nz ——, 2na +— |; where n = 0,1,2... (Ge). | 
6 6 4° 4 


d) None of these 
(c) (an — = 2nn +2) > where n = 0,1,2... ©) 


7. If cosx — sinx > 1 and 0 <x <2z, then the solution set 


(d) None of these for x 1s 
1 7H 
l 0, — 2 
3. The solution set of inequality cos x cages 1s (a) =U) 7 q 
3a 10 
i (b) =| U0} 
(a) U| 2m, ann + 2 2 4 
neZ 
32 
(c) Es 2m |} 
(b) Uf -%. nn +72) 2 
ae i (d) None of these 
20 Xu 
(c) Ul 2 ae? ne q) 8. The solution set of the inequality cos” @ <> is 


(d) None of these - o 
(a) {@:@n+)= <0 os rg nez| 


4. If 2cosx <./3 and x € [-a, z], then the solution set for 


x 1s (b) £6: (8n-3)— <0 <(8n-N, neZ 
a e 4 4 
(c) {@:4n+)= <6 <(4n+3)~, nez| 
oe oe 4 4 
(b) (2.2) (d) None of these 
= i 9. If 4 sin *x —8 sn x +3 <0,0 <x < 27, then the 
(c) - —-,- 4 U B q solution set for x 1s 
(d) None of these (a) 0, 4 (b) 0, ad 
5. Solution set of the inequality |tan x| < 1/V3 is 
(©) & 2m (a) EB ad 
(a) Gare m= )ne Z 6” 6% 
10. The set of values of x for which sinx. cos*x > cos x. 
(b) Gare m=): ne Z sin’x, O< x < 2718: 
; . (a) (0,7) 
2 2 NX 
(c) Gas m2) ne Z (b) (0,5 
(d) None of these 1 
(c) (= 


6. If|tan x| <1 and x e€[-z2, z], then the solution set for 
x 1S: (d) None of these 
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Answer Keys 
1. (a) 2. (b) 3. (a) 4. (a) 5. (a) 6. (a) 7. (c) 8. (c) 9. (d) 10. (b) 


Review of Some Important Trigonometric Values 


sin 15° V3 - | cos 15° v3 el 
afd. pe) 
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MULTIPLE CHOICE QUESTIONS 


SECTION-I 


SOLVED SUBJECTIVE QUESTIONS 


1. Solve the following equations for x and y 


: in- x—1/4 . = : 
|sinx+cosx[™" ~"" =1+|siny| and cos*y=1+sin’y, 


Solution: Given equations are 

lsinx + cosx|"" 74 =14+|sinyl ee (1) 
andcos*y=1+simyo 2 eee, (2) 
Now, equation (2) > 1 - sin?’ y= 1+ sin’ y 

> sny=0;y=pmrpeZ se) 
sin x-1/4 _ | 


=> |sinx+cosx| 


Then either sin? x = 1/4 or sinx + cos x = 1 


> x=kn+7 orcos (.-= )- cos 


N N N 
> x- a a aes a are orx =2nn 


nN nN 
Thus x = 2ma+ poe Pe as m,n, 
poke Z. 


. Consider the system of linear equations in x, y and z: 
(sin 30)x-y+z=0 

(cos 20) x + 4y + 3z = 0 

2x + Ty + 7z =0 

Find the values of @ for which the system has 
non-trivial solution. 


Solution: Since the system has non-trivial solutions, 
the determinant of coefficients = 0 


sin3@ -l1 | 
cos2@ 4 3] =0 
2 yp 4 


or (sin 30) (28 — 21) — cos 26 (-7 — 7) + 2(— 3-4) =0 
or sin 30+ 2 cos 20-2 =0 
or (3sin 0 — 4sin’? 8) + 2(1 — 2 sin? 6) —-2 =0 
or 4 sin? 0+ 4 sin? 6-3 sin 0=0 
or sin O(2 sin O- 1) 2 sin 8+ 3) =0 
sin @=0 or sin 0= 1/2 (." sin 6 # — 3/2) 
If sin 0=0, then 0 =nz, Vn € Z 


And if sin 6 = 1/2 = sin (7/6), 
then 0 =na+(-1)"26,VneZ 
Hence the required values of @ are 
Q0=nn,nn+(-l1)"76,VneZ 


3. Solve the equations for x, 


1 1 
—+log, (sin x) —+log,; cos x 


1 
57452 — 152 
1 1 ; 
Solution: 52 ais 52 (sin x) _ 15278 
1 1 
=> 52 ae 52 58s (sinx) — 15”? 15002 cos x 
=> 5'24+ 5!” ginx = 15'”. cos x 


3 sin l 
=> |+sinx= J3 cos x => B cos 5 =5 


N 1 N 
=> cos{ x42 = cos— or x+—=2nzt+— 
6 3 6 


or x =2nn- aire. = 
2 6 


a . sinx >0 
but x € | 2n7z, 2nz+— 
2 and cos x > 0 


x=2nnan+n/o,neZ 


. Find the general solution of the equtaion, 2 + tan x. cot 


x x 
— +cotx. tan — =0 
2 2 
; x x 
Solution: 2 + tan x. cot > + cot x. rs =0...(1) 


x 
let tan x. cot > =y, 


then equation (1) becomes 2 + E ag | =(0 
y 


y 


Solving, we get, y = —1 


x 
or tan x. cot a =~—lor = —|]| 


x 
_  COS— 
sin x 9) 
cosx . x 
sin — 

2 


Xx x x 
2sin —cos— cos— 
2 2 


or pa eee 
cosx ae 
sin — 
2 
oe 
2cos’ — 
9) l+cosx 
or —m—=-lor a 
cosx cosx 
x 20 
or ee orx = SL ae 


. Find the general solution of the trigonometric 


1 ; 
( 3 t log 3 (cos x+sin x) 


equation 2 = QB: (cos x—sunx)=V2 


l . 
Solution: athe (cos +sin x) | = ops (cosx-sin-x) = J? 
or ME (cos x + sin x) — (cos x — sin x) = i) 


or V3 cosx + 3 sin x —cosx + sinx = xp. 


or (3 +1) sinx + (/3 —l)cosx= a 


v3 +1 sin x+ ¥3-1 era 
Or pbs a. 2 


XN XN 
or cos (x — 75°) = cos = or x — 75° = 2nna+ a 


5 3 
orx yg orx =2na+ one 2nz + &. nEeZ 
3. ° 12 4 12 


. Find the range of y such that the equation, 
y + cos x = sin x has a real solution. For y = 1, 
find x such that 0<x < 27. 


Solution: y + cos x = sin x 


y = sinx — cos x 
1. l 
= 3] sin x-—Fecosx =) sin =x 
ye[-v2,V2] 


{2 
we have, y= -v2 sin zx) for y = 1; 


{i ~3] sin cosx— cos sin 7 
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> x= 2ma + or (2k +l)a,m,k eZ 


But O<x<27 > rata 


. Find the solution set of the equation, 


log_»_,,(@sin3x+sinx)=log_. . (sin2x). 


10 10 


Solution: log . , (sin 3x +sinx) = log (sin 2x) 


—x°-6x 
10 10 


=> sin 3x+sinx> 0 and sin 2x > 0 


=> 2sin 2x cos x > 0 and 
> xeE(2n7,(2n+1)z) 


sin 3x+sin x 
~~ (By given equation) 


log ., —_—__— 
Now, © ows ( sin 2x 


2sin 2xcosx a 
sin 2x 
=> 2cosx= 1 


=> cosx=1/22>x=2nn+ 3 
=> xe (6,0) |-- eer Saad cates 
10 10 


Also x € (2nn, (2n+ 1)x) =x € (27, -2) 


5 
for n=—1 => x=—2n+ W/3=-— 


. Find all the solutions of the equation 


sin x + sin y = sin (x + y), |x| + |y| = 1. 
Solution: sin x + sin y = sin (x + y), |x| + |y| = 1 


=> 2s1n ry, Spe eg = 0 
2 2 2 


= 4sin i 0 
9D 
Cae. 75 
(i) sin ~—* =0 5 (x+y) =2na,neZ 2c) 
as x,y € [-l, 1] 
=> xy & [2,2] > xty=0 > yF=-x 
(ii) sin == 0 => x= 2mm, where me Z mo) 
=> x=0Oas |x| < 1 > -l<x<l 
(iii) sin 5 Oy = Ipm pel GB) 


=> y=Oas|xlt+lyl=1 > lyisl>-lsy<l 
Ix} + ly] =loxt+y=lor 
x-y=lor-x+ty=lor-x-y=1 
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10. 


Simultaneously solving the above equations, we get 
the solutions and the solutions are (O, 1), (O, —1), 


1 4 1 1 
d, Q), (-1, QO), -- ; | and =. 7 


Find all the solutions of the equation 4° + 3% = 1] 
and 5.16% —2.3” = 2. 


Solution: 4°™ + 3° = 1] (1) 
5.16% — 2.38" = 2 ...(2) 

Multiplying equation (1) by 2 and adding to it 

equation (2), 

= 24°" +5168" = 24 

Let 4° = ¢ 

5? +2t-24=0 

=> ¢(5¢+ 12) - 214+ 12)=0 


12 
= oars or2;ast>O>t=2 


4mx=2 > sinx = 1/2 >x =nat (-1)" Zinel 


also from (1), when sin x = 1/2; 3°” = 3* > cosy 
= 1/2 


N 
=> y=2mn+—;meZ 
3 


Solve: sin ee } cos = } V2 sin Vx. 
Solution: Method (1) 
_(vx vx 
in| 7 }roos| ‘|. V2 sin Jx 
vx vx = 2sin’ Vx 


=> 1+2sin cos = 


1 + anf « 2sin” Vx 

2sin? Vx —sin Vx —1=0 

2sin? Jx —2sin Vx + sin-JVx —1= O 
2sin Vx (sin Vx —1)+1(sin Vx -1) = 0 


1 
sin aaa or Ssinvx =1 


=> Vx=nn+(- yn" (= “|. Vx =nr+(- "> 


WY Yo YY y 


2 


x= aie hn =) or r=(ne eye) 


Method (2): 
In cos form,we get the equation 


COS 4.2) = Sin 


4 


IN AIA 


Or 


= = Ima ——+Ve 


T 
NO 
= 
aq 
+ 
| 
oe) 


—|H i 
aq 
ne 
NO 
a 
| 


. Find the smallest positive root of the equation 


sin(1— x) = ycosx - 


Solution: The given equation is possible if 
sin (1 —x)=0 and cos x =0 


Squaring we get sin(] — x) = cos x = sin(z/2 — x) 
=> |l-x=nn+(-ly (x }where ned 


But for n = 2m (m € Z) we get no value of x. 
Forn=2m+1;(m € Z) 


1=x=Qmn+1) 2- ad 


1 4m+]1 
Se ee ——7(meéZ) 
2 
ifm =0,x <0 
1 3 
For m=-1,x = 1/2 +39/4>1-x= aaa 
So that sin(1 — x) 
.{l a (a | 
= sin| —+—-~- az |=-sin| —+— |<0 
2 4 4 2 
pF 1 7 
For m = —2, enh eee ee 
2 4 2 4 


; _f{l 2 
So that sin(] — x) = Sin a > 0 
x |i 
And cos x = cos ie, > 0 


1 77. m 
Hence x = ae a is the smallest positive root of 


the given equation. 


12. 


13. 


Solve ae oe ncaa 
2+sinx 3 


Solution: 3 (sin a cos” 4 = cos x(2 + sin x) 


xe x = pC. ee x Pee 
=> 3] sin——cos— sin’ —+sin—cos—+cos’ — 
( 2 all 2 ao, 4 


= cos x(2 + sin x) 
ae x . x x 
=> 3] sin——cos— || 1+sin—cos— 
2 2 2 2 


= (cos x)(2 + sin x) 


= 3(sin cos (1+ 2" | = (cos x)(2 + sin x) 
2 2 2 


=> 3 {sin cos | (2 + sin x) = (cos x)(2 + sin x) 
Sof x = 
=> (2+sin x)| —| sin—-—cos— |—cosx | =0 
2 2 2 


> 3 {sin cos |= coss (since 2 + sin x #0) 


a x ae x 3 
=> |sin——cos— |] sin—+cos—+— | =0 
( 2 2 I Z 2 >) 
Since minimum value of sin = + cos is EP 5 which 


3 be ae x 3 
is greater than -— > sin—+cos—+— #0 
2 2 2. 2 


» x x x N 
=> sin—-—cos—=0 > tan—=1>—-—=n74+— 
2 2 2 y) 4 


> x=(4n+1)7% neZ 
2 


Prove that the equation cos (sin x) = sin (cos x) does 
not possess real roots. 


Solution: cos (sin x) = sin (cos x) 
=> cos (sin x) = cos (2/2 — cos x) 
> sinx=2n n+ (a/2 -cosx) 

Taking +ve sign, 

sinx =2nn+ 7/2 -—cosx 

or (cos x + sin x) = (4n + 1)x/2 
(4n+1)z 


2/2 


or cos (x — 7/4) = 


14. 


15. 
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Poi 


2/2 


and for n < 0, Gedaal eg <—-] 
2/2 
so cos (x — 7/4) # Cie for any ne Z ...(2) 
2/2 
Taking — ve sign 
sin x — cos x = (4n - 1) 2/2 
or sin (x — 7/4) = Cee 
2/2 
forn> 1, cuca 2 >] 
2/2 
and forn < 0, Gidea Lg <—] 
2/2 
so sin (x — 7/4) # Ges for anyne Z .. B) 


2/2 


From (2) and (3), we conclude that the given equation 
does not possess any real solution. 


Solve the equations 4 sin‘ x + cos‘ x = 1. 
Solution: 4 sin‘ x + cos* x = 1 


] 
or (2 sin? x)? + 7 (2 cos? x)? = 1 


] 
or (1 —cos 2x)? + Fi (1 + cos 2x) = 1 


or 5 cos? 2x -—6 cos 2x+1=0 
or (cos 2x — 1) (S cos 2x -—1)=0 
. cos 2x = 1 or 5 cos 2x = | 
If cos 2x = 1, then cos 2x = 1 = cos 0 
or 2x =2nnorx=n7z,VneZ 
and if 5 cos 2x = 1, 
then cos 2x = 1/5 = cos & (say) 
2x =2nnt+aorx=nnt+a2,VneZ 
Hence the required solutions are 
Xx =nnorx =nnt+a/2,VneZ 
where a = cos! (1/5) 


Find the values of x, between 0 and 27, satisfying the 


_ 3x . x 
equation; cos3x+cos2x = aes a 


BS on 
Solution: cos 3x + cos 2x = sin gas 


2 cos oF sg = 2sin x cos—: O<x<27 
2 2 2 
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16. 


x Sx. 
or cos—| cos—-—sinx |=0 
| 2 | 


x 5x 
=> ia Or Or ene 


or Se ann += x 


for n=0 = x= 2,— 


a ere ca N 
7 eee ae nx 50 9x 13x 
ee nee ae 
forn=2>x=— 
7 
137 


forn=3>x=— 
7 


Find the general values of 0 for which the quadratic 
function 


(sin 0)x?+ (2 cos 8@)x + 
a linear function. 


cos@+sin @ | 
————— 1s the square of 


a 
Solution: If (sin 6) x? + (2 cos @)x + cos@+sin@ 


is the square of a linear function therefore its discrimi- 
nant will be zero. 
=> D=0 


=> 4cos’ 6- 4(sin 0) i? 


=> 4cos?6-2 sin@ cos 0-2 sin’0 = 
dividing by cos? 0; we get, 

4 — 2tanO0 — 2tan’0 = 0 

tan’0 + tanOd — 2 =0 

tan’0 + 2tanO — tanOd — 2=0 

tan 6 (tan 6 + 2) — l(tan 8+ 2) =0 
(tan 6 + 2) (tan 9-1) =0 


WY QVYUY 


tand=1> O=nt+7 3G LZ 


or tan0=-2 > 0=nn + tan’ (-2) 


17. Find all the solutions of the equation 1 + (sin x — cos x) 


5 
sin 7 = 2 cos’ (3 whieh satisfy the condition sin 
6x < 0. 


Solution: Given equation 1s 


; , - 
] + (sin x — cos x) sin“ = 2eos? 


18. 


| 
= ee fone ey = 1+ cos 5x 


=> cossx+cos(x+7/4)=0 


=> 2cos(3x+7/8)cos(2x—- 7/8) = 0 
Thus initial equation is equivalent to equations, 
cos(3x + 2/8) = 0 or cos(2x — 2/8) = 0; 


whose roots are, respectively x oa 3 ;neZ.(1) 
5 
Set A per Q) 
16 2 


32 
From (1), 6x = 2na + =e 


sin 6x <0 > 2 < 6x < 22 (considering for [0, 27]) 
] 5 

> —<n<— 
8 8 

No solution in this case. 


15 
From (2), 6x = 3mn + = 
] 
sin 6x <0 > 12 <6x <2" > -—<m<— 
Sr 24 24 


=> m=0>x= — 
16 


Hence general solution is x = ta + 


1 
——= fer 

16 
Find the least positive angle measured in degrees 
satisfying the equation sin’x + sin? 2x + sin?3x = 
(sin x + sin2x + sin3x)°. 


Solution: sin’x + sin’2x + sin°3x = (sin x + sin 2x + 

sin 3x) 

CEE it Cy Hat OO) Se +22) (O-©) 

(c+ a)=0 

=> (sinx + sin 2x) (sin 2x + sin 3x) (sin 3x + sin x) = 0 
3 

> 2sin —cos—=0 OR Dea ee 0 'OR' 
2 Z 2 2 

2 sin 2x cos x = 0 
—neZ 


. 3x 
=> sr a => x= 


or ae 65S gee 
2 5 
. kn 
or sn2x=0> eee jar. 
or cos = 0 >x=(2p+ 1)n; pEeZ 
1 
or cosx=0> am eu ore 


ns a” 
least positive angle is = = 72° Ans. 


19. Find the set of value of ‘a’ for which the equation, 


20. 


sin‘ + cos*x + sin 2x + a =0 possesses solutions. Also 
find the general solution for these values of ‘a’. 


Solution: sin‘x + cos*x + sin 2x + a=0 
=> (sin? x)?+ (cos’x) + 2 sin’x cos’x — 2sin?x cos?x + 
2sinx cosx +a=0 


SS at eG 
=> 2-sin’?2x +2 sin 2x+ 2a =0 
=> 2a = sin?2x — 2 sin 2x —2 
=> 2a+3 =(sin 2x - 1) 
=> 2a+3=(y - 1) where y é [-1,]] 
=> 2a+3 « [0,4] 
Fal 
=> aE 7°9 


sin2x =l1-/2 3 


sin 2x = sin a where a = sin~! (1-/2a +3} 
or v= [nm + 1)" sin*- V2a-3)] 


3 1 
where aé€ 3.5] 


2 2 
2X 
sec” — 
Solve the equation: 1 + 2 cosec x = — 5 2 
5X 
sec” — 
Solution: 1 + 2 cosec x = — ; 2 
1+ tan? ~ (1+ tan? 
1+2 a? ; 
=> 2 tan — 


x , Xx x ; 
ee ae eng = 0 


x 

2 
x x x 

or tan? — +2 tan? — +3 tan — +2=0 
2 2 2 

or (tan +1 (tan? Z+tanZ+-2 )=o al) 
2 2 o) 


ee x 
but tan ra 2| has no real root ("..D <0) 


tan (= Ja = (0 
2 


21. 


22. 
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or x= nm Ans 


Find the general solution of the equation, 
+1 . 2x+4+]1 POs oan | 
sin +sin —3cos” = (); 
x 3x 3x 
Solution: Ser Oleg Seen x 300s" eee =0 
x 3 3x 
Dein een = 3cos’ ao 
2x3x 3x 3x 
or Pi RENE oe = 3cos’ Zidate 
3x 3x 3x 
or Te cota mois ~3cos’ eae =0 
3x 3x 3x 
) 2 
=> cos” ( se }- O 
3x 
2x+1 
or sin 
3x 
3 x n : —l 3 
=—=sina@, wherea = na +(-1) sin” | — 
4 4 
- ( 2x+1 v4 
S — 
3x 
2x+] 1 
=> = nt +— 
3x 2 
2 
> x= —_—__—_ 
3(2n+l)z -4 
(=) 
or sin =sing 
3x 
1 pilD 
x= where a =n +(-1)” sin’ | — 
3a-2 4 
Find all the solutions of the equation 
1 2 
sin| x -— |—cos| x +—— |= 
oF ome] 
2cos7 ; 
which satisfy the inequality eee cele sd 
cos3+sin 3 


x = 2nn + 3n/3,n € Z. 


Solution: Given, sin ( — “| — cos [ + =| == 
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= |cos x — 2 sin 2x — cos 3x| = 1 — 2 sin x — cos 2x. 


23. Solve the trigonometric equation 
; } 


1. l 
= | esi [x- + cos [x4 
Solution: From the given equation, we have 


= 42) sin [x= loos 00s («-# sin —] lcos x — 2 sin 2x — cos 3x| = (1 — cos 2x) — 2 sin x 
: : 4 4 => |(cos x — cos 3x) — 2 sin 2x| = 2 sin? x —2 sinx 


a J2[sin(x — 2/4 + 7/4)] =| => |2 sin 2x(sin x — 1)| = 2 sin x(sin x — 1) 
1 => 2\sin x| |cos x| (1 — sin x) = sin x(sin x — 1); 
=> 2 Sinx=1 Sale od since sinx —1<0 
> cos7 2 => (sin x — 1) [sinx + 2 |sin x| |cos x|] = 0 
x a . . 
———— >2*°’*we must find the interval that = Either sinx -— 1 =0 (1) 
cos3+sin 3 ; ; 
or sin x + 2|sin x| |cos x] = 0 i(2) 


satisfies both the above conditions which can be 


calculated by finding their periods. eqnanen (1) nr 
fe 37 = sinx=lox= Gat) ined 
As period for *!0 [+ =) oe [. t) = lis In order to solve (2), we discuss two possibilities 
L.C.M of {20,20} =2n _w according as 
. . a 20 Case I: Let sin x > 0; then the equation (2) reduces to 
Also the period for the inequality is LCM of 7? Xt sin x +2 sin x |cos x| = 0 
= 2x ... iii) => sin x(1 + 2|cosx]|) = 0 
From (i) and (111) we must check at x = 7/4 and 32/4 Since 1 + 2|cos x| = 0 will give impossible solution as 
(as they lie [0, 27]) Ce ee 
a 
(1) ary -. We must have sinx=O0>x=nmneZ 
yi ; : 
eee ane ee Case 2: rel sin x <Q 
LHS, ————_ = ——— = a Then equation (2) reduces to 
cos3+sin3 cos3+sin3  cos3+sin3 sin x — 2 sin x|cos x| = 0 => sin x(1 — 2|cos x|) = 0 
— _ <0 Hence sin x = 0 1s not possible, since we have 
ae 3 4 4 taken sin x < 0; Hence we have 1 — 2|cos x| = 0 
=> |cosx| = 1/2 
where as J.cos th ae Jcosni/2 _ 99 _ l Sa pene Ae 1/2 


which shows x = 2nz + 7/4 is not a solution of the a a 
=> x=(2n+l)7+—or 2nt7-— neEZ 
inequality 3 3 


24. Solve the equation 


Z . 32 
(11) Again at x = —, 
‘ cos(z3*)— 2cos" (7#73*) + 2. cos(4773* )— cos(7773*) 


217 . - 9 x : x 
OE ace ie = sin(73*)+2sin°(#3*)—- 2sin(473*)+ 
cos3+sin3  cos3+sin3 2 sin(7#3*")— sin(773"). 
ene Solution: Let z 3* = 0, then 
= eT ily =a al. = cos 06-2 cos? 06+2 cos 40 — cos 76 = sin 0+ 2 
' : sin( 3+ sin? 9 —2 sin 40 + 2 sin 30 — sin 70 
=> cos 8 - cos 76+ sin 70 — sin 8 + 2(cos 40 + 
Om: sin 40) =2 +2 sin 30 


cos2x — a 4 — 
Where as 2 - I => 2 sin 40. sin 36+ 2 cos 40. sin 39 + 2(cos 46 + 
2cos 7x 


which shows ——————— > 2°*"* sin 40) = 2 + 2 sin 30 
cos3+ sin 3 => sin 46 (sin 36 + 1) + cos 46 (sin 39 + 1) - 
(1 + sin 36) = 0 


32 . ; 
Hence, x = 2nz + ——1s the solution 
4 => (sin 36+ 1) (sin 40+ cos 46-1) =0 


25. 


26. 


= sin 30 = -1 => 30 = Inn ~ = 


=> 32 3* =2nn—- n/2 
An-]1 


= HN = In ==>x+1=log, 


4An-| 


=> x = log, —] 
And sin 460+ cos 46 = 1 


=> sin( 40+ |= sin” > i: eee na+(-1y" 
4 4 4 4 


31 Set 
4 4 
ere es 
4 16 16 


n N N 
GF ie ae nae 
oe a, (7 ( 16 =.) 


Find the value of ‘a’ so that the equation 

cos’ = (2cos’ x-—Scosx+ >| = sec” (x+ asec’ x) 
has a real solution. 

Solution: Since cos? 0 < 1 and sec? a > 1 


=> cos? = (aco x-Seosx+2)|=1 


=> < (200s* x—Scosx+2)= nm VneZ 


=> 2cos?x-—Scosx+2=10n,ne ZL 
* 9 


Now, 2 cos?x —5 cosx+2= 2| cos x- > A 
=> -l<2cos’x-—S5cosx+2<9 

= In equation (1) only one value of n is possible 
1e.,n=0 

2 cos’*x —Scosx+2=0 


=> (@cosx- 1) (cosx —-2)=0 


y 


4 
=> x =2nn+— 
3 
— sec’ ‘nn + + asec’ [ane + =) =] 


=> sec’ (ann = +24) 1 


1 
> a= a wae 2 


Solve the equation: 


cos? 7 coin x+ WB | — tan’ (+ tan’ *}- ] 


Zils 
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Solution: 
cos” E (sin x + J2 cos? | — tan’ : + “tan” | =] 


the square of the cosine of any argument does not 
exceed 1, the given equation holds true if and only 
if we have, simultaneously 


cos” Foon x+ Joos ‘| =] 


_) 


we thus have a system of 2 equations in one unknown. 
To solve it we find the roots of the first equation and 
then substitute them into the second equation and 
then choose those that satisfy the second equation and 
hence the system. From the first equation, we get; 


“Gin x+/2 cos’ xy=knr 


9 N 9 
and tan~ (+ tan’ «}- 0 


2cos’*x =4k,keZ 
But we also know that 
| sin x +-/2 cos? x| < |sinx|+ J2|cos? x|<1+J2 <4 


The equation has no solution for k # 0. We 
consider k = 0 


sinx +-/2 cos’ x =O ie., (sinx — V2)(/2 sin x +1) = 0 


=> sinx =-1/J2 >x =nat Cr 


=> sinxt 


If n is odd, x = (2k + 1)a + 7 
Putting this in equation (1), we get, 


I 
t Tete 
an [( ea gl 


= tan which is undefined. 


If n is even, x = 2kn — Z 


Putting this in equation (1), we get, 


tan[2kn - ~ +7) =0 
44 


Hence x = 2ka — ake L 


Solve the following system of equations for x and y 
5 (cos ec” x—3sec” y) = l and 9) 2eosec x+/3|see y)) = 64 
Solution: 5°°*?*"  =1 =5° and 
9 Boosec x+/3|se0 y) = 64 = 76 
=> cosec? x — 3sec’y = 0 ...(1) 


and 2 cosecx + “3 |secy| = 6 ... (1) 


putting the value of V3 |sec y| 
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28. 


from equation (11) in (1); we get, 

cosec’x — (6 — 2 cosec x)= 0 

cosec? x — 36 + 24 cosec x — 4 cosec*x = 0 
3 cosec’x — 24 cosec x + 36 =0 

cosec’x — 8 cosecx + 12 = 0 

cosec’x — 6 cosecx — 2cosecx + 12 = 0 


YUUQUY 


cosecx = 2, 6 
putting the value of cosecx in equation (11); we get, 


Either, 4 + AE) |lsecy|]| =6 or |2+ RE) |secy| = 6 
=> ME} |secy| = 2 or 3 |secy| = —6 


2 
=> |secy| = B or | sec y |= 243 
See eee yom 
4 6 6 


| 
cosecx = 2 > sinx = — >x=nn+(-l)" 216 


x =nz+(-l1)" 7%; y= ma mnéEl 


Let f(x) = sin*x + cos*x + k(sin* x + cos*x) for some 
real number k. Determine 
(a) all real numbers k for which f(x) is constant for all 

values of x. 

(b) all real numbers & for which there exists a real 

number ‘c’ such that f(c) = 0. 

(c) If k = -0.7, determine all solutions to the 

equation f(x) = 0. 

Solution: f(x) = sin°x + cos*x + k (sin* x + cos* x) 

(a) f(x) = sin*x + cos®x + k (sin*x + cos*x) = constant 
=> (sin’x) + (cos’x)* + k[(sin’x)? + (cos? x)”] = constant 
= (sin’x + cos’x)> — 3sin’x. cos*x (sin’x + cos?x) 

+ k [(sin’x + cos’x)* — 2 sin’x. cos’x] = constant 
=> (1-3 sin’x cos’x) + k [1 —2 sin’*x cos’x] = constant 
Now, (1 —3 sin’x cos? x) + k [1 — 2 sin’x cos*x] will be 
constant only when k = —3/2 such that sin*x cos’x will 
get removed 


at (i =-3 |. $09 = L377 =412 


(b) sin°x + cos*x + k (sin*x + cos*x) = 0 


Nm 


or 1 —3 sin’x cos? x + k (1 —2 sin? x cos” x) = 0 
or 1 — 2 sin*x cos’*x + k (1 — 2 sin’x cos’x) 
= sin’x cos’x 
or (1 — 2 sin’x cos? x) (k + 1) = sin’x cos’x 
aie 2 
sin” x cos” x 
ork+]= ee, ea ee 
1—2sin~ xcos’ x 
ae: 4 
3sin° xcos’ x-1 
or k = ———__—__ 
1—2sin° xcos’ x 
minimum of sin*0 cos*@ = 0 at 0=0, 2/2 


29. 


maximum of sin*9 cos?@ = 1/4 at 0= 45° = 7/4 


Let sin2x.cos’x = t 


(c) (1 —3 sin’6 cos’ 8) — 0.7 (1 — 2 sin’6 cos? @) = 0 
7  1-3sin’ @cos’ 6 
~ 10 2sin? @cos? @-1 
or (4 sin 0 cos 8)? = 3 
or 2 sin 20 + 3 


clearer oo 
or sin 20 =+ 3 


~ 


or 20 = na+ (-1)" (+73) or O= ot ("sn EZ, 


Show that the equation sin(x + «) = a sin 2x + b has 
four roots whose sum is equal to (2n + 1)a where n € Z. 


Solution: sin x cos a+cosx sina =2asinxcosx+b 
=> sinxcosa+cosx sina —2asinxcosx—b=0 


x 7x 
2 tan — 1—tan* — 
; = Z = Z 
put sin x = > and cos x = ee 
1+ tan* — 1+tan* — 
2 p) 
let tan x/2 = t, then 
= Lee CA, ty ene 
l+f l+¢ d+t°) 


=> (2t + 2t?) cosa + (1 — “) sina —- 4at(1 - ?) - 


b(1 + 1 + 2t?) =0 
=> (-sina—b)t*+ (cos a+ 4a) + (-2b)P? + (2 cos 


a — 4a) t+ (sina — b)=0 


2cosa+4a 2b 
> TET tt = secre al Sant ia ae 
: snat+hb -“ sinat+b 
2cosa—4a —sina+b 
dt tt, = : 2 oa a : 
. sina+b az sina+b 
2cosa+4a 2cosa—4a 
= tan X, +X, +X; + X, - sinat+b sin@ +b 
y) 2b , = sin & 
sna+b b+sing 
Sa 
- sin@+b _ 8a 
sina@+b-—2b+b-sing 0) 
snat+b 
x +x,+x,+%x N 
sti, I 


2 2 
= Oe Pete, = ln ae ne ley wee 
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SECTION-—II 


OBJECTIVE SOLVED EXAMPLES 


1. Solution of equation sin? x cos x + 4 sin x cos 


x — cos? x sin x — 4 sn x + 4 cos x —- 2 = QO, 
for real valued x, is 
(a) na+tan! 1/2 (ne Z) 


(b) na+ = (n eZ) 
(c) nt—tan! 1/2 (ne Z) 
(d) net au eZ) 


Solution: sin x cos x (sin x — cos x) + 2(1 — (sin x - 
cos x)”) — 4(sin x — cos x) —-2 = 0 

= (sinx — cosx) (sinx cosx — 2 (sinx — cosx) — 4) = 0 
= (sin x —cos x) (sin x + 2) (cos x — 2) =0 

=> tanx= 1 


nN 
=> xannt ned 


. The number of solutions of the equation 2° = |sinx| 
in [-2a, 2z] 1s 

(a) 1 (b) 2 

(c) 8 (d) 4 


Solution: (c) We have 2° = | sin x | 
The equation holds true for x = 7/2 and also for some 
value € (7/2, 2) 


at x = 2/2, Slope of LHS and RHS do not match 
so curves do not touch rather they intersect. Thus 
there will be 2 x 4 = 8 number of solutions in 
[—27, 27] 


. Ifx?-4x+5-siny =0,y € [0, 27], then 
(a) x=l1,y=0 (b) x=l,y=m/2 
(c) x=2,y=0 (d) x =2, y= 7/2 


Solution: (d) (x — 2)? + 1 = siny 
The minimum value of LHS is 1 while maximum 
value of RHS is 1. 


So solution exist iff the minima of the LHS coincide 
the maxima of the RHS. te., 


=> x=2,siny=1 > x=2,y=7n/2 


. The number of points on or within the circle 


x? +y’< 4 satisfying tan*x + cot*x + 1 =3 sin?2y is 
(a) one (b) two 
(c) four (d) infinite 
Solution: (c) tan‘ x + cot* x + 1 = (tan’x — cot?x)? + 
3 > 3 and 3 sin’2y <3 
= tan’ x = cot? x and sin? 2y= 1 
=> tan’?x = 1, sin’?2y= 1 
= x andy both belongs to set nt + 7/4 

Lé., 427/423 7 1/4,0::} 
>xrty=4>xr<4andy<4 


> x=+" andy=+2 
4 4 


= So only four solutions are possible. 


. The number of all possible 5 — tuples (a,, a,, a,, 


a,, a,) such that a, + a, sinx + a, cosx + a, sin2x + a, 
cos2x = 0 holds for all x is 

(a) zero (b) 1 

(c) 2 (d) infinite 


Solution: (b) Since the equation 

a, + a, sinx + a, cosx + a, sin2x + a, cos2x =0_ ...(1) 

holds for all values of x. 

So putting x = 0 in equation (1), a, + a, + a, = 0 

On putting x = 2, a, — a, + a, = 0 in equation ....... (1) 

=> a,=Oanda,tap=O 22 eee, (11) 
Putting x = 7/2 and 37/2, we get 
a,+a,—a,=Oanda, -—a,-—a,=0 

=> a,=Oanda,-a@,=O 4:22 i eeeeeees (111) 
From (1) and (11) we geta , =a, =a, =a ,=0 
The given equation reduces to a, sin 2x = 0. This 
is true for all values of x, therefore a , = 0. Hence 
a,=4a,=a,=a,=a ,=0. Thus the number of 


2 3 4 
5-tuples satisfying the equation is one. 


. If cotx coty = k and x + y = 7/3, then tanx, tany 


satisfy the equation 

(a) k? —V3(k-1)t+1=0 

(b) kt? + V3(k —1)t+1=0 

(c) k? —V3(k+1)t+1=0 

(d) KP? + V3(k+1)t+1=0 
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tan x+tan y Case Il: When cosx < 0 


; iiaumnueg In this case equation becomes sin x (—cosx) = [= 
= taking tan x + tan y = (1 — tanx tany) V3 1 1 rps 


Solution: (a) tan(x + y) = V3> 


ei => sinx cosx =— > = or sin 2x = 77 
=> tanx + tany = V3 (=) and product of root 2/2 v2 


tanx tany = 1/k oe ae oT say EL 15x 
Hence tanx and tany are the roots of k 2 — V 8 8 8 8 
bs Sa 7 
3(k- ljt+1=0 se ge as cosx < 0 and x € (0, 27) 


= 8 «8 
Le, f° [vi (Ft) 42 0 Thus the values of x satisfying the given equation 


i K a 3m Snr 72 
which lie between O and 2” are —, —, —,—. 


7. The set of all x € (—7, 2) satisfying 8° 8° 8° 8g 
| 4 sin x —1| <5 is given by These are in A.P. with common difference 7/4 
n 3x n 37 9. The ratio of the number of the roots of the equation x 
(a) - 10° =| (b) (=. =| + 2 tan x = 7/2, to the number of roots of the equation 
Se 2tan x — x = v/2 in the interval [0, 27] is 
(c) (= =| (d) None of these (a) 1/2 (b) 3/2 
Solution: (a) We are given the equation ae eae: 
\4sinx-1)< J ee (b) We have x + 2 tan x = 7/2 and 2 tanx -—x 
= 1 


=> —/5 < 4sinx-l<J5 
=. = v5 =1 < sinx < v5 +1 
4 4 
a 2 1 
= —sin—<sinx <cos— 
10 5 


= sin - sin x < sin (=-=) 
10 2 5 


nu _ 32 n 3x 
= sin - sin x < sin Ts 4 
a Now the graphs of the curve y = tan x and y = 7/4 
8: The values of x between 0 and 22 which satisfy — x/2 in the interval [0, 27] intersect at three points 


ee ae ae while y = tan x and y = 7/4 + x /2 intersect at two 
po decree sacs REO ere Oe points. The abscissa of these points are the roots of the 
common difference is 


corresponding equation. So the required ratio is 3/2. 


= tanx = 7/4-x/2 andtanx=7/4+x2 


(a) mt! 4 (b) m/ 8 sin” x cos” x ; 
(c) 32/8 (d) 52/8 10. If O < x < aw and 81 *4+81 = 30, then x is 
; equal to 
Solution: (a) Given — is sinx ¥8cos’x = 1 (a) 2/6 (b) 1/3 
=> sinx|cosx |= —= (c) 52/6 (d) 22/3 
2/2 n° 
Case I: When cosx > 0 Solution: (a, b,c, d) Let 81 * = y 
In this case equation becomes sinx cosx = 22 Then 81° * = 81" * =8] ye 
l x 3n On Ilr So that the given equation can be written y? — 30y + 
=> sindx= 7 > 2x = —, —,—, — = 
a ew ae ae A 81=0 
m 3 9m lin aoe 
8° 8° 8 8 => 81"* =3:0r 27 
nx 32 => 34 3! or 33 


As x lies between 0 and 27 and cosx > 0, x = —, — — 
8 8 => sin x=1/4 or 3/4 


11. 


12. 


13. 


=> sinx = +1/2 or +./3/2 
> x = nor V3 or 52/6 or 27/3 


In a triangle ABC, the angle B is greater than the 
angle A. If the values of angles A and B satisfy the 
equation 3 sinx — 4 sin? x -k = 0,0 <k <1, then the 
values of C is 
(a) 2/3 

(c) 22/3 


(b) n/2 
(d) 52/6 


Solution: (c) We have 3 sinx — 4 sin'x =k,O<k<1, 
which can also be written as sin3x = k. it is given that 
A and B are solution of this equation. 

Therefore sin3 A = k and sin3 B = k (where 0 <k <1) 
> 0<3A<amand0<3B<z2 (since 0 <k < 1) 
=> 34 =3B (which is not possible) 
or 34+ B=n2 DATt+B=%3B DCH=2n/3 
Aliter: Now sin 3A — sin 3B = 0 


=> Pe aa sin 3 2) 9 


But it is given that B > A and O < 34 < q, 
0<3B<z 


3(A-B) 3(A+B) _ 


# 0. Hence cos @) 


>C=2-2/3 =2n/3 


sin 
> A+B=7n3 


The number of roots of the equation, 
sin x + 2 sin 2x = 3 + sin 3x 1s: 

(a) O (b) 1 

(c) 2 (d) infinite 
Solution: (a) 

=> (sin x — sin 3x) + 2 sin 2x = 3 
—2 sin x cos 2x + 2 sin 2x = 3 


2 sin x cos 2x — 2 sin 2x +3 =0 


Y Ud 


2 sin x cos 2x — 2 sin 2x + (sin 7x + cos?x) + 
(sin? 2x + cos? 2x) + 1 =0 

(1 — sin 2x)? + (sin x + cos 2x)?+ cos’x = 0 
Hence there is no root because all terms do not 
vanish simultaneously. 


y 


The number of the solutions of the equation 
sin (7 |= x - W3x+4 
2/3 


(a) 1S Zero (b) is only one 


(c) only two (d) is more than two 


Solution: (b) Given equation is 


_( mx 
sin| —— |= x? 23x + 4 
Ba 


14. 


15. 


16. 


Trigonometric Equations < 2.57 


=> in( |= (x—-3)? +1 


So L.H.S. < 1 while R.H.S. > 1 

Therefore equality holds iff x = V3 

If 1 +] sinx | +| sin2x| +| sin? x| +.....0 =4 + 2V3 where 
x € (0, 2) ~ {n/2}, then the value of x is 

(a) 1/6 (b) 2/3 

(c) 22/3 (d) 52/6 

Solution: (b, c) Since for all x € (0, 2) ~ 2/2 
O<sinx <1 

and equation becomes 


l+sinx+sin’ x+..... co = 44243 


=> 


= l-sinx= 
= ig 


N 
> x= ng + (—1)"—; where n eZ 


The equation c fea h| c 2} ] 


has 
(a) no solution 
(c) many solution 


(b) Here 


(b) one solution 
(d) None of these 


Solution: the equation becomes 


[".. cos(A + B) cos(A — B) = cos?4 — sin’B] 


0 0 
; < 2——< ——— A 
Since 0 < cos xs 1 => cos > I. sin” 5 OQ 
2—= = = =H = =nz ... (1 
=> cos > 1 > cos > = I> nz... (1) 


= Gee Vain =0>0=2kn ... (1) 
(where n, k € Z) 
From (1) and (11) only common solution is for n = k = 0 


1.e., 8 = 0 is the only solution 


If all the solutions ‘x’ of a + a~°* = 6 (a> 1) 
are real, then set of values of ais 

(a) [3 + 2V2, «) (b) (6,12) 

(c) (1,3 + 2V2) (d) None of these 


Solution: (a) Let a*=t>1t+ 14=6 
=> P-6t+1=0 
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17. 


es 6+ 36-4 


=> a= 342V2 
=> cosx = log (3 + 2V2) 
% 


=3+42V2 


- y = log.(3-2 V2) 


Since for all the roots to be real, a >1 

So we must have log (3 + 2V2) <1 and 

log (3 — 2V2)>-1, 

Both are true for a> 3 + 2v2 

The number of the solutions of the equation x* + 2x? 
+ 5x + 2cosx = 0 in [0, 27] is 

(a) 0 (b) 1 

(c) 2 (d) 3 


Solution: (a) Consider the function 
yH=xet2e + 5x + 2cosx 


= Oi 3x7 +6x4+5—-2sinx 
dx 
dy 2 
— > 3x° +6x+3 =3(x+1)720 
dx 
d 
> ~ soOforallxe R 
dx 
Implies given function is monotonically increasing 


and value 1s 2 at x = 0, which 1s positive. So left hand 
side will be greater than 2 for all x > 0. So no root lies 
in [0, 27]. 


18. x, and x, are two positive values of x for which 2 cos x, 


|cos x| and 3 sin? x — 2 are in G.P. The minimum value 
of |x, — x,| 1s equal to 
(a) 42/3 


(c) 2cos” a 


(B) 1/3 


gf 2 
(d) cos =) 


Solution: (c) cos? x = 2 cos x(3 sin? x — 2) 
=> cos x[cos x — 2 {3 (1 — cos? x) —2}] =0 
=> cos x(6 cos? x — 2 + cos x) =0 
either, cos x = 0, which is not possible 
[".. no term in a GP can be equal to zero] 


or 6cos?x+cosx—2=0 


19. 


20. 


21. 


/-x,|= = or el S20 eos =) 
: ae 3 
=> |x, —x,|. = 2008 (2), 


© = 2005" -+) and cos'x is a decreasing 


function 


= 2cos” a >2cos” 2 
2 3 


If the equation 1 + sin? x @ = cos@ has non-zero 
solution in 0, then x must be 

(a) an integer 

(b) a rational number 

(c) an irrational number 

(d) lying strictly between 0 and 1 


Solution: (b) The given equation is 1 + sin? x 8 = cos@ 
or, 1 —cos@= sin’x@ => 2sin? 6/2 = sin? xO (4) 
8 = 0 1s one solution 

L.H.S. has period 2x and R.H.S. has period 2x. 

The solution other than zero exists iff LCM of 27 and 
m/x exists. So x must be a rational number. 


Total number of solutions of [sinx] + cosx = O for 
x € [0, 27] 1s 
(where [.] denotes the greatest integer function) 


(a) | (b) 2 
(c) 4 (d) 0 
Solution: (d) Given equation is [sin x] = — cosx 


Real solution exists iff — cosx 1s integer 1.e., cosx 1s an 
integer. 

So possible solutions for x € [0, 27] are x = 0, 7/2, 7, 
32 /2,27 

when x = 0,22 RHS =-1 and LHS = 0, no solution 
x = W/2 or 32/2 RHS =0 and LHS = 1, no solution 
RHS = 1 and LHS = 0, no solution 
So, we can conclude that equations has no real 
solution. 


X—-T 


Number of solutions to the equation 

pem*= 3 a ey _— leu i e2sine = l| in [0, 27] is 
(b) two 

(d) None of these 


(a) zero 
(c) four 


22. 


23. 


Solution: (b) Let ‘e*™ =? then |2¢-3 -—f|=|t-f-1| 
=> |P -—2t+3|=|rP-tt+]1] 
here? —2¢+3>0,f-t+1>O0VteER. So, 


Sirsa ats lata 2 ee 
> snx=m2€ (0,1) 
=> In{0, 27] there will be two solutions. 


Complete set of values of x in (O, 2) satisfying 
1 + log,(sin x) + log, (sin 3x) 2 0 is 


Solution: (c) | + log,(sin x) + log, (sin 3x) 2 0 
=> sin x, sin 3x >0 
= log, (2. sin x. sin 3x) 20 
=> 2sinx. sin3x2>1 
For sinx >O0 >x € (0, 2); sin 3x > 0 
=> 3x € (0, 2) U (20, 32) 


= xe (0, = Ju(=. x) shea (1) 
3 3 


For 2 sin x. sin 3x 21 

2 sin? x(3 — 4 sin? x) > 1 

8 sin*x—6sinx+1<0 

(2 sin? x — 1) (4 sin?x- 1) <0 


iid, face) 
wea 


oe 
V2 

2.4 Az : 
>=xelergiYla76) oes (11) 


ees anaee 2,2) = 
In view of (1) and (11), x € ae ne 


Yo UNY 


If cosec(@ — a), cosec@, cosec(@ + a) are in A.P. 
a € (—2/2, n/2), then the number of possible values 
of 1s 
(a) 0 
(c) 2 


(b) 1 
(d) None of these 


. If cos(a — £#) = 


Trigonometric Equations < 2.59 


Solution: (b) 
De es: ] ] _ 
sn@ sin(@-a@) sin(@+a@) 


2sin@cosa@ 


2 3 2 
sin’ @-—sin’ @ 
=> sin?@ cosa = sin?@ — sin?a 


- 9 
sin’ @ 


=> sin?@ = = 2cos’*a/2 if a # 0. 


l—cosa@ 
Vs 
=> cos’a/2 = oo @ < 1/2 but-174<a2<7/4 
=> cos(a/2) = 1/2 
. cos?(a/2) = 1/2 > cosa = 0 
which is not true in (_=. =| . 
2 2 


If a = 0, then cosec(@ — «), cosec@, cosec(@ + a) are 
obviously in A.P. 


nT 
Hence a = 0 is only possible value of « in(-4 7° 9 =) 


. Find the number of solutions of the equation 


de sinx — 3¢ -sinx +4=0O1in [O, 271] 
(a) 1 (b) 2 
(c) 3 (d) None of these 


Solution: Let us suppose e™™ = y 


“y=sinx 
=> 4y-344+4=0 => 4'+4y-3=0 
=> 4+ 6y-2y-3=0 

=> Qy-1) Qy+3)=0 

> y=l2ory=-32 > e™=1/2 


Now, -l<sinx<1 > le<e™<e. 


e™* can never be negative hence no solution for 
y =-3/2 and 1/2>1l/e> gu =~ has two solu- 


tion in [0, 27] 
=> No of solutions = 2 


1 and cos(a + £) = 1/e, where 
a, £ € [-a, a], then the number of pairs of 
a, B which satisfy the above two equations 1s 

(a) 0 (b) 1 

(c) 2 (d) 4 
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Solution: (d) a, £ € [-a4, a] > a-fandat+Pfe 

[—22, 2a]cos (a — B) = 1 and cos (a + B) = I/e 

=> a-fB=0, 2a, - 27, 

> a=fPora=a, B=-7 ora=-7, B=n 
For a = B; cos 2a = l/e > 2cos’a = 1/e + 1 


+] 
=k wherek <1 
e 


e 
=> cos’?a = 


> cosa=+vVk ,a € [-a2, 7] 


= There will be four solution 


26. The total number of roots of the equation 
3° = |sin x|, belonging to [-4z, 4a] 1s 
(a) 14 (b) 15 
(c) 16 (d) None of these 
Solution: (c) —1 <cosx< 1 
=> 1/3 <3°* <3 and 0 < |sinx| < 1 
=> y = 3° and y = |sinx| have intersecting range. 
We draw the graphs of y = |sinx| and y = 3° and com- 
pare. *.” |sinx| = 3° at x = (2n + 1)x/2 
We need to check whether the two graphs intersect 
or touch each other at x = 1/2 and that will determine 
whether (1/2, 1) there exists a solution or not 
For that we use calculus i1.e., two curves touch each 
other at a point P if (4) = (42 and two curve 

dx d 


P x P 


dy, dy, 
intersect at a point P when | —— | #| —— 
dx }, dx }, 


d Bes 
Here f ( | = 3°" (- sin x.log, 3) = —In3 
dx), 


which is a negative given by 


dx 


> 2) 
dx m/2 dx m/2 


= There two graphs not only touch but cut each other 
at x = 1/2 and hence there will be 2 solutions in (0, 
m) as 1s Clear from the graph given below. 


d|sinx sin x 
and (<i!) as Pegate 
m/2 


y" 


Total number of solutions = 8 x 2 = 16 
Matrix Match Type 


27. Column-I 


(a) If a, # are the solutions of sin x= ie in 
] 
[O, 2a] and a, y are the solutions of cos x = as in 
[O, 22], then 
] 
b) If a, B are the solutions of cot x = —— = in 
(b) p B 
[O, 2z] and a, fare the solution of cosec x = == 


B 


Ss 
(c) If a, B are the solutions of sin x = _ in 


in [0, 27], then 


[(O, 2z] and a, y are the solutions of tan x = 


<3 in [0, 2z], then 


Column-Il 

(p) @-f=2 
(q) B-y=a2 
(r) A-y=X 
(s) a@+f8=32 
(t) P+y=20 


Ans. a > (q, s); 5 > (p, t); c > (r,t) 


7 v3 


Solution: (a) °.” sinx = a = 


28. 


An 5 
i — 


Se 1 
oe (1) 
] Xn 
and cos x = —— =-—cos— 
2 3 
XN XN 
=cos | f-— |, cos| 7+— 
(=F) ome) 
2x An - 
Ne il 
3° 4 (11) 
From equation (1) and (11), it is clear that 
An ay 4 20 
= =; =——— 
=> B-vy=17,a+f8=3n 
_ N 
(b) *.. cotx = aa —cot — 
B 3 
= cot [n-=) cot (an =) 
2H Sn , 
x = —, — mane! 
eer (1) 
—2 XN 
and cosecx = —= =-cosec — 
ie 3 
Nt Nt 
= cosec [ + =) cosec (on - =| 
4n 5 ea 
x= —, — (A 
a (11) 
From equation (1) and (11), 1t is clear that 
SIT 20 An 
a=—, B=—, y=—.. P+yv=2n2;a-B=n 
. 3 2 
CO) Sin eS SS SI 
(Cc) 5 3 
\ d 
= sin [r+=) sin (22-2 | 
An Sn , 
x = —, — nl 
3° 3 (1) 
Xn 
and tanx = /3 =tan a = tan > tan( r+ | 
nx An ; i: 
0 ... (11) 
From equation (i) and (11), 1t 1s clear that 
An SIT XK 
a=, =———, =:— 
3 P 3 e 3 


> a4+P=3n0,a-y=n,Pp+y=2n 


Solve the equations for ‘x’ given in Column-I 
and match with the entries of Column-II consits of 
set of values of x that satisfy the equations given in 
column-I 

Column-I 
(a) cos 3x. cos*x + sin3x. sin’x = 0 


(b) sin 3a = 4 sin @ sin(x + a) sin (x — a) 


(C) 
(d) 


(p) 
(q) 
(r) 
(s) 


Trigonometric Equations < 2.61 
2 tan x — 1] +] 2 cot x- 1] =2. 
29 
sin!°x + cos!’x = —cos* 2x. 
16 
Column-Il 


ih 


Ans. a > (s);b > (p);c 9 @) 


Solution: (a) cos 3x. cos*x + sin3x. sin?x = 0 


Y Q YVUUNUUY 


oy 
on 
wa 


y 


YU Ys 


=> 


(c) 
= 
=> 
=> 
=> 
=> 


(4 cos*x —3 cosx) cos*x + (3 sinx—4 sin3x) sin*x =0 
4 (cos® x — sin*x) — 3 (cos*x — sin*x) = 0 
A(cos® x — sin°x) — 3(cos’x — sin’x) = 0 
(cos’x — sin*x) (1 — 4 cos?x sin’x) = 0 
cos 2x = 0 or sin?2x = 1 = sin 7/2 
2x = 2nn+ n/2 or 2x =nn+ 7/2 
x=nn+ WAorx = else 
2 4 
(q), (S) 
sin 3a = 4sin o sin (x + a) sin (x —-@) 
: a. aoe 
sin 3a = 4 sin & | ———————— 
pi 
cos 2@ — cos == 
2 


C. sina #0 if a #nT) 


3 sin a — 4 sin’a = 4 sin a] 


3 —4 sin’a = 2 cos 2a — 2 cos2x 


3 —2 (1 —cos 2a) = 2 cos 2a — 2 cos 2x 
3 —2+2 cos 2a =2 cos 2a — 2 cos 2x 
cos 2x = -1/2 
ey ee 

3 
(p) 


2 tan x — 1] + |2 cotx-—1]/=2 

sum of two non-negative quantities = 2 
2tanx-—1l=1 

tan x = | 

x =nn+ 7/4 


(q) 


29 
(d) sin'*x + cos®x = 7c cos* 2x 


=> 


l-cos2x ) (l+cos2x) 29 ‘ 
—————_} +] ————_] = — cos 2x 
2 2 16 
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] ; 29 
—(1+10cos* 2x +5cos* 2x) = —cos* 2x 
16 16 


= 24cos‘2x — 10cos?2x — 1 = 0 
= (12cos?2x + 1) (2cos?2x — 1) = 0 


=> cos’ 2x= 2 or cos? 2x = cos? | % 
2 A 


[a nIT ia 
= 2x=nzt+—orx=—i— 
4 2 8 


=> (r) 
Solved Comprehension Passage 


Passage 1: 

Let S, be the set of all those solutions of the equation 
(1 + a) cos x. cos (2x — b) = (1 + a cos 2x) cos (x — b) which 
are independent of ‘a’ and *b’. And let S, be the set of all other 
solutions of the above equation. Then on the basis of the above 
information provided above, answer the questions that follow: 


29. Set S,is given by: 
] 
(a) in +b+(-1)” sin ‘(asinb)); neEZ 


(b) (nn + a+(-1) sin ‘(asin b));neEZ 
(c) = (nn +b+ (-1)” sin "'(bsina)) ; nEZ 
(d) = (nn + a+(-1) sin '(bsina));neZ 


30. Conditions that should be imposed on ‘a’ and *b’ such 
that S, is non-empty is 
(a) |bsina| <1 
(c) Jasin b| <1 


31. All the permissible values of ‘b’, if a = O and S is 
subset of (0, 7). 
(a) b € Cnn, 2a-nn), wherene Z 
(b) b € (na, 22+ nz), wheren € Z 
(c) b € (Qna, 22+ na), where n € Z 
(d) b € (na, 2n-—n), wheren € Z 


(b) |b sin a| = 1 
(d) None of these 


Solution: 

The given equation is: (1 + a) cos x. cos (2x — b) = 

(1 + acos 2x) cos (x — b) 

=> (cos x. cos (2x — b) — cos (x — b)) = a(cos 2x. cos 
(x — b) — cos x cos (2x — b)) 

=> cos(3x — b) + cos (x — b) — 2cos (x — b) = a(cos 
(3x — b) + cos(x + b) — cos (3x — b) — cos (x — b)) 

= cos (3x — b) — cos (x — b) = a(cos (x + b) — cos 
(x — b)) 


=> -—2 sin (2x — b) sin x = —2a sin x sin b 


=> sin x [sin (2x — b)-—asin b] =0 
=> sinx=Oor sin (2x —- 5b) =asin b 
29. (a) S, = 1,7, S,= - (nat + b+ (-1)"sin~' (a sin b)) 
30. (c) S, is non-empty if |a sin 5| < 1 
31. (a) a=0, and have to make sure that 0 < > (nz+ (1) 
"sin-'(a sin b)+ b)<z 


Tv 


b 
> 0< Sty <8 => -—mn<b<2n-n71 


=> be(-na,2na-na)neZ 


Passage 2: 
Let /(@) be defined as 
l+sin?@  cos’@ 4sin 46 
f(@)=| sin?@ 1+4+cos’*@ 4sin4A 
sin’ @ cos @ 144sin40 


Let p, g and r are smallest positive integers such that p 
<q and {p7/r, qv’r} be the solution set of f(@) = 0. Also, let 
(ap+q) _, 


cr 
where ‘k’ is also an integer. Then on the basis of the 
information given above, answer the questions that follow. 


a, b and c be three positive integers such that 


32. What is the value of the ordered triplet (p,q,r)? 
(a) (3,4,8) (b) (7,9,24) 
(c) (7,11,16) (d) (7,11,24) 


33. What is the minimum value of a+b+c? 


(a) 11 (b) 16 
(c) 14 (d) None of these 
34. The total number of ordered pairs of (a, 5) where 
k=c=31s 
(a) 2 (b) 3 
(c) 4 (d) None of these 


Solution: (d); (a); (b) 

On solving the determinant equation f(9) = 0, we get 

the equation sin 48 = —1/2 

And hence the value of 0 = {72/24, 112/24} Hence, 

we get the values of p= 7, g = 11 andr= 24. 

(ap+bq) _ (/a+11b) 
cr —- 2c 

The above expression can take the minimum value 1, 

and logically thinking we can also conclude that the 

minimum value of a + b+ ¢ will be achieved when 


(7a+11b) 
24c 


Now, we get =k;keZ 


= 11.e., the numerator = denominator. 


Now considering the case when c = 1, there is no posi- 
tive integral values of a and 5. 


When c = 2, again no positive integral values of 
a and b. 


When c = 3, 24c = 72 or 7a + 116=72 or 

a=4andb=4orat+bt+c=ll 

When c = 4, 24c = 96 = 7a + 1156. 

=> a=9and b=3. 

> atbt+c=16 
When c = 5, 24c = 120 = 7a + 11b 

=> a=3andb=9. 

=> a+b+c=17>Minimum value of a+ b+c1s 11 
1) When k = c =3, 

=> 7at+11b =216. 


216-116 


Now, a= and for ‘a’ to be a positive 


integer, we must have ‘b’ = 5 or 12 or 19. Hence, 
3 possible ordered pairs of (a, b). 


Passage 3: 


Let f(x) and g(x) be two functions where f(x) = max. {1 +sin x, 
1—cosx, 1} Vx € [0,27] and g(x) =max. {1,|x-1]} Vxe R. 
Now on the basis of the above information, answer the 
questions that follow. 


35. 


36. 


37. 


Which of the statements is correct for g{f(x)}? 
(a) g{f(x)} = 0 at exactly two points in its domain. 


(b) The domain of g{f(x)} 1s [0,27]. 
(c) g{f(x)} = 1 for all x in its domain. 
(d) gf{f(x)} is defined for x € R 
What is the domain of f{g(x)}? 

(a) 1-27 <x<1+3z7/2 

(b) 1-27 <x<l-a/2 

(c) l1-2~7<x<1+27 

(d) None of these 


What are the values of x for which f{g(x)} = 1? 
(a) 1-27 <x<1-327/2 


(b) x = 1-3/8 
(c) 1+37/2<x<27+1 
(d) x =6.5 


Solution: (b)(c); (c); (a)(c) Here, f(x) = max. {1 + 
sin x, 1 — cos x, 1} graphically it can be shown as: 


1-2n 1-3n/2 1-3n/4 O 1 2 
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3 
l+sinx, O<x <= 
31 30 
f(x) = 41-cosx, va <x a [using the graph 
3 
1, = <x<27 
2 
given below | 
1+sinx 1—COsx 


T 3x n 5n3n 7a 2n 
2 2 44 4 
Again, g(x) = max. {1, |x — 1|}, graphically it can be 
shown as, 


maewadewsadaeawohan a] 


1+3n/4 1430/2 1+2n 


l-x, x <0 
lL O<xs<2 
x-]| x>2 
=> giffx)} 40 Vx € [0, 22] 


g(x) = 


I- f(x), f(x) $0 
Now, g{f(x)} = 1, O< f(x) <2 
f@-l  f@)>2 
f(x), f(x) <0 
Therefore, g{f(x)} —1= 0, O< f(x) <2 
f@®)-2, f®)>2 


Since, f(x) € [1, 2], Vx € [0, 27] 
g(f(x)) = 1 Vx € [0, 27] 


l+sinfg(x)}, O<g(x)s = 


also, fig(x)} = )1—cosig(x)s, 


3 
L = < 9(x)< 2a 
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Therefore, 

1, 1-2”7<x<1-32/2 
l-cos(l-x), 1-3a/2<x<1-327/4 
1+sin(1— x), 1-37/4<x <0 

f(g(x)) = 1+sin 1, O<x<2 
1+sin(x-1), 2<x<14+3z7/4 
l-cos(x-l), 14+374/4<x<1+3z7/2 


0, 1-2”7 <x <1-32/2 
—cos(l- x), 1-3a/2<x<1-37/4 
sin(1— x), 1-37/4<x<0 
=> f(g(x))-1l= sin 1, O<x<2 
sin(x — 1), 2<x<14+3n7/4 


—cos(x-l), 14+37/4<x<1+3z7/2 
0, 1+3a/2<x<27+1 


Also, from the graph of f{g(x)}, we can easily see the 


1, 1+37/2<x<27+1 points where f{g(x)} = 1. 
SECTION-III 
OBJECTIVE TYPE (ONLY ONE CORRECT ANSWER) (a) 0 (b) 1 
(c) 2 (d) 4 


. If tan@ + tan (2/2 + 0) =0, then the most general value 
of @is (where n € Z). 


(a) na+ 7 (b) 2nna+ 7 


N nit Xu 

2nn+ — d) — +(-l)’"— 
(c) 2nn A (d) A (-1) 5 
. The number(s) of solution of the equation 
2(sin* 2x + cos‘ 2x) + 3sin?x cos*x = 0 is 
(a) O (b) 1 
(c) 2 (d) 3 
. If 2 sinx+ 120 andx é€ [0, 2z], then the solution set 
for x 1s 
(a) [0, 77/6] 


(c) [llz/6, 27] 


(b) [0, 77/6] U [112/6, 27] 
(d) None of these 


. The value of the given equation: 


X N 
COSy.COS (Z—» }-cosreos{ £~ y ai: 


u Xu 
siny COS F_ x + cosx.sin (= BA is Zero if 


2 2 
(a) x =0 (b) y=0 
(Cc) x=y (d) x=nn-WAt+y;ne Z) 


. If sin(x — y) =cos(x + y) = 1/2, then the values of x and 
y lying between 0° and 180° are 

(a) x =45°,y=15° (b) x = 45°, y= 135° 

(c) x = 165°, y=15° (d) x = 165°, y= 135° 


. The number of roots of the equation x sinx = 1 in the 
interval 0 <x <27 1s 


. If sin2@ = cos3@. The number of elements for the set 


€0in0<0<27 15s 


(a) 2 
(c) 6 


(b) 5 
(d) 12 


8. Total no. of solutions of [sin x] + cosx = 0; where [.] 
denotes the greatest integer function, cos x € [0, 27] 1s 
(a) | (b) 2 
(c) 4 (d) 0 
9. The most general solution of tan@ = —1 and cos@ = 
IN2 is 
, | 

(a) na+ 7al/4 (b) n+ (-1) a 
(c) 2nw+ = (d) None of these 

10. The number of solutions of the equation 8tan’*@ + 9 = 
6sec@ in the interval (—7/2,7/2) is 
(a) two (b) four 
(c) zero (d) None of these 

11. The number of solutions of | cos x | = sinx, O<x< 
471s 
(a) 4 (b) 6 
(c) 8 (d) 10 

12. The equation cos® x + b cos* x + 1 = 0 will have a 
solution if b belongs to 
(a) (—0, 2] (b) [2, 0) 
(c) (—oo, —2] (d) None of these 

13. Ifx,2>Ofor]<i<nandx,+x,+x,+...... +x = mthen 
the greatest value of the sum sinx, +sinx,+..... + sinx_ 1S 
(a) n (b) a 


(c) n sin (7/n) (d) None of these 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


The general solution of the equation 
I-sinx+...t+(-l)"sin"x+... | 1—cos2x . 


l+sinx+....t¢sin"” x+... 1+cos2x 


(a) CDs nt (b) Gls nn 


(c) CD" Z+nn (d) CY" +nn 


If | sinx + cosx| = | sinx | + | cosx |, then x belongs to 
the quadrant 

(a) I or Ill (b) Il or IV 

(c) Tor II (d) Ill or IV 

The equation sinx.(sinx + cosx) = k has real solutions, 


then a) 
(a) 0<ke— (b) 2-3 <k <24+\3 
() O<k<2-V3—) ake 


The equation kcosx — 3 sin x = k + 1 1s solvable only 
if k belongs to the interval 

(a) [4, 0) (b) [- 4, 4] 

(c) (—00, 4] (d) None of these 

The number of real solutions of 

sin e“cos e* = 2*-7+2-*-7 is 

(b) one 

(d) infinite 


(a) zero 
(c) two 
Let [x] be the greatest integer less than or equal to x 


and let f(x) = sinx + cosx. Then the most general solu- 


tions of f(x) = [f(7/10)] are 
(a) Inne nel (b) na,ne Z 
(c) 2nt,ne Z (d) 2na,2na+ 7/2,neEeZ 


sinx + sinvy = y’ — y + a will have no solution in 
x and y if a belongs to 

(a) (0, V3) (b) (3, 0) 

(c) (», -¥3) (d) (V2 + 1/4, 2) 

If x cosa + y sina = 2a; x cosh + y sin B = 2a, then 
sn2B-sin2a _ 

cos’ a—cos’ B 


Axy x -y? 
(a) 33 (b) 
x+y 
Aay 4a’ —x? 
(C) 3 qd) aT 
x+y x+y 


The solution set of (2cosx —1)(3 + 2cosx) = 0 in the 
interval O <x <2m7 1s 


(a) {2/3} 
(b) {7/3, 52/3} 


23. 


24. 


25. 


26. 


21. 


28. 


29. 


30. 


31. 
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(d) None of these 

The number of values of x in [0, 52] satisfying the 
equation 3 cos2x — 10 cosx + 7 = 0 is 

(a) 5 (b) 6 

(c) 8 (d) 10 


The number of the solutions of the equation tanx + 
secx = 2cosx lying in the interval [0, 27] is 

(a) 0 (b) 1 

(c) 2 (d) 3 

The equation (cos p —1)x 7 + (cosp)x + sinp = 0 
where x 1S a variable, has real roots. Then the interval 


of p may be 
(a) (O, 27) (b) (—a, 0) 
(c) ( w2, w/2) (d) (0, 2) 


The value of y for which the equation 4sinx + 3cosx = 
y’—6y + 14 has real solution is 

(a) 3 (b) 5 

(c) -3 (d) None of these 

The set of all values of x in the interval [0, 2] for 
which 2 sin?x — 3sinx + 1 >0Ois 

(a) [0, 7/6] (b) [57/6, 7] 

(c) [22/3, a] (d) [0,76]VU [52/6, 2] VU {2/2} 


The general solution of the equation: 
tan?a + 2/3 tana =1 is given by:(n € Z) 


Nu 
(a) a = (b) « = (n+ 1)5 
(©) «= (6n+1) > (@) a=n= 


Ifxe 0, 4 , the number of solutions of the equation, 


sin 7x + sin4x + sinx = 0 1s 
(a) 3 (b) 5 
(c) 6 (d) None of these 


The general values of x for which cos2x, 1/2 and sin2x 
are in A.P. are given by 


(b) nx 


(a) nn, nat a 
2 A 
(d) NT, nm + on 


(c) nx+ n/4 
One of the solution of sin x + sin 5x = sin 2x + 
sin 4x 1S: 


2nnt 
b 
(b) 3 


(d) 2nt/5,;neZ 


(a) ane neZ 


(c) nt;neZ 
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32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


Consider the equation sin 3a = 4sina.sin (x + ) sin 
(x -— a), a € (0, m2) and x € (0, 27), then equation has 
(a) no solution in II quadrant 

(b) no solution in II] quadrant 

(c) one solution in each quadrant 

(d) None of these 


IfO<a<3,0< 5b <3 and the equation x 7+ 4+ 
3cos(ax + b) = 2x has at least one solution, then 
(a + b) is equal to 
(a) 0 

(c) a 

The general solution of sinx — 3sin 2x + sin 3x = cos 
x — 3 cos 2x + cos 3x is (n € Z) 


(b) 2/2 
(d) None of these 


N nT FT 

+= b) —+— 

(a) nu : (b) aS 
3 
(c) Cie, (A) 2nw + cos = 


If tan 6,, tan @,, tan 0,, tan 0, are the roots of the 
equation x*— x? sin2B + x*cos2B —x cos B — sin B = 0, 
then tan(O, + 6, + 0, + @,) is 


(a) sinB (b) cosB 

(c) tanp (d) cotp 

Exhaustive set to values of x satisfying 

| cos 3x + sin 3x | =| cos 3x | +] sin 3x | in [0,2/2] is 
(a) [0, 2/6] (b) [0, 2/2] 


(c) [0, 2/2] — (2/6, w3) (d) [0, 2/2] - (n/4, 73) 


If f (x) = [cosx cos(x + 2) — cos? (x + 1)], where 
[.| denotes the greatest integer function < x. 
Then solution of the equation f(x) = x 1s 

(a) 1 (b) —1 

(c) O (d) None of these 

All solutions of the equation 2 sin@ + tan@ = 0 are 
obtained by taking all integral values of m and n is 


20 


2 
(a) 2na+ = (b) nx and 2mnm+ aa 


(c) nmtand m m= (d) n mand 2mm = 


The number of solutions of the equation x* + 2x? + 5x 
+ 2cosx = 0 in [0, 27] is 


(a) 0 (b) 1 

(c) 2 (d) 3 

The number of solutions of the equation 

sin’ x —cos” x = —_— ——(sinx #cCOSx) 1s 
cosx sinx 


(a) 0 
(c) infinite 


(b) 1 
(d) None of these 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


30. 


tan(p7/4) = cot(g 7/4) if 

(a) p+q=0 (b) p+q=2n+1 

(c) p+ q=2n (d) p+q=2 Qn+1) 

If sinx = cosy, and V6 sin y tan z; 2sinz = J3 cosx 


; u, v, w denotes respectively sin? x, sin’y, sin? z, then 
the value of the triplet (u, v, w) 1s 


(a) C1, 0, 0) (b) (0, 1, 0) 
(c) (1/2, 1/2, 3/4) (d) (1/2, 3/4, 1/2) 

| 
cos2x—3cosx + 1 = olde Ol sG= holds if 
(a) cosx = 0 (b) cosx = 1 
(c) cosx = 5/2 (d) for no real value of x 
The value of a for which the equation 
4 cosec? [mz (a + x)] + a* — 4a = 0 has a real solution is 
(a) a=1 (b) a=2 
(c) a=3 (d) None of these 


Total number of solutions of sinx. tan’x = 
belonging to (0, 47) are 
(a) 4 
(c) 8 


COSX 


(b) 7 
(d) None of these 


The general solution of the inequation 
log, (Sin x) > O is 


@) U (20 nn + 4 


neZ 


(b) LJ 2n Qnn + 4 


ne] 


(c) J (2nz, (2n+ lz) (d) None of these 
neZ 
If f(x) = [cos x] + [sin x + 1] =0, (where [.] denotes the 
greatest integer function), then value of x satisfying 
Ff (x) = 0, where x € [0, 27]. 
(a) xE€ (2/2, 7|U[32/2, 277) 
(b) x € (0, 7/2) 
(c) xE[/2, 7|U[B2/2, 27 | 
(d) xeE[z, 27] 


The equation cos* x — sin* x + cos2x + a? + a = 0 will 
have at least one solution if 

(a) -2<a<2 (b) -3<a<l 

(c) -2<a<l (d) -l<a<2 


If sin (2 cos 8) = cos (z sin 9), then sin2@ is 
(a) 3/4 (b) 1/4 

(c) —3/4 (d) None of these 

6 tan’x — 2cos*x = cos2x if 

(b) cos2x = 1 

(d) cos2x = 1/2 


(a) cos2x = —] 
(c) cos2x = —1/2 


. If the equation sin? x — a sin x + b = O has only 
one solution in (0, 2), then which of the following 
statements are correct? 

(a) a € (-o, 1] U [2, «) 

(b) b € (-o, 0] U [1, «) 

(c)a=1+b 

(d) All of the above 


. The solution of the equation |x? — 1 + sin x| = |x?- ]| 
+ |sin x| belonging to the interval [—27, 27] may lie in 
the interval. 

(a) [2, 2] (b) [-22, -a] 

(c) [-1, — 1/2] (d) None of these 

. The coordinates of the points of intersection of the 
curves y = cos x, y = sin 3x, if —/2 <x < m/2 are 


(a) (= + 2=V2)) 
(b) (F - a- va) | 
©) (50+ W)] 


r 2 l 

OlSz 

One of the solutions of the equation 4 sin x + 2 cos x 
=2 +3 tan xis 

(a) 2nn (b) na+(-1)”" 16 

(c) 2nna—tan'! (4/3) (d) 2na + tan! (4/3) 


. Ifa > B>y> dare four solution of the equations 2'™ 
= Ales in [0,27], then 


10. 


11. 


12. 


13. 
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SECTION-IV 
OBJECTIVE TYPE (MORE THAN ONE CORRECT ANSWERS) Ce ee as oe 
(c) a+ B=3n (d) a-y=a2 
8. The equation (1 —tan@) (1 + tan@) sec? 6+ 2 tan? 0=0, 
3-1 3 +1 
. All values of x € | 0, =| such that v3 + v3 nM . . 
‘ 5 2 sin x COS X de iat has solutions 6,,6,,........ 0 .Then which 
= are : 
(a) ua (b) ua of the following may be correct? 
15 12 (a) n=2 (b) n=4 
llz 3 L Z T’ 
c) — d) — 6 =0 d 9. = -— 
(©) = @) = © 26 @ []@=-- 
. _ | ] 
- Ifsinx + cosx= ly + y for x € [0, 7], then 9. The inequation 2sin? (+ =. Ssin (+ 42 >0 
Gee & (b) y =0 is satisfied in: ; . 
4 370 
(c) y=1 Ora - [-4 = 
3 2 


(d) 2 an D5 (n+ Da] 


The equation sin° x + cos® x = A? has real solution, 
then A may belong to the interval 


l 
(a) 1-5 (b) CI, 1) 


1 
o fda 


The equation sin x = [1 — sinx] + [1 — cosx] has its 
solutions in interval 


(a) (, z) 


The equation sin?x + sin x -a=0;x e€ [0, 27) has 


(a) Solutions for every a= -2 


(b) two solutions for a = -- 


(c) four solutions for ~~ <a<0O 
(d) two solutions for -2 <a<0 


For a given value of K the number of different 
solutions of the equation 3 cos @ + 4sin 6 = K in the 
range 0°< 6 < 360° is 
(a) zeroif|K|>5 
(c) One if|K|=5 


(b) two if |K|<5 
(d) no solution for any K 
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14. sinx — cos*x — 1 assumes the least value for the set of 
values of x given by:(where n € Z) 


(a) n+ (“ly 6) +l — 


rn _ {_ n 
(©) na +(-1)" = () nm-(-l)"2 


15. If sin (x — y) = cos(x + y) = 1/2, then the values of x and 
y lying between 0 and 7 are 


Nu 32 Nu N 
(a) x = ia A (b) x = a 

llz Nu llz 32 
ey ee ee 
a Ya 2?” 4 


16. The general solution of the equation; 
cosx.cos6x = —1 is 

(a) x =(2n+1)a (b) x =2nn 

(c) x =(2n-1)x (d) None of these 
If cosA = cosB and sinA = sinB, then 

(a) A+B=0 (b) A=B 

(c) A+B=2nn (d) A-~-B=2nn. 


The most general values of x for which 


17. 


18. 


sin x + cos x = min {l, a*- 4a + 6} are 


acR 


(a) 2nn (b) 2nn+ > 


(c) na+ (-1)" 7 (d) None of these 


SECTION-V 


ASSERTION AND REASON TYPE QUESTIONS 


The questions given below consist of an assertion (A) 
and the reason (R). Use the following key to choose the 
appropriate answer. 


(a) If both assertion and reason are correct and reason is 
the correct explanation of the assertion. 


(b) If both assertion and reason are correct but reason is 
not correct explanation of the assertion. 


(c) If assertion 1s correct, but reason 1s incorrect 
(d) If assertion 1s incorrect, but reason 1s correct 
1. A: The most general solution of x and y if 2 sin x + 
cos y = 2, 1s given by 
=2na+cos'2(1-t 

4 . Vte >] 
and x = n,w +(-1)” sin™'(£) 2 

R: 2 sinx +cosy=2 > cos y = 2(1 — sin x) we have 

cosy € [-l, 1] 


] ] 
=> -—-—<l-sinx <— 
2 2 


| 3 | 
> —<sinx<—>-—<sinx <1 
2 2 2 


2. A: The domain of the function f(x) = 
l 
nna where {.} denotes frac- 
tional part, is x # (2n + 1) w/2. 
O, sin x 1s integer 


R: {sin x} + {-sin x} = ia 
1, sin x is not integer 


3. 


A: The equation sin x = [1 + sin x] + [1 — cos x] has 
no solution for x € R (where [.] represents greatest 
integer function) 

R: x-—1< [x] =xforxe R 

A: If a, B are the solutions of sin x = —1/2 in 

3 
[O, 2a] and a, y are the solutions of cos x = _x3 
in [0, 27], then B-—y =z anda+ B = 3a. 

R: sin x is positive in quadrant 2 and cos x is positive 
in quadrant 4. 

A: If a, B are the solution of sin x = — 1/2in [0, 27] 

] 
and a, y are the solutions of tan x = —F in [0, 27], 
3 
then 2a = 2B + 3y. 

R: sinx is positive in Quadrant I and II, tan x is 
positive in Quadrants I and III only. 

A: |sinx| + |cosx| = 1/2 has no real solution 

R: |sinx| + |cosx| < V2 for allx e R 

A: The most general solution of the equation 

1 
. i 
Jsinx + J .cosx = y V2 iS no + 7 
R: AM of two positive number = GM. 
A: Solution set of the equation cos? (2 cos” 
qx : 
=i =lconsists of two A.P’s whose common 
difference are mid and ace 
Prq P~q 
R: cos@ + cosd = 2 > cos@ = cos¢ = | 


9. A: General solution of the equation 


] 
cot (cosa }- V3 is x= coor neZ. 


R: -1 <cosx<l. 


10. A: The number of solution of the equation 
sin? x + cos’ x = 1 in the interval [0, 22] 
is 3. 


R: cos” x < cos? x and sin”x < sin’ x for all 
n>2,neN 


11. 


12. 
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l 
A: If sinx + cos x = (y+) ee (0a), then» = 
y 


4 
= y=. 
4 y 

R: AM = GM 


A: If tan sind = cot 7 cos0 then sin 0 + 


cos 0= Oe 


R: —J2 < sn @0+cos0< . oe 


SECTION-VI 


MATCH THE COLUMNS TYPE QUESTIONS 


This section contains 2 questions. Each question contains 


statements given in two columns which have to be matched. 
Statements (i, 11, 111, 1v) in column A have to be matched 
with statements (a, b, c, d) in column B. The answers to 
these questions have to be appropriately bubbled as illus- 
trated in the following example. If the correct matches are 
i-a,d, 11-b,c, i11-a,b, iv-d, then the correctly bubbled 4 x 4 
matrix should be as follows: 


1. Column-I 


I. If (1 —tan 8) (1 + tan 9) sec? 0+ 2 tan? 6 =0, then 


in G =a is greater than 


IL If Sisin"@ =4+2\3;0<0<2, 04 5 then 


n=0 
0 is 
III. The value of x between O and 22 which satisfy the 
equation sin x 8cos’x = 1 are in AP. whose 


common difference is 


IV. If 2°" + 1 =3. 2°", then x is equal to 


Column-Il 
(a) — 
b) > 
© > 
@ = 


- Column-I 


I. Number of solutions of the equation e* + e* = tanx 


Vxe 0, 4 
2 
2n 


II. Number of solutions of the equations x + y = ae 


cz 
and cosx + cosy = a 


III. Number of solutions of the equation 
cosx+2sinx=1,x € (0, 2a] 1s 


IV. Number of solutions of the equation 


v3 sin 2x-cos2x+2 : 
(V3 sin x + cos x] = 41s 
Column-II 
(a) zero 
(b) one 
(c) two 


(d) infinite 
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3. Column-lI Column-Il 
I. 2 sin? x + sin? 2x = 2, then x is/are. (a) ua 
sin? pai nies 4 
II. |cosx| 2? ? =1, then x is/are 37 
(b) a 
III. |tan x] = sin 2x, then x is/are (c) x 
IV. cot x + tan x = 2 cosec x, then x is/are a 
(d) ->a 
SECTION-VII 


(a) 2nn, Ina-= ned 
Passage 1 2 


: 
sinx Il—sinx 


. 1X 
Consider the equation =a where x 1s real (b) 2nz, na + eet EZ 


variable and a is a real parameter. 1X 
(c) 2nz, nt-—,neEZ 
Answer the following questions: 4 


1. All the values of x for which the equation is defined (d) None of these 


ve 5. If sinx + cos x = 1+ sin x cosx, then x is 
(a) X#nn,x#(2n+1) 7/2 rT 

(b) x #nn,x #(4n+ 1) 22 (a) 2nn, 2nn + nee 

(c) x#nn,x #(4n-1) w/2 me 

(d) None of these (b) 2n7, nt re neZz 


2. The least value of a for which the given equation has 


2ne - = 7 neZ 
a solution in (0,7 /2) must be (c) 20m — 9” nl + Waa € 


(a) 6 (b) 7 (d) None of these 
(c) 8 (d) 9 
3. If a = 10 then the number of solutions 6. If 1 + sin} x + cos’ x= = sin 2x, then x 1s 
= (0, =} =x] must be = 
2) \2 (a) (Qn+)q, 2na+—, neZ 
(a) one (b) two 4 
(c) three (d) four (b) (n+)a, 2nn - > neZ 
Passage 2 


1 1 
, , (c) 2nm7+—, 2nt7+—,neEZ 
An equation of the form f (sin x + cos x, + sin x cos x) = 0 4 2 


can be solved by changing variable. (d) None of these 


Let sinx+cosx=t 


7. If (sinx + cos x)—2vV2 sin x cos x = O, then x is 
=> sin’x+cos’x +2 sinxcosx =P ( ) V2 > 


2 N A 
=> +sinxcosx= t =| (a) eS eer (b) a 


Hence, reduce the given equation into f C 1) =0 (c) nwt i nel (d) "m- (-1)” (2 — =) new 
2 4’ 6 4 
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(e* — 2) (sin x — cos x) (x — In 2) cosx-—]>0 


Passage 3 9. For any 6 obtained in the above question, a equals 
Consider the cubic function f(x) = 2x° — ax? - 3x +b (a) +1 
8. Ifsin 61s minima and cos @ is maxima of f(x) for some (b) 2 
0e[0, z] then the set to which 6 belongs (c) 3 
(d) 0 
1 32 
(a) (= Me | (b) (o, =) 10. If f(x) has a point of inflection at x = 6 sin’@ — 8sin 0 
cos 9, then 
A nN 32 a) ae[50, 100 b) [-12, 12 
©) 0, =| @) (= =| (a) ae[ (b) [ 
4 4 4 (c) [-48, 12] (d) [-12, 48] 
SECTION-VIII 
INTEGER TYPES QUESTIONS 9. The value of ‘k’ for which x = n + (-1)” wk, y = 
2mn + 22/3, 0 n,m € Z is a solution of 2**t°s = ] 

. Findthetotalnumberofsolutionsof 16" * +16 * = 10 ie a 
inx € [0, 37]. 

. If tan 5A = tan 6 and tan (3A + B)=1, and OA=B 10. Find the value of «f D +q if the solutions of 
+ @- Wp,n é Z. Also, it is given that the value of the equation [(sinx) +2" cosx=0 is given by 
JP? +R.Q° =10,then find the value of R. (2nn + pn/q). 

. Find the number of solutions of sin x + sin 2x + sin 3x 
= cos x + cos 2x + cos 3x,0<x<2n 11. The general solution of the equation sin‘ x + cos* x + 

] 
sin 2x + a =0 1s given by x= —nz +(-1)" B/2, ne Z, 
Find the values of \et+g-r for which x = = : - 
P where f = sin! [1 - V(k + 2a)]. Then find the values 
ae (+P 7| satisfy the equation tan (x + f) tan (x of *k’. 
q r 
+ vy) + tan(x + y) tan(x + a) + tan(x + a) tan(x + B) = 1 12. If two values « and f be such that 0 < a, B < mw and 
satisfy the trigonometric equation cos a cos B cos 
ate 2, 2 2 l ae 

. Find the value of ‘k’ such thatyjp>+q°>+hr° =15, (a + p)= ee Then find the number of possible inte- 

where x = 2na + tan" £ y=r, 1s a solution of the gral values of aa 
q 
equation 12 sinx +5 cos x = 2)? — 8y + 21. 
. . 13. Find the total number of ordered pairs (x, y) satisfying 

. Find the number of solutions of the equation ; 
sin x + 2 sin 2x = 3 + sin 3x, where x € [0, 2]. Ix| + |y| = 4, sin = =], 

3 

. Find the total number of solutions of sin {x} = cos 
{x}, where {.} denotes the fractional part, in [0,27]. | 14. Find the number of integral values of x where f(x) = 

. Find the least positive integer value of ‘x’ satisfying In cos (sin = ) is defined. 

15. Find the sum of all the solutions in [0,100] for the 


equation sin mx + cosmx = 0. 
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Answer Keys 


SECTION-III 


1. (a) 2. (a) 
11. (a) 12. (c) 
21. (b) 22. (b) 
31. (a) 32. (c) 
41. (d) 42. (a) 

SECTION-IV 

1. (b, c) 

6. (a, b, c) 
11. (a, b, c) 
16. (a, c) 

SECTION-V 
1. (a) 2. (a) 
11. (a) 12. (d) 
SECTION-VI 
1. (1) > (a, c) 
2. (1) — (b) 


3. (1) > (a), (b) 


SECTION VII 


1. (b) 2. (d) 


SECTION VIII 


1. 6 
11. 3 1 


we 


12. (b, c) 
17. (b, d) 


(1) — (¢, d) 


(1) — (a) 
(1) > (c) 


4. 


- (d) 
- (b) 
- (©) 
- (b) 
- (b) 


. (a) 


(d) 


3. (a) 6. 
15. (a) 16 
25. (d) 26 
35. (d) 36 
45. (a) 46 


13. (a, b, c) 
18. (a, b) 


(111) — (a) 
(111) — (C) 
(111) — (a, b, c) 


5. (a) 6. 
5. 14 6. 
15. 5025 


. (d) 


(b) 


0 


7. (c) 
17. (c) 
27. (d) 
37. (b) 
47. (a) 


4. (a, b, c) 


9. (b, d) 
14. (a, d) 


7. (d) 


(iv) — (b) 
(iv) > @) 
(iv) > @) 


- (d) 
- (d) 
- (C) 
- (b) 
- (C) 


. (b) 


- (a) 


10. 
15. 


. (Cc) 10 
. (d) 20 
. (b) 30 
» (a) 40 
i) 50 
(a, c, d) 
(a, Cc) 
(b, d) 
(a) 10 
(d) 10 
6 10. 


- () 
- (d) 
- (d) 
- (a) 
- (d) 


. (d) 
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HINTS AND SOLUTIONS 


TEXTUAL EXERCISE-1 (SUBJECTIVE) 


1. (a) sind => sind sin( =) 
» (a = = os 
V2 4 
=> O=nr4+(-ly"= 

4 
(b) sin0=1 => sind =sin{ = 


=> 0=2nn+—neZ 


(c) snO8=— ] = 0 =2nt-—neZ 


. (a) sin (98) = sin 8 


sin (98) — sin 8 =0 
2sin (48) cos(50) = 0 
sin (48) = 0 or cos (58) = 0 


40 = nn or 50 =(2m +> 


= 9= ot 9 =(2m+1).— -nmeZ 
(b) sec 8 = —V2 
1 3x 
=> cosd =-—= => e050 =c05{ =) 
a 4 


> 0=2nn tn eZ 


. (a) sin(8) + S5sinO = 0 


3 sinO — 4sin*0 + 5 sin0 = 0 
8 sin8 — 4 sin*8 = 0 
Asin®O [2 — sin’0] = 0 
sin 8 = 0 or sin’0 = 2, but 0 < sin’0 < 1 
sin 8 = 0 
8=nrneZ 
(b) sin 0 + sin (70) = sin (40) 
2sin (40) cos (39) — sin (40) = 0 
sin (40) [2cos (38) — 1] = 0 
=> sin (46) =0 or cos(3@) = > 
ya 


=> A40=nzor cos(3@) = cos( =] 


=> jo or 36 =2mr+— 
4 3 


=> 9-3] 2ma+= |; n,m eZ 
3 3 


(c) cos 6 — sin (38) = cos (20) 
=> cos 8 —cos (20) = sin (38) 


. (30). (0A . {36 30 
= 2sin| — |{sin| — | =2sin| — |cos} — 
2 2 2 2 


Y UU Ud 


y 


~~’ 


pl as, Pape 
3 2 z 2 

ip —=2m a 

2 2 2 2 

20 =2mz +— => o-(m+2)x 


or @ = 2mx - = => 9-(2m->)einmel 


sin (78) = sin 8 + sin (38) 
sin (78) — sin 8 = sin (30) 
2cos (49) sin (39) = sin (38) 


1 
sin (30) = 0 or cos(4@) = 5 
30 = nz or cos (40) = cos (a + 3) 


6 =ntor 40 = 2ma +— 


] 
0 =nzor 9 =(2m2)5 n,m eZ 
3) 4 


(ae) S 
sin 6 =sin 

2 2 
sin “Io -sin{ "¥o) = sing 

2 2 

2sin{ FJoos{ = 2sin g cos ud 

2 2 2 2 
(= no (e 
sin} —|=0 or cos| — |=cos] — 

Z 2 2 
0 no e 
—=NnZ or cos} — |-cos| — |=0 
2 2 2 
0 = 2nz or 2sin( "+14 sin "19 ]-0 


+ 
ME) p =mnx —> @O ead nmeZ 
4 n+] 


sin (mQ) + sin (n@) = 0 

2sin| (™")o os _ "0 =0 
2 2 

=" le=0 


We aves |" 60a) 
2 2 2 


2rn (2s+1)z 
—— or 9=————_ 


m+n m—-n 


Je+sino 


srseEeZ 
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5. sin 8+ sin (30) + sin (50) = 0 


=> 


=> 
=> 
=> 


sin (50) + sin 8 + sin (380) = 0 
2 sin (30) cos (28) + sin (38) = 0 
sin (30) [2 cos (20) + 1] = 0 


1 
sin (30) = 0 or cos(26) = = 
30 = nz or cos(2@) =cos (== 


pee oy ee ea 
3 3 


@=mn + : o-(ma2)x snemeZ 


TEXTUAL EXERCISE-2 (SUBJECTIVE) 


1. (a) sin ((m + n)@) + sin ((m — n)8) = sin (m8) 


=> 


=> 


2sin (m9) cos (nO) = sin (m8) 
l 
sin (m0) = 0 or cos (78) = A 


m0 = kz, k € Zor nO =2en+— eZ 


n 3n 
cos (30) = cos?0 
4 cos*8 — 3 cos 8 = cos?0 
3 cos?8 — 3 cos 8 = 0 
3 cos 8 [cos”0 — 1] = 0 


0 = odd multiple of a cos@ =0] or cos? 0 = 1 


cos 9 = +] 
cosO=ka ke Z 


as : 1 
By combining all values we may write @ = a EZ 


2. (a) cos 0 + cos (78) = cos (40) 


=> 


=> 


(b) 


2 cos (48) cos (38) = cos (40) 
1 
cos (48) = 0 or cos(3@) = . 


WaxOnay<.- <3 @=leee|2 
2 2)4 


or cos(3@) = cos( =] = 36=2nzx = 


O= [2n tt \Eon EZ 
3/3 


cos 8 + cos (30) = 2 cos (20) 
2 cos (20) cos 8 = 2 cos (20) 
cos (28) = 0 or cos 8 = 1 


2n+1): 
29 =e or 0=2mnz 


_ [m3] or O=2ma,n,meZ 
2) 2 


=> 
— 


=> 


=> 


=> 


=> 
=> 
=> 
=> 


=> 


WY UUYNY 


y 


=> 


. cos 8 + cos (280) + cos (38) = 0 


[cos (38) + cos 8] + cos (20) = 0 
2 cos (28) cos (8) + cos (280) = 0 


cox(20) cs 0 +3 =0 


cos 20 =0 or Oe 
20 = (2n+1)-> 


] 
o-(n+2]-4. nme Z 
242 


or cos0 = cos{ =) => @=2mn $—smeZ 


. cos (30 + a) cos (30 — a) + cos (58 + a) cos (50 — a) = cos (2a) 


512 cos(36 + a@)cos(36 —- a) 
4+2cos(5@ +a)cos5@ —- a] =cos(2a@) 
= [e0s(66) +cos(2@) +cos(10@) +cos(2@)] = cos(2@) 


cos (108) + cos (68) = 0 

2 cos (88) cos (20) = 0 

cos (890) = 0 or cos (20) = 0 

80 =(2n +. br 020m +e 


. sin(380 + a) .sin(38 — a) + sin (a + 8) sin(® — a) = cos2a 


sin?30 — sin’ + sin?0 — sin’a = cos*a 
sin?30 + sin?® = cos2a@ + 2sin?a 
sin?30 + sin’?0 = 1 — 2sin’a + 2sin7a 
sin?38 + sin?0 = 1 


sin?30 = cos?0 = sin’ [=- | 
308 = nx 3(2-0 
2 
30 =nrt+ 220 or 30 = nz — shat 
2 2 
40 =n +— or 20 =nx-— 
2 2 


re a or Ge. s WeZ 
4 8 2 4 


TEXTUAL EXERCISE—3 (SUBJECTIVE) 


. (a) tan (58) + cot (20) = 0 


tan (50) =-cot (20) = tan(5@) = tan (= +26 
ya 

tan(5@) = tan [26 +4) 

50 =n +26 


= 30 =e 
2 


@=(2n+1)-— ne .@) 


For cot 20 to be defined (2n + 1) # 3k; k € Z. 


=> Be nian .. di) 
5x X 
For tan 50 to be defined (2n ee # (2m eles 
= One iy 23k 
3k -1 ae 
> n# ; neZ vee eee (CMLL) 


From (1), (11) and (111), we conclude that 


0 (2n +Dosn eZ ~ ta E zh 


tan(d+B) k 
(b) If = 
tan(A-B) 1 
Es sin(2A) k+1 tan(@ +15") | 3 
sin(2B) k-1 tan(@ —- 15°) 
in(2@ 4 
=> mes a => sin (20)=1 


sin(2x15°) 2 
=> 20 =2nr+— 
2 
=> @=nxr+—,neZ 
4 
. sin (3x) = cos x => 


va 
cos| ——3x |=cosx 
E 


=> 5 73x= Ina tx => “3x5 x= na = 


4x =-2n0+— x=2nn+— 

2 8 

=> or => or 
~2x=2n7-— x=nt+— 
2 4 


Aliter: sin (3x)=cosx => 3sinx—4 sin’ x =cosx 
Dividing on both side by cos* x, we get, 3 tan x sin? x — 4 
tan’ x = sec? x 

=> 3tanx [1+ tan’ x] —4 tan*x = 1 + tan’x 

=> -tan*x —tan’x +3 tanx—1=0 

= tan>x + tan?x-—3tanx+1=0 

=> tanx=1 isa root of this equation. 

=> (tanx-1) 

=> tanx=lor tanx=-1+J2 


a A 
=> a aaa G or BT 


. (a) cos 8=1+ cot 
cosé 


=> cosé=1+— 
sin@ 


sin 8 cos 9 = sin 8 + cos 9; squaring both side, 
we get sin’0 cos’0 = 1 + 2sin 8 cosO 
sin’?8 cos’8 — 2 sin 8 cos 8 — 1 = 0. Let sin 8 cos 8 = t 
t??-2t—1=0 
+ 
2tv8 +/2 


2 


Y J 


(b) 


=> 


Aliter: 


=> 


YUY 


y 


(c) 


=> 


=> 


Y UY 
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sin(20) rie 2) 


sin 0cos@ =1+V2 5 


sin(20) =2+2V2 

But -1 < sint0<1 => sin(20)42+2V2 
sin(29) = 2 — 2/2 =sina (Say) 

Then, 20 =nz+(-l"a;neZ 


pe 7 G9 

cot 6 —tan 8 =2 — —tan@ =2 
tan 0 

1 — tan? 0 —2 tan 9 =0 


tan?8 + 2tan 8 -—1=0 


2+ 
tan @ = 22N8 142 


cot 6 — tan 8 =2 
cos@ sind _ 


sin@ cos@ 


cos70 — sin?0 = 2sin®O cos@ 
cos (20) = sin (20) 
tan 20 = 1 
20 =nx+ ua 
4 


g-(x+5) mez 

4) 2 

tan@ +sec6 = J3 => sec@ = /3 —tan@. 
Squaring both sides, we get, 

sec? @ =3+tan?@ — 23 tan@ 

1+tan? 6 =3+tan?6 — 23 tand 


tan = /3 


=> fe ara 
6 


. tan 0 + tan 20 + tan (30) = 0 


2tand 3tan@-tan’@ 
1-tan’@ 1-—3tan*@ 
Let tan 0 =t 
; 22 =3t-t 
given equation becomes ¢ +——; + =0 


1-2 1-32 — 


l-# 1-3¢ 
(1 — 2) (1 —3t2) + 2[1 -32] + B-B- 2 =0 
1-40 + 3+ 2-60C+3-4?+t=0 
At*-— 147 +6=0 
2U= 7 +3 =0 
2t* — 6t? -t?+3=0 
2t? [t? — 3] — 1[t? — 3] =0 


2 =3,0=— 
~ "2 
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tan? @ =tan?| = = Pape 
3 3 
(i) t=0 => tanOd =0 
=> O0=nuanEZ 

(ii) P=3 = O=nnt— ne 
ot Bel eo i oe ey 
Gu) 2 = — => tan°@=—=|—— 
2 2 510) 


= ey ee ey =nxz t+tan” [—-]nez 


V2 V2 


TEXTUAL EXERCISE—4 (SUBJECTIVE) 


1. tan’x + cot?x = 2. Using A.M = G.M we know that, tan?x + 


cot’x > 2 
Equality holds if tan’x = tan’x = 1 


a 
= tan’x=tan’ (=) 


2. tan?x = 3 cosec?x — 1 
= sec*x — 1 = 3 cosec?x — 1 


= sec’x = 3cosec’x => el 
cos'x sin’ x 
eo 
sin” x a 
=> —— = 3tan* x = tan*| — 
COS” x 3 


a 
=> eee 


3. 2sin’x + sin?(2x) = 2 
2sin’x + (2sinx cosx)? = 2 
sin’x + 2sin?x cos?x = 1 


sin’x + 2sin?x — 2sin*x = 1 
2sin*x — 3sin’x — 3 = 0 
=> 2t-3t+1=0 


=> 
=> 
= sin’x + 2sin’x [1 — sin’x] = 1 
=> 
=> 


Let sin’x = t. 
=> 2t?-2t-t+1=0 


> Qt-ldt-l=0 => tel] 
tok 1 
=> sin’x = 1 or Saas 
=> Per eee or (=A 
2 4 


=> x= Qn +1)-— or nt neZ 


4. 2+ 7tan’0 = 3.25 (sec’0) 
=> 2+ 7tan’0 = =U +tan’ 6] 
=> 8+ 28 tan’0 = 13 + 13 tan’ 
=> 15 tan’?0=5 


G=nr+—neZ 


= no ay ci 
3 6 


5. 


2: 


cos (28) = cos?0 

=> cos’0 —sin?0 = cos’”0 
=> sin’?@=0 

=> sin8=0 

=> 0=nrane Z. 


sin’n8 — sin?(n — 1)0 = sin?0 
=> sin(n+n—1)0. sin(n—n+ 1)0 = sin’0 
=> sin(2n—1)0. sinO = sin*0 
=> sinO [sin (2n — 1)0 — sin@] = 0 
=> sin0 = 0 or sin (2n — 1)0 = sinO 
Case (i) 
For sin8 = 0 
> O0=nzi,meZ 
Case (ii) 
sin (2n — 1)0 = sin® 
=> (2n-1)0=kx+ (1. 0 
=> (2n-1)0=2mz+90;m «€ Z [for k = 2m] 
=> (2n-—2)0=2mnz 
= gaa ;meZ and fork =(2m+ 1) 
(n—1) 
(2n—1) 0=Qm+1)zx-@ 
=> 2nxz=(2m+1)x 


9 -2mt) 
2n 
O0=mz;meEz; 
oon smeZ or re oil EZ, 
(n-1 2n 


TEXTUAL EXERCISE—5 (SUBJECTIVE) 


3 tan?8 — 2 sin 8 =0 


a 
ey BEE aos sino} 3 aula -2|=0 
cos’ @ cos’ @ 
ah ae 3sin@ D 
sin 8 =0 or = 
cos’ @ 
=> 0=nzror 3 sin 8 =2 cos’0 
=> 3sin9=2[1-—sin’0] 
=> 2sin’?0+ 3 sind-2=0 
1 
=> sin@=—2or sa 


>. 0207 ey — 
6 
n XK 
=> 0@=naor 0=nz+(-1) eee 


sec8 + tanO = 3 = tan 0 =3-sec 0 


Squaring both sides, we get tan’0 = 9 + sec?0 — 6 sec 9 
=> sec’?0-—1=9-+ sec” 0-6 sec 0 

4 

=> 6sec0+8 => ele 


=> Number of solution = 3 in 0 € [0, 37] 


3. cot x —cosec x =2 sin x 


=> 


WY UUY 


(ii) A 


1. (b) 


cosx 1 
—— ——— =2sinx 
sinx sinx 


cos x — 1 =2 sin’*x 
cos x — 1 =2 [1 —cos?’x] 
2 cos’x + cos x —3 =0 


cos x =lor -—- 
2 


cos x = 1 


x = 0, 2x; but at x = 0, 2m; cot x and cosec x are not 


define 
Number of solution = Zero. 


A: cot®@ = sin (20) 
cos 0 


—— = 2sinOcos@ 
sin@ 


cos6| 1 — sind =0 
sind 


cos 8 =Oor 2sin@ =— 
sing 


1 
cos 80=Oor sin’ O=— 


@ =(2n a ere O=nr+— 
2 4 


Assertion is incorrect 


1 2tan@ 
a = inimtd => 1+ tan’0 =2 tan’0 


tan?0 = ] => O=nat— 


Reason is correct “. Option (d) 
tan3x—tan2x _ 


| 1+tan3xtan2x _ 
tan (3x — 2x) = 1 => tanx=1 


aR 
X=nxr+— 
4 


1 
But for this value of x, 2x =2nx + a 


tan (2x) is not defined 
no solutions 
Assertion is incorrect 
But Reason is true. 
Ans. (d) 


TEXTUAL EXERCISE—1 (OBJECTIVE) 
apie => o=na+(-1y'{-4) 
9) 3 
1.e., O= i Dg > Be ce Aga etc. 
3 3 3 3 


tan = J3 => O=nn + 
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1.e., O= PX Dee Be +7 Ax pee, 
3 3 3 3 


: ; Xt An An 
Common solution is 7+ —,3%+—,...=—32% +—— 
3 3 3 
Hence 0 =2nz i 
1 
. (b) sinx.sin(60° — x).sin(60° + x) a 
=> Gs = 2 => sin(3x)= Z = sin| = 
4 8 2 6 
1 nt ya 
= 3x=nr+(-l”-— 3») x=—+4(-1)"- — 
6 3 cor 18 


. @ (a) sina, 1, cos (2a) all in GP. 


1?=sinacos(2a) => 1=sina[1—2 sin’a] 
2 sin’a —sina+1=0 

sin a = 1 in a solution of this equation. 

(sina+ 1)(2 sin? a—2 sina+1)=0 

D<0O “No real root 


5a 
sin a =—] = sin (-=) 
2 


a=nx+(-l)". (=) 


(ii) (c) 2 cos? + 3 sin 8 = 0 
=> 2(1-sin’?9)+3sin0=0 


YUUYNSY 


=> 2sin? 0-3 sin0-2=0 
l 
=> sinO0=2or sears 
= Impossible - gin@=-— 
=> 


sin @ = sin (=) 
6 


(ee 
= @=nr+(-l) ( | 

n+] | a 
=> G@=nr+(-l) (=) 


1... 
(iii) (c) Zan a,cosa,tang@ are in G.P. 
6 cos?a = sin a tan a 
6 cos’ a = sin? a 
6 cos? a = 1 — cos”? a 


YY yr 


6 cos’ a+cos*a—1=0 
1 
CcOSa = > is a solution of equation 
1 
[cose -5 Jana (6cos' a+4cosa+2)=0 


= (6cos’a+4cosa +2)=0 


D<0O => No real root 


y 
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=> 


(iv) (d) sin? @ —cosa = 


y 


y 


(v) 


6. (a) 


=> 


[co a — 5) => 
2 


o=2n7 + 
3 


O<as2n 


. 1 
l-—cos’ a -cos@ =— 
4—4cos?a-—4cosa—1=0 
4cos?a+4cosa—3=0 

1 


3 
cosa =—-—or — 
2 


1 5a 
=> COSa =—=cos| — 
2 2 =| 


(b) 2sin?a +/3cosa +1=0 
2(1- cos?) + V3 cosa +1=0 
2cos?a — V3 cosa -3 =0 


B 


cosa =~vV3 or oe ae 


cosa@ = 3 is impossible 


q3 (=) 
cosa = —--— =cos| — 
2 6 


PO ed 
6 


tan (20) tan 9 = 1 
2tan@ 


mec 
— Tan 


=> 2tan?0=1-tan’ 9 


3 tan? 0 = 1 => 


tan’ @ = tan” (=) 
6 


pene 
6 


tan’ @ = 
3 


tan 6 + tan 20 + 4/3 tan @ tan20 = G3 
tan 26 + tan@ = V3[1 —tan2@ tan @] 
tan 26 + tan@ 


1—tan20-tand 
tan(3@) = /3 => tan(30) =tan{ =) 
a 1\ z 
30 =nxz +— => @=|n+—|-— 
3 3) 3 
1 
8 =(3n+1)-— 
( ) 5 
sin 8 + sin 50 = sin (38) 


2sin( 2222) cos =") — sin(39) = 0 


sin (30) [2 cos (20) — 1] =0 


1 
=> sin (30)=Oor i ar 
=> sin(30)=0 30 = 0, x, 20, 3 
% 7 seein 
3 
= cos(20)=— 3 Soe 
2 3° 3 
= 728 
6 6 
[.0<80<x>0 < 30 < 3a] 
6 solution0 <O0<_az 
=> 0<20<21 
7. (b) sin@9+cos@=1 
1 1 
= /2|—sin@ +—cos@ |=1 
ating + pees 
=> J} sindcos +c0s0sin™ | =1 
: X ] 
=> sin| d+— |=—— 
| J2 
=> 7 pee a eh gee 
4 4 
ya 
=> O=nr+(-1)"-—-— 
(=) rae 
8. (b) cot 8 — tan 8 =2. Let tan 9 =t 
1 
=> ae => 1-t-2t=0 
=> t+2t—-1=0 => 2t=1-t? 
2t 
> — =] 
1-¢ 
ya 
=> ta(26)=1 = tan) 
=> 20 =nt+— => ga ou 
4 2 8 
9. (b) sin*@ - 2eos6 + =0 
=> 4sin’0 —8cos0+1=0 
=> 41 —cos’0)—-8cos0+1=0 
=> 4cos?0+8cos0—-5=0 
ET ee ape 
2 2 
D4 
=> eae is not possible 
1 X X 
=> cos = 7-= eos{ = @ =2nz +— 
2 3 3 
10. (c) 2 tan? 0 = sec” 0 
=> 2tan?0@=-1+tan*9 = tan’?0=1 
=> tan? = tan*( =) = @= rt+t— 
sin 8 — sin a 8=nr+(-l1)"a 


11. (a) 


0=a,n-a,2n+0,3n-0,40+ 4,..... 


=> cos0=cosa => 90=2nria 


=> 0=a,-a,2nx+a,2x-0,4n+ 0,40-<,..... 


Common values a, 27 + a, 4a + a1.¢.,9=2nt+a 


12. (b) cos xoos{ = + | COs (= = “ = 7 €[0,6z] 


1 1 
=> qo = ri => cos (3x)= 1 


3x = 21, 4x, On, 82, 107, 
2[1+2+...4+9]-z 
3 
2x9x10 
= FX 
2x3 


sum of all values = 


x=307 


TEXTUAL EXERCISE-6 (SUBJECTIVE) 


; ad 1+sinxforsin x > —-1 
=|1+ = 
sae a —(1+sinx)forx <—1 


=> cosx=1+sinx 


=> cos to }=se3x € [0, 37] 


=> [s +2 )e = an+4| in which cos 
4 4 4 
holds for 3 times 


3 
= Clearly 3 solutions, x= 0,5 .2a 


2. (sin x + cos x)!*sm@x) = 2 
—1<sin (2x) <1 


=> 0<1+sin (2x) <2, also -V2 <sinx+cosx <2 


Only possibilities is sinx+cosx = V2 and 1 + sin 2x 


=2 


, but < —1 


=> cosx—sinx=1 


(3) 


| are 1 
=> 3] sins + Jecoss = J2 and sin (2x) = 1 


V2 V2 


1 , 
= sin{ +4) =1 and sin (2x) = 1 


x xX 
=> sin|x+—]=1 => x+—=— 
[ =) 4 2 
A 
> x=— 
4 
x 32 
=> sin(2x)=1 = 2S 
2° 2 
x 32% 
=> £=—3>— 
4 4 


/ : 
es q is its common solution 


3. (V2 -lcos6 +sind =1 
=> (2 -l)cos@ =1-sin@ 


= Yee eee 


cos@ 


1 


J2 


Trigonometric Equations 


x @ 
=> —-—=nT+— 
4 2 
0 x 
=> -=-nt+—-—=-nt+— 
Z 4 8 8 
=> Q=2nn+7neZ 


. 2cos8+3 sin8 =3 


or by oe +2 = ia we get 
——cos@ + —=sin 8 = 


7 Caen 


3 X 
= cos(@-a)=——~—=cos| —-a@ 
( 13 E 


V13 3 


— 9-0 =2nn +{ =a] 
= @ = Inn +— 01 = 2nn -~ + 2a 


= @ = (An +1) of = (4n -1)= + 2c where 


a =sin™ () orcos” (=) ortan” (> 
13 ie 2 


. sin’x + sin x cos x =n 


l-—cos2x sin2x 7 


2 2 
1 — 2n = cos 2x — sin2x 


an Dal aN 
Bae ye Si 
1-J2 <2n<14+~2 
1-V2 - 142 

2 D 


neZ 
n=0,1 
Two integral values of n. 


Y YUU Y 


Yo yc: 


TEXTUAL EXERCISE—7 (SUBJECTIVE) 


. 2sin?x —5 sin x cos x — 8 cos? x = 2 


< 2.79 


(i) 


Dividing by cos?x, we get, 2 tan? x — 5 tan x — 8 = — 2 sec’x 


=> 2 tan*x —5 tanx-—8=-—2(1 + tan’ x) 


2.80 > Trigonometrry 


=> 4tan’x —5tanx—6=0 


=> tanx= a2 or 2 
: 3 
x= xm + tan! (2) or x=na+tan™ (-=] 


3-cos? 6-2/3 sin Ocos 0 +sin? 9 =0 

Dividing by cos?0, we get 3—2V3 tan + tan? @ =0 

— tan?@—2V3tand+3=-0 
(tand-V3)=0 = 


=> OT ee 
3 


tan = J3 


. 6 sin?0 — sin8 cosO — cos?0 = 3 


Dividing by cos’0, we get, 6 tan’8 — tanO — 1 = 3 sec” 0 
=> 6 tan’0 —tanO — 1 =3(1 + tan’0) 

=> 3tan’0 —-tand-4=0 

=> tan0=-1 or tand=— 


er ee or 0 = na +tan( 3) 
4 3 


oa 2etS5= 05. Deo 
=> The equation have both root non-real and complex con- 
jugate 
Given equation have both root common 
2sind -4/3cos0 _ 33 


1 _ 2 3 
V3 
=> a res and cos@ = -— 
0 = 2nx +— 


TEXTUAL EXERCISE—2 (OBJECTIVE) 


. (c) From Theory 


. (b) cos0 +V3sin@ =5 
a = /3,b =6,¢ =) 


Here c >vVa’ +b’ 


No solution 


. (b) sinx+ 3cosx = V2 
Dividing by ¥1+(v3)’ ie., 2 


1. 3 
=> —sinx +—cosx =—= 
Z 2 


2 
= cos = cos x +sin a eee 
6 6 2 


JE 
=> x-—=2nrt— => Rs eee 


=> ee or ery ee 
12 12 


4. 


(c) 


=> 


=> 


V2 sec@ +tan@ =1 
0; sind = 
cos@ cosd 


sin @ —cos@ = mre 


ieee 1 
Dividing by V2 , we get, a iad ——=cos@=-1 
2 V2 


sin (=) sin 0 — cos—cos6 =-] 
4 4 


cos( = cos @ —sin@sin al =] 

4 4 

cos( = +0)=1 
4 


bone = 
4 


— 64+ =2ne 
4 


5. (b) tan9 + secO = V3; (i),0<0<22 


6. 


=> 
=> 


— 


(sec?8 — tan’0) = 1 
(secO — tan9) (secO + tan) = 1 
secO — tan = 1/v3 ... (il) 


Solving (i) & (ii), we get 2secO = a 


Ae) 


eta Seg 
J3 


Also tan0 = V3 — sec0 = 13= 2 l 


BB 


cos® = V¥3/2; tan = 1/3 and 9 € (0, 27) 
0 = n/6, 1.¢., there is only one solution 


(b) 3 cos 9+ 4 sin 8 = k. 


For solution | < /3? +4’ 


Ik} <5 
But |k| = 5 
Given equation becomes 3 cos 8 + 4 sin 9+ 5 


3 4. 
Dividing by 5, we get Peas sare =+1_........() 


3 
After replacing Peed and ae , we get 


equation into the form cos (8 + a) = +1 
Only 2 solution 1s possible. 


tan x + sec x = 2 cos x; x € [0, 27] 
sin x 1 
+ 


= 2c08x ; (cos x F 0) 
COs x 


cosx 
sinx + 1 =2 cos’ x 
sin x + 1 = 2(1 — sin’x) 
2 sin?x+sinx—1=0 
sin x =—l 
or sinx = ~ But when sin x =—1 
3x =) 
then x =—— and cos} — |=0 
2 2 
sin x #—l 


sinx =— 
2 


2 solutions 


Trigonometric Equations < 2.81 


. (b) kcosx—3 sinx =k+1 .. For atleast one solution D = 0 
For a solution Jk +1) < Vk? +9 => a-420 => a>4 
Squaring both sides, we get k> + 1+ 2k <k?+9 7 oe =a ae 

=> 2k<8 => k<4 7 
=> ke(~,4) a € (00, —2) 


. ind +V3cos@ =6x-x?-11 
. (a, c) sin* x + cos* x + sin (2x) +a = 0 14. (b) sind +/3cos0 = 6x - x 


= (sin’x + cos’x) — 2sin’x cos’x + sin (2x) +a=0 For 6x — x’ — 11 
sin’(2x) Maxi lue j [D] _.Bo- 4] _ ey) 
en ee eee aximum value is am TE 
—> 2-¢?+2t+2a = 0; where t = sin (2x) Also range of a sinx + bcos xis [-Va° +b’ Va’ +b" ] 
=> f-2t-2(a+1)=0 -. Range of sind +/3cos@ is [-2, 2] 
= (t-1)-1-2(a+1)=0 -. Only inequality holds -. sind + /3.cos@ = -2 
=> (t-1%=1+2(a+1) eee) 1 V3 
Now -1 < sin (2x) <1 Dividing by 2, we get Be oe =-] 
=> -l<t<l 
=> 2<t-1<0 => sin e05{ =) +c0s0sin{ =} -—1 
=> 0<(t-1°<4 3 3 
= From equation (1), we getO<1+2(a+1)<4 4 sit Pe Aa (ae | peice Ie 
1 3 3 1 3 2:°2 
= --—<at+l<— => --—<a<— 
2 2 2 2 .. 2 value of ‘0’ and one value of x = 3 
. (b <] 
(b) |x| 15. (a) sinx+cosx- 2/2 sin xcos x =0 
=> xe (-l, 1) => 3x e  (-3, 3) 
= sin 3x € [-1, 1] => sinx+cosx= V2 sin(2 x) 
=> Letsinx =te (-l, 1) Dividing by V2 , we get 
[ome : sin x + cos V2 inc ) 
—sin x +—=cosx =—= x 
=> 3t-4t<1 RP) 42 2 
le., 3x —4x°< 1 Vx e C1, 1) . 
=> 3x-—4x’*< 1 V |x| <1 => sin [s +4) = sin(2x) 
(c) 3sin x + 4cos ax = 7 has atleast one solution r , 
=> sinx=1andcosax= 1 = aera an (2x) 
=> x=(4n+ 1)n/2 & ax =2kn (-1)".2 POL 
x-—(-1)"-2x=nz -— 
> x=(4n + 1)n/2 =2kn/a = 4 
> a= ae Case 1: when nis odd 
a 3x =(2k +1). -— =(8k +3)— 
‘ = + . -_-— = + = 
= a must bea rational numbers mK yee A ( ) A 
1 
. (d) a, + a, cos (2x) + a, sin’x = 1 => sd aka Mire 
[1—2sin’ x] 228 . 
> 4 i aa aa sin’ x =1 Case 2: when n is even 
ya 1G 
=> 2a, +a,+ sin’x [a,—2a,]-2=0 ar ar SF, ee 
=> (a, —2a,) sin’x + (2a, + a,-2)=0 
. a, = 2a, and 2a, + a, =2 a 
pas TEXTUAL EXERCISE-8 (SUBJECTIVE) 
. (c) cos*x+acos?x+1=0 
Ifa>O 1. 7 cos’@ + 3 sin’?@ =4 
Then L.H.S. > 0, R-HS. = 0 => 7(1 —sin’®) +3 sin’® = 4 
Not possible => 3=4sin’0 
Ifa = 0, cos* x + 1 = 01s not possible = sao = 3 = ain? (=) 
‘a’ must be negative 


Now given equation is cos* x + acos*x + 1=0 


1 
‘ : ere ae => O=nxz+— 
=> t*+at+1=0, where t= cos’ x. Which is a quadratic in t. 3 


2.82 > Trigonometrry 


a 
mi ' " pe o a 2 2 => ~~nz or cosx=cot—: 1= tan? x/2 : 
Qy »3 te a = a ae ee at arn Ts 
=> (sin’x ' cos X) ~ 2 sin? x cos? x = sin x cos x > OD Gang 
1 sin*(2x) _ sin(2x) 
a => ¢-f =14+2t? where t= tanx/2 


Let sin (2x) = t Sl A a aa a 
.. Given equation becomes 2 - t? = t Let f(t) =t+t-t+1 
> t+t-2=0 f(t) = 3t?+2t—1 
+2)(t-D= . t= 
i ae ae f(t) =0 => Gt-N (t+ 1)=0 
=> sin (2x) = —2 is impossible 
. rT => t=-lort=1/3 
sin (2x) = | 2x=(4n+))x > = Graph of y = f(t) will be as 


= x=(4n +DZan eZ 


3. sec x + cosec x = oD 


=> + = = 2/2 
COS Xx sIn xX 


=> sginx+cosx = 2V2sinxcosx 


1 1 
=> sinx.—+cosx.—=sin2x 


V2 V2 


I 
=> sin{ +4) =sin2x 


Clearly f(t) =0 has only one root int € [-2, 1] =t, say then 
= x S = nx +(-1)"(2x) tan = 62-1] 


=> x-(-))"(2x)=n2 i .. For x € [41, 47], 1.e., a [-22,27] 


ya 
1-2(-1)") =nz -— = 
=> x (-l))=na 4 tan =, will be attained 4 times ie, Xin( S*,-2 (4.0) 


For n= odd & ) (3 ) 
x —,xz |and| —,2z 
=> x(3)=Qm are 2 2 
x 
Also —=nz 
Ss yeOns) a= 2 
oF ye > x=2nt,neZ 
For n = even .. For x € [-41, 47] x will attain the values x = 4n, —27, 
ya 
=> x=(1-2)=2mr-— 0, 27 and 47 1.e., 5 values 


Total (4 + 5) 1.e., 9 solution 


ya 
=> x=2mr+— 
4 5. sin*x + cos* x = 1 


We Siete a ee. cece es = (sin? x + cos* x)? —2 sin’ x cos? x = 1 
= cosx — sinx = cos’x => 1-2 sin’?xcos?x=1 
“ sexe 2 — 
=> (cosx) (1 — cosx) = sinx => 2sin’ x cos*x =0 
$e 1) 
= = sin’ (2x 
=> 1-cosx = tanx —, (2x) -~0 
dsj 2x  sinx | 9 
ae. ee 2 oes => sin (2x)=0 
:.. ¥ x => 2x=nt 
‘ 2s1n —cos— a 
= Asin? =—__2 2 => eS ie 
2) cos x 
=> Dein? eee oe hes -0 6. sin? x —5 sin x cos x —6 cos? x = 0 
=> tan?x—5tanx—6=0 
=> 2sin | sin eos —cos =0 => (tanx—6) (tanx + 1)=0 
=> tanx=6ortanx=-l 


x _ x x ua 
=> BOI one ee => x=nz+ tan’ (6) or aaa 


TEXTUAL EXERCISE-9 (SUBJECTIVE) 


. sind = 1/v2 ; cotO = -1 
=> @ lies in IInd quadrant 
=> 0=(2n+ 1)x-7/4 


=> @=2nn Pac 
4 
=> @=(8n +3)7n €Z 1s the general solution 


V3 


sin@=-—— => =n +(-1)"x(-4] 
2 3 


psa Oe 
3° «3 
tan 0 = /3 
“4 x 4x 7x 10x 
= oes aa lore => a a a 
3 3° 3°37 3 
Anz 
Common solution @ = 2nz Ta 
ft x 
cos@=—= > G=1+— 
2 4 
=> 2n+— 
: K 3x 
tanQ=-1 => sare ae 


= Senn 
4 


X 
= Common solution 0 =2nz sy 


sind = —~ => O=nnz +-ptx{-2| 
2 6 


x Ix llxz 19% 
=> 0 SS 2 Se a 
6 6 6 6 
1 
tan 8 =—= = O@=nrt+— 
3 
gH 1m 9m 
6 6 6 


as X 
Common solution is 9 = 2nz + cr 


. @) sin(x+y)=0 wf) 
and sin (x — y) =0 ... {l) 
From (1) and (11), we get 

xty=nineZ 

x—-y=mmn7 

Adding and sub subtracting, we get 


a a 
x=(n+m).—,y =(n-m).— 
( ee ( = 


a 


he 1 
(ii) x+y =—,sInxsiny = 7 


3 
n( 2 1 
— sinxsin} —-x|=— 
3 4 


Trigonometric Equations < 2.83 


o ME x. 1 
= sinx] sin| — |lcosx —cos—sinx | =— 
(=) 3 4 


; 3 Is 1 
=> sin x| —cosx-——sinx |=— 
2 2 4 


ener! 
sin‘’x 1 


4 
2./3 sinxcosx —2sin? x-1=0 


3. 
=> Bore 


y 


— 2sin?x—2V3sinxcosx+1=0 
Dividing by cos? x, we get, 

2 tan? x — 2,/3 tanx +sec? x = 0 
2 tan? x — 2/3 tan+1+ tan? x = 0 
3tan? x —2V3 tanx+1=0 

(./3 tan x -1)? =0 


WY YdUdY 


1 
tan x = —= 


V3 


1 1 
From a ar aaa eld 


ya 
x =nt+— 
6 


ey aaa (i) 
1+tanx 

— — “i oe 
x-y Te ne (11) 


1 
From (i), we get tan( =] tan y 
=> ax =nn+ 
4 a4 
ya a 
=> a? daria eer (111) 


. as Sx 
From (ii) and (ili), we get 2x = aa nn 


TEXTUAL EXERCISE—10 (SUBJECTIVE) 


cos(x— y)= 
sin(x + y) = 


x-y=2nr 


and x+y=maz eye = 


a Ze XK 


From (iii) and (iv) we get, 2x =2nz +mz +(-1) 


2.84 > Trigonometrry 


ae 4 
x=(2n+m).—+—4+(-1”. 
( di 2 (-1) 


Also 2y =ma —-2nz+(-1)”. cae 


ie _ 
=> y=(m-2n)x+(-l)".—F— 
ya ja +(-]) Tae 


Smallest value of x and y are obtained when x - y = - 


d x+ ot 
an =— 
4 6 
x 712 
y=—and x=—+—=— 
3 4 12 
712 a 
=> = 75 = — 
12 4 
2. 3sin?A+ 2 sin? B= 1 piacere) 
3sin(2A)—2sin(2B)=O (11) 
3 
=> 3sin’?A = cos2B = me Conan c0s2B 


=> 3-3cos2A = 2cos2B 

=> 3cos2A + 2cos2B = 3 and 3sin2A — 2sin2B = 0 
=> 9sin?2A = 4sin?2B 
=> 


sin’ 2A = sin? 2B 


y 


1-cos’2A = = — cos’ 2B) 


2 
=> ry anes 1- 3-3cos" A 
9 Z 


=> 9-9cos’2A = 4 — (3 — 3cos2A)” 
=> 9-9cos?2A = 4 —9 — 9c0s?2A + 18c0s2A 
| 
=> 14=18cos2A => CORON G 
1 
=> cos2B=— 
3 
— 1 1 
=> sin A= a => sindA= 3 (.” Ais acute) 


cos2B = sin A = cos( = -4| 


ss ORaqes 
2 


xt+ if (1) 
=— eee: 6 | 
Z 4 


cceecees ii) 


and tan x + tan y = 1 
x 
From (i), we get, tan(x + y) = tan (=) 


tan x + tan y =] 
1-tanxtany 
1 


————— =I [using (ii 
1- tan xtan y Lusing (11)] 


= tanxtany =0 geeveyeves UN) 
From (11) and (111), we get, A+B = 1,AB=0. 
Where A = tan x; B = tan y 
A=0orB=0 
ya 1 
xX=nNT,y=—-NA or V=HnA,x=—-nT,xEZ 
4 4 
4. sin(x+y)=0 ee Sette CL) 
sin (x — y) = 0 A atetzen AL) 
SYS Mi (111) 
> x-y=mn sishiate cI) 


1 1 
x=(n+m).— and y=(n-m).— 
( )> an y= ye 


sinx +sin y = V2 


_({xt+y x-y 1 
=> in{ ; Joos(5*) == seas (1) 


And cos x cos y = 1/2 
=> cos(xt+ty)t+cos(x-y)=1l oa, (11) 


Let sin( 5%) a seos( ==") =0, 
2 2 


1 
Thus we get ab =—= & |] —2a*+ 2b?-1=1 
2 


1 
ab=—= 
_ V2 
b? -—a’ ait 
2 
= b+a’= z+4(5) ate 
4 9 meee 


=. 2b*= 2: & 2a" = | 
=> b*=1& a*=1/2 thus the equation reduces to 


> sin? = Ty z (+) (iii) 
: o 7 


sg, BP 
2 4 
=> cos'(*5*) 1 ... (iV) 
2, 
ay, Saag 
ps 


=> xt+ty=2nnt7n/2&x-—y=2mn 


x=(m+n)x a 

Thus 
=(n-—m)x i 
4 “4 


TEXTUAL EXERCISE—3 (OBJECTIVE) 


. (ce) cosxt+cosy=2 2 ee (1) 


—1<cosx<1land-1<cosy<1l 
Equation (1) is true only if both cos x + cos y are 1 
cosx=l,cosy=1 


k= y= 0 
cos (x —y) =cos0= 1 
2. (b) sin? x —sinx—1=0 


145 


=> sinx= 
2 
+5 
But sin x < 1 => sinxs o 
1-./5 
sin x = ——— 
2 


4 solutions 


3. (a) cosx. sin y = 1. Since — 1 <cosx<1;-1<siny <1 


cos x . sin y = 1 1s only possible if 


cos x =siny = 1 eee 18 

and cos x = siny =— 1 diocese), 114) 
a 5X 

For (1), we get, x = 0,27; y ok 


4 ordered from of (x, y) 
For (il), we get, x = 1, 37, — 
2 ordered pairs 
Total 6 ordered pairs 
4. (b) As in previous question no. (3) 


- x 32 
Ordered pair is x =0,2z,y = or Xx=Z,y= oF 


3 ordered pair 


5. (c) 1—2x-—x’= tan’ (x + y) + cot? (x + y) 
Maximum value of L.H.S. = 4 


; D. 
[*.. for a quadratic maximum value is va if coeffi- 
a 


cient of x? <0 and tan? (x + y) + cot? (x + y) 22] 
[A.M. = G.M.] 

=> Only equality holds. 

1 —2x-—x?=2 

2x l= 0 

x =-l 

tan? (x + y) = 1 

=> tan’? (y-1)=1 


ae i ee 


= y-l=nat7 


a7 
? A 2 A 2 4 teas 
UT 


ww 


=> yol=t 


INS) 


=> y=(2n be 


6. 


8. 


Trigonometric Equations < 2.85 


l-tanx 
1+tanx 


(a) = tany 


1 1 
= tan( =— +} =tany > Ee 


=> xtysnn+— edseaetue dD) 
> x-y=- (i) 
ee rca 11 
. 6 
, = 5x 
Adding (i) and (11), we get 2x =nz ery 
nx 5S 
= — + — 
2 24 
X aa ‘ 
Also a oar vee eeeuees (Ill) (given) 
nk TX 
les = 
6 2 24 


(c) 4+ sin? x + cos? x = 5 sin’? x sin’ y 
=> 5=S5sin’xsin-y => (sinxsiny)=1 
=> sin’x sin’? y = 1 => sinx=sin?y=1 


=> (x,y)E {(»- + Sma +2) nm E z| 


(a, b) sin? x = sin y shane a1) 
cos* x = cos y ecene (1) 

=> sin*x+cos*x 

=> cos®*x = (1 — sin’x)(1 + sin?x) = (cos?x)(1 + sin*x) 

= (cos*x)(cos*x — 1 — sin’x) = 0 

=> (cos’x)[cos*x — 1 — (1 — cos*x)] = 0 

=> (cos’x)[cos*x + cos’x — 2)] = 0 

=> cosx=0 > x= (Qn 4) ee) 
Let cos? x =t 

=> t+t—2=0; clearly t = 1 1s a root. 

*. t?+t+2=0 for which roots are imaginary 
cos’x = 1 => cosx=+1 

> x=nanEZ peta ol) 


Clearly from (i) and (11), we get x=—- nEZ 


1 forn =odd 
=> siny= 
* QO forn=even 


QO forn =odd 


and cosy = 
id ' forn = even 


[20 +4) forn = odd 
y= 2 


2mx forn = even 
Complete solution will be 


ya ya 
x=(2n+1)—,; y =2mr +— 
(X,y)= y= 2 Z 


xX =NT; y=2mnr 
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3. sin? x + cos? y + sin? z = 3 cosec? u 


9. (b,c) sin’ x+sin’ y = 5 Se Osis 21 " O<cos?y <1 
1-cos(2x)  (1-cos(2y))_ 3 % Oe ee a oe 
=> 2 ee Also cosec? u > 1 > RHS.>3 
ic a only equality holds 
2 a Rees) +cos(2y)] “. sim? x = cos’ y = sin? z = cosec? u = 1 


l SSO) oye 
= COSY) = 7 > ¥ ~ NM, 
1 1 
z=(2p+l).—; u=(2q+1)x—,wh Z. 
ay eos(x + y)oos(x- y) == (2p ye (2q +1) 7° erem,n, p,q € 
4. cos® (2x) = 1+ sin* x 


1 
COE ORNS a Sa hametce CL) "0 <cos® 2x) <1land1<1+sintx <2 
- Only equality holds 
Also sl ares (given) uoieootea aD) “.  cos® (2x) = 1 and sin* x =0 
e 1 2x = 2na and x = mz 
From (i) and (ii), we get cos( =] cos(x -— y) = z . X=nt,x=mr 
x=knkeZ 
1 
=> cos(x-y)= 
TEXTUAL EXERCISE—4 (OBJECTIVE) 
aa ves eee es (ill) 
Pane 1. (d) sinx cos x =2 
(ii) and (iii), gives 2x = 2nz sar => 2sinxcosx=4 => sin(2x)=4 
But — 1 < sin (2x) < 1 
21 ; . 
= 2x =2nnor 2nx ua .. Given equation has no solution. 
o 2. (a) 2.008 (8) Ha + 5 
X= nw or 2X me We know that —1 < cos (e*) < 1 
z => 2<2 cos (e*) <2 
S did 3 ni or nt . LAS. € [2, 2] 
Also 5* + 5*2>2 
Only equality holds 
TEXTUAL EXERCISE-11 (SUBJECTIVE) i ee 
=> cos (e*)= 1 
1. sin*x = 1 + cos* (3x) “. €*=(Q which 1s not possible 
0 <sin°x <1 and 1 <1 + cos* (3x) <2 “. No solution 
Only equality holds 3. (b) As in above question only equality holds. 
sin°x = 1 and cos* (3x) = 0 => cos (2nmx) = 1 
x=(2n4)).—,neZ .  2nmx = 0 
Z x=0 
poca Also for x = 0 R.H.S. =2 
2 x —x 
2. 2cos (=| =2' +2 “. X=0 is the only solution 


fo es 4. (d) 3cosx+4 sinx =6 
2008 6 )s2 and 2*+2*22 since — Va’ +b* <acosx+bsinx <Va’ +b’ 


LHS. € [-5, 5] 


Only Equality melds: Given equation has no solution 
i eeu ; 5. (a) sinx +siny + sinz=-3 
a{ x +x dpe ty cee te mastetnee = 
+ x=(Qand cos J-1 Clearly sin x = sin y = sinz=-—1l 
: say =2 = an 
=> x=0 - 2 


x = 01s the only solution “. Only one solution 


6. (a) L.HS. ¢€ [-2, 2] 11. 
For 3x*+ 2x +3 
= . D 
Minimum value is -—— 
4a 
_ [4-36] 32 8 
Minimum values of R.H.S. is -———— = — = — 
4x3 12. 23 
Maximum value of L.H.S. = 2 
8 
Minimum value of R.H.S. = 3 
No solution 
12. 
7. (a) 2cos° [= sin” ax re 
2 x 
. 2 x 
0 <sin?x <1, O<cos [}<1 
L.H.S. <2 
See | 
Also x° +22 => RHS.22 
x 
.. Only equality holds. 
. X=] 
=> x=+4l, but forx=1,LHS.#2 
*. No solution 
13. 
8. (c) 2cos(e*) =x?+2V2x+4 
Minimum value of x? +2V2x +4 is 
=| _ 18-16] _ 2 
Aa 4 
Also maximum value of 2 cos (e*) 1s 2 
“. Only equality holds 1.e., 2 cos (e*) = 2 
=> cos (e*)= 1 
: e* = 0 
No Solution 
9. (c) sint*x = 1+ tan®?x 
"" O<sin*x <1 14. 


L.HLS. e€ [0, 1]. Also tan® x > 0 
1+ tan? x > 1 
Minimum value of R.HS. is 1 


Only equality holds. 
1+ tan®x = 1 => tan?x=0 
X = nw 


But for x = nz L.HS. #1 


No solution 


10. (b) sin’? x + cos” y = 2 sec’ z 


sec? Z > 1 

2 sec? Zz 22 

R.H.S. >2 

Also maximum value of L.H.S. = 2 
Only equality holds. 
L:H:S:=B.H:S:=2 

sin? x = 1, cos? y = 1, 

sec? Z = 1 


ya 
eek) ey ae 


Trigonometric Equations < 2.87 


(a) sinx cosy =1 


Only 2 possibilities 
Case l: sinx=1,cosy=1 
x SX ya 
=> ey a Aamo => se a ae 
Case 2: sinx =-l, cosy =-l 
$22" pee 
5 Pa 0 
> x=(4n+3)—y =(2k +). 


(tan x) ro (cot xy 

tan x 
(tan x) x 
tan x = (tan x )*™"* (tan x cot x)"* 


tan x = (tan x)"* 
tan x 


(tan a * =(cotx)"™" = (cot x)*"* 


sin x 


tan x 
(tan x)'-*™@% = ] 
Either tan x = 1 or sin x = 1 


x=nz+—or x=nx+(-l)".— 
4 2 
(b) tan? x + cot? x = 2 cos’? y 


And cos’ y + sin? z = 1 
For equation (1), L.H.S. = 2 and R.H.S. <2 


cececeees (i) 
cece (ii) 


Only equality holds 
tan? x = cot? x = 1 
x=kar+" 

4 


Also cos? y = 1 > y=mn1 
For equation (11), when y = mz, cos? y = 1 
sin? z= 0 => z=nna, where k, m,n, € Z 


1 
Sey Oe 


(a) x? + 2x sin (xy) +1=0 


= 2 
=> ‘ee 
2x 
Now x?+ 1—2x=(xk-1)20 
S39 lSa2 
x +1 
Casel: x>QO, >] 
2x 
aN rt). _, 
2x 
Case 2: poy eG 
= ~G't)D, 
2X 


Also sin xy € [-1, 1] 
sin xy =—1 or sin xy = 1 
x=-lorx=1 

siny =—lorsiny =-1l 


Yoyo: 


x=thy =2nn ~~ 
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TEXTUAL EXERCISE—5 (OBJECTIVE) 7. (d) tanx. tan4x=1,0<x<7% 
= tanx = cot 4x 
Y 


1. (d) Draw the graph of both function 
4 


y=||n|x||_ y=sin(x) 


Ay=tan 


= Xx 


O} n/8\n/4 \ x/2 ax 7 


2. (a) | | | <-y=cot4x 


yy 


Clearly, these will be 4 solutions each in [0, 7/4], [1/4, 1/2]; 
[x/2, 32/4] ; (32/4, 1] 


3. (b) 
8. (a) x?+4+3 sin (ax + b)-—2x=0 


=> x’?+4-2x=-3 sin (ax + b) 
=> (x-—1)+3=~—3 sin (ax + b) 
L.H.S. = 3, —-1 < sin (ax + b) <3 


R.HLS. € [-3, 3] “. only equality holds 
1.e., L.H.S. = 3 => x=] 
R.H.S. = — 3 sin (ax + b) = —3 sin (a + b) 

. RHS.=3 => sin(at+b)=-l 


9. (c) max. {sinx, cosx} = 1/2 in (-27, 52) 


5. (a) 


Clearly there will be 7 solutions 1s obvious from above 


graph 
Clearly both curves don’t intersect each other 10. (a) |cos x| = 2[x] 
no solution R.HLS. is an integer and L.H.S. > 0 
6. (a) y=2 sinx => |cos x| € {0, 1} 

—~2<2sinx <2 .. For | cos x| = 0 = 2[x] 

4-60] 14 =Q= 
Also minimum value of 5x? + 2x + 3 is _! =— ap eee ai 

4x5 5 => cosx=0andx eé [0, 1) 


No solution Which is impossible as cos x = 0 


Now, for |cos x| = 1 = 2[x] 


=> cosx == 1 [x)= 12 


11. (a) én |sin x| = -x? + 2x in =| = -(x?-2x+1-l)= 


Which is impossible 
No solution 


1 -(x-1) 


Clearly from graph there will be only one-solution 


TEXTUAL EXERCISE-12 (SUBJECTIVE) 


1. 2sin?x-—3 sinx+1<0 


Let sinx =t 

2t? —3t+1<0 

=> 2t-2t-t+1<0 

=> 2t(t-1)-(@-1)<0 

=> (t-1)@t-1)<0 

=> [1/2, 1] 

=> sinx € [1/2, 1] in the interval x € [0, 27) 
=> 


Trigonometric Equations 


For x € [0, 27] 


«, | 27 -Age 
The solution set is | —,— 
3 «3 
U ane pee Gan + = 
3 3 


n=I 


1 
b) sinx2-— 
(b) sinx2 -> 


Clearly xe U2 — Zann +2 


nel 


(c) tanx> V3 


a a 
Clearly x€ nx +—,nx +3) 

3 2 
(d) sinx + V3 cosx > 0 


=> Lae rc Lee > 0 
2 2 


y 


: a ee 3 
SITIX. ar a 


sin [ +3) > 0 
3 


=> LetO0=x+7/3 

=> sind>0>0 e [2nz, (2n+ 1l)xz];ne Z 
=> x+7/3 € [2nz,(2n+1l)x];neZ 
=> 


y 


xe ane ~= (2n +1)z Zin eZ 
3 3 


y 


xe ane -5-2nn VE hn EZ 


> xe Ul -1)5,2(3n +12 | 


Z 1+cos@ Z 2 


0 <———_ << -V9@ 
2+cos@ 3 


_1t+cos@ = 1+cos@ 
2+cos@ 1+(1+cos@) 
1 1 


Let y 


< 2.89 


= —____ = —__—_—_ for cos0 # —l 


1 [ a) 
+ 1+] —sec* — 
1+cos@ 2 2 


. @  sinx + cosx < 
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Now sec” 2 €[1,00) 


Also for cos8 = — 1 
y=0 


ye 0.2] Hence proved 


sinx 


=> sinx + cosx < cosecx 


=> sin(x+ 7/4) < Sseaeds 


WZ 


y=sinx+cosx 


eaeecaesesencscscencscensbecceccssecnnsese be sccnssscncsssenscssecsscsenses fascssccnsssecssssenfessscnsssencsnssg@essancssscenassncansenensnsecassscacsssecsessscasssendassecacsscecesceeaesy 


From above graphs clearly in [0, 27]; sinx + cosx < — 
sin x 


forxe (202, 2nn +4) U [ne + 51(2n + De) 
v [2a p22 Sag + )n EZ 
4 Z 


(ii) cos3x +V3 sin3x <—-V2 


=> Sy Vee 3x< sone 
2° 2 Ae 


(ae 2 TE 1 
=> ae a ro 


Bb 


1 
=> cosd<-—=;90=3x-7/3 
a?) 
Oe ¢@ [2 Pala 5) 
neZ 4 4 
=> [ss =) E U [20 je Sa +2 
’ neZ 4 4 


=> 3xe|J| 2nz po jae Pecans 
4 3 4 3 


> xe\) ou jae Paced Ans 
3 360s 3 36 


neZ 
(iii) Ssin’x — 3sinx cosx — 36cos’x > 0 
=> 5 sin’x — 15 sinx cosx + 12sinx cosx — 36cos?x > 0 
= 5sinx [sinx — 3cosx] + 12cosx [sinx — 3cosx] > 0 
=> (5 sinx + 12 cosx) (sinx — 3cosx) > 0 
(5 + 12 cotx) (1 — 3cotx) > 0 
=> (5+ 12cotx) 3 cotx —1) <0 


* cotx is periodic with period x 
Solution set will be 


U nx +cot™ +) na toot" (-5) 
neZ 3 12 


(iv) sin4dx + cos4x cot2x > 1 
sin4xsin2x+cos4xcos2x e 
sin 2x 
cos(4x — 2x) . 
sin2x 
=> cot2x> 1 


1 


ya 
=> 2xeE Ga +4) 


6sin’x — sinxcosx — cos’x > 2 ; sin # 0 (clearly) 
6sin’x — 3sinx cosx + 2 sinx cosx — cos’x > 2 
3sinx(2sinx — cosx) + cosx(2sinx — cosx) > 2 
(2sinx — cosx) (3sinx + cosx) > 2 

(2 — cotx) (3 + cotx) > 2 cosesec?x 

—cot’x — cotx + 6 > 2 + 2cot’x 

3cot’x + cotx — 4 <0 

3cot’x + 4cotx — 3cotx — 4 = 0 

cotx (3cotx + 4) — 3cotx + 4) <0 

(3cotx + 4) (cotx — 1) <0 


am 
pale 
‘ww’ 


WV UYUYUUUNYSY 


ee | 
3 


xe U [ne +7 ne +cot” (=) Ans 


neZ 


y 
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(ii) says => ee eae 


2 16 
X X X XK 3.3 9 
—jJ—<x<,J— or —,J2nz7+—<x<,J2nz -—— => —sin'2x>— 
3 3 3 3 4 16 
| x | I => sin’2 sie 
or ae EE eS Ans 4 A 
V3 v3 


=> -l<sin2x <-—-— or— <sin2x<]l 
w) 2 


~\2nin/3-N2n-7/3 


(iii) 2sin? ; +cos2x <0 


=> 1-—-—cosx + cos2x <0 
1 — cosx + 2cos? x — 1 <0 “. Solution is 


=> 

=> (cosx) (2cosx —1) <0 2xeE bie” Ong” U pe Spe 
l 3 3 3 3 
=> VEO ENS 


ya =| 2x 8x 
=> xelnxz+—,nr+—|U| nz +—,naz +— 
6 3 3 6 


( 1 =) 
or 2x €| nz +—,nz +— 
3 3 


TEXTUAL EXERCISE-6 (OBJECTIVE) 


pecs 
2 


1. (a) sinx > 1V2 


=> Xe [2x - * 2nx - =) 
zZ 3 


U 2nx i ne ee Ans 
3 2 


neZ 


(iv) cos?x + 3sin?x + 2V3 sinx cosx < 1 ... (1) 


= cos’x — 1+ 3sin2x + 2V3 sinx cosx < 0 
5 
< 
=> =n x + 2v3sinx cosx < 0 x ge UL 
=> 2sin x(sin x + 3cosx) <0 


[2x Fay Per + hn EZ 
4 4 


neZ 


Clearly cosx = 0 does not satisfy the inequality (1) 2. (b)cosx > ¥3/2 


=> 2tan(tan x +/3) <0 Y 


=> -V/3<tanx <0 


=. We U [na nt) Ans 


neZ 


(v) sin®x + cos*x < 7/16 
=> 1-23sin?x cos?x < 7/16 
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solution set is 8. (c) cos’0 < 1/2 


5x 5x 1 1 
xe Uj 20-200 + bn EZ => cosde [-—-. +) 
6 6 2° V2 


neZ 


3. (a) cosx 2-1/2 
Solution set is U [2x — EF ope +E bn EZ 
3 3 


neZ 
4. (a) 2cosx < V3;x € [—2, 7] 
=> cosx < V3/2 


ya 3 
=> xeée|-z,-—|U]—,z 
| 4 E 


a 3x 
5. (a) |tanx| < 1/N3 Solution set is UG ye +3 


neZ 


—] 1 
=> —-<tanx <—_— 


V3 V3 = Uf ans 2.c4n+32| 


neZ 
=> solution set will be U [ne — f nn +4) 
6 6 9. (d) 4sin’x — 8 sinx +3 <0;0<x<2z 
= Asin’x — 6sinx — 2sinx + 3 < 0 
=> 2sinx (2sinx — 3) —-1 (2sinx —3 ) <0 
=> (2sinx —3) (2sinx — 1) <0 
=> 


neZ 


6. (a) If |tanx| < 1 and x e€ [-1, 7], then 
=> -1<tanx<1 


s seU|ma—Z ne +2 


neZ 


1 . 3 
—<sinx <— 
2 2 


But for x € [-2, 7] 
3x In 3x = 
x € | -z,-— |U| -—,— | U| —.z 
4 4/4 4 


7. (c) If cosx — sinx 21; 0 <x <2n, 


<sinx <1 


N[ 


=> com (+2 }> -O<x<2n 


Solution set is x € EB =| 


10. (b) sinx. cos*x > cosx. sin*x; O< x < 27 
sinx cos*x — cosx. sin’x > 0 

sinx cosx (cos’x — sin’x) > 0 

1/2 sin2x . cos2x > 0 

1/4 (2 sin2x cos2x) > 0 

1/4 sin4x > 0 

sin4dx > 0 

sin4dx > 0 


Axe (2nz,(2n +1)z) 


nie TU 
But x € [0, 27] = [== con +7] 


= Solution of setis xe am U{0} But x € [0, 27] 
2 For n= 0; x € (0, 2/4) 


1. (a) 


YUUYNY 


=> 
=> 
3. (b) 
=> 


4. (d) 


Y J 


SECTION-II1 (ONLY ONE CORRECT ANSWERS) 


tanO + tan (n/2 + 8) =0 


tanO — cotO = 0 => tand- : =0 
tan@ 
tan?@ —1=0 
tan70 = 1 = tan’0 = tan?(7/4) 
O=nx ke 
4 
Given equation is 2[sin‘(2x) + cos*(2x)] + 3sin’x cos’x 


=0 

2[(sin?(2x) + cos?(2x)]* — 2sin” (2x) cos?(2x)] + 3sin’x- 
cos’x = 0 

2 — 4sin?(2x) cos’(2x) + 3/4sin?(2x) = 0 

2 — 4 sin?(2x) [1 — sin?(2x)] + 3/4 sin?(2x) = 0 
2 —4 sin?(2x) + 4 sin4(2x) + 3/4 sin?(2x) = 0 
4 sin* (2x) — 13/4 sin?(2x) + 2 = 0 

16sin* (2x) —13sin7(2x) + 8 = 0 

Let sin? (2x) =t 

16t? -13t + 8 = 0; Disc. = 169 — 4(16)(8) <0 
No real value of t and hence no solution. 
2sinx+120&xe [0, 22] 

sinx = —1/2 


¥ 


7x/6 


11/6 


From graph it is clear that x € [0, 72/6] U [ 1220 


Given expression 1s cos y cos (1/2 — x) — cos x cos(n/2 
—y) + siny cos (1/2 — x) + cosx sin (1/2 -y) = 0 

sInx Cosy — siny cosx + sinx siny + cosx cosy = 0 
sin(x — y) + cos (x — y) = 0 


| sin —y) +eeons -») = 0 


sin (x — y) cos (7/4) + cos (x — y) sin (2/4) = 0 


Trigonometric Equations 


=> sin x-y+2)=0 => x-yt—=n neZ 
= xonn-— tyne 


5. (a) sin(x — y) = 1/2 >x-y=n7/6 or BL 


w |<" n 


cos (x + y)= 1/2 SS KRY 


wa 


After solving we get x = 45°, y = 15° 


6. (c) Draw we graphs of y = sinx & y = 1/x 
X sinx = 1 => 


sinx = I/x 


Clearly both graphs intersect and 2 ports P& R 


7. (c) Clearly both the curves intersect at 6 points 


8. (d) Given equation is [sinx] + cosx = 0 
=> cosx = —[sinx] 
Now draw the graphs of cosx and —[sinx] 


Clearly both curves and do not intersect no solution 


9. (c) tanO = -1 
= cosd = 1/V2 


=> 0=nr-7/4 
=> 80=2nrin/4 


Clearly 7x/4 is the common value satisfying both the 


equation 
General Solution is 8 = 2nz + 72/4 


< 2.93 
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10. (c) 8 tan2?0 +9 = 6sec0; Oe (-=.3) 


8[sec?8 — 1] + 9 = 6secO 
=> 8sec?0 —6sec0 + 1 =0 => secO = =o 


No solution 


11. (a) Draw the graphs of y = |cosx| & y = sinx 


12. 


13. 


14. 


15. 


16. 


Clearly both is curves intersect each other at 4 point. 


(c) Given equation is cos*x + b cos*x + 1 =0 
Let cos*x = t => te([0,1] 
Given equation becomes t? + bt + 1 = 0 ... (1) 
Equation (1) will have a solution in [0, 1] if D = 0 
b?>-42>0and1+b+1<0 

=>|b| <2 andb<-2 


b <-2 => b € (-, —2] 
(c) Clearly x, =x,=x,=....=x,=7/n 
Maximum value of sinx, + sinx, + sinx, + ....+sinx, = 
n.sin(7/n) 
(b) Given equation is 
1-sinx+sin’x+...+(-D"sin"x+...._1-cos(2x) 
1+sinx+sin’ x+...4+sin” x... 1+cos(2x) 
1 
_, L+sinx _ 2sin’ x l-sinx 1-sinx _ sin’x 
it 2cos’ x l+sinx l-sinx cos’x 
1—sinx 
=> 1+ sin’*x — 2sinx = sin’x 
=> sinx = 1/2 => x=nn+(Cl1).2/6 
(a) |sinx + cosx| = |sinx| + |cosx| 1s possible only if sinx + 


cosx are positive or both negative 
x belongs to I or III quadrant. 


(d) sinx [sinx + cosx] = k 
=> sin’x + sinx cosx = k 
1-—cos(2x) a sin(2x) ae 
2 2 
=> sin(2x) — cos(2x) = 2k — 1 
Now, —V2 < sin(2x) — cos(2x) < V2 
Given equation will have a solution if -V2 < 2k —1 <2 


I-v2 ., .l+v2 


Z 2 


17. (c) Range of acosx + bsinx is | va’ +b? Va’ +B | 


18. 


19. 


20. 


21. 


For solution -Vk? +9 <k+1<~vVk’ +9 
(k+12<k2+9 


> k<4 => ke(~,4] 


(d) sin(e*)cos(e*)=2** +2” 


=> sin (2e*)= 2 i 
4 2*°4 


=> sin (2e*) = 3 [23 
2 2: 
ee wll 
Now 2 Fg ears 
eae | 
2 +—<2;x<0 
op? 
sin(2e*) = + 1 


(a) sin (=) _N5-1 


Infinite solution 


10 4 
10) 4 
x) 5-14 J10+2S5 
(jee 


Cia) 


Given equation becomes sinx + cosx = 1 
x = 2nz or 2na + 1/2 


(d) sinx + siny =y*-yt+a 
Form R.HLS. 


Minimum values Biba) -a- 1 


4 


Also L.H.S. maximum values = 2 
Given equation will have no solution 


If ae, ,e., if a ee 
4 4 
1 1 
ae] 2+—,0!1cC}] V2 +—,0 
4 4 
1 
=> ae(V2 +50) 


(b) x cosa + y sina = 2a 
x cosBh + y sinB = 2a 


... (i) 
... (il) 
Squaring both side, we get x” cos’a + y’ sin’a + 2xy 
sina . cosa = 4a?” 

x” cos*a + y? (1 — cos*a) + 2xy sina . cosa 

cos’ (x? — y”) + y* + 2xy.sina.cosa = 4a? 

(cos’a — cos*B)(x? — y?) + xy(sin2a — sin2B) 


Y Udy 


sin2f-sin2a  x°-y" 


cos’ a —cos’ B xy 


22. 


23. 


24. 


25. 


26. 


Bike 


(b) (2 cosx — 1) (3 + 2 cosx) = 0 
Either 2 cosx = 1 or cosx = —3/2 which is impossible 
IE. 2 SH 


1 
cosx=— > x=— or— 
x 3 3 


(c) 3cos(2x) — 10 cosx + 7 =0 
=> 3[2cos*x —1] — 10 cosx + 7=0 


=> 6cos*x — 10 cosx +4=0 29 
=> cosx = 1 or 2/3 


cosx = 1 — (3 solution) 
cosx = 2/3 (5 solution) 
Total 8 solution 


tate x 3X 
(c) Given equation is tanx + secx = 2cosx E = 4 
sin 1 
ad + = 2cosx 


sinx + 1 =2 cos’x 
sinx + 1 =2 [1 — sin’x] 
2sin’x + sinx — 1 =0 


Y UU J 


sinx =—1, 1/2 => y= 


Only 2 solution 
(d) (cosp — 1)x? + (cosp)x + sinp = 0 will have real roots if 
D20 
cos’p — 4sinp (cosp — 1) = 0 
cos*p + 4 sinp (1 — cosp) = 0 
As cos’*p = 0 & 1 —cosp 2 0 
if sinp = 0 
=> p € (0, x), then roots will be real. Although equation 


Y J 


may have real. Real roots if sinp is negative. 32. 
(a) Range of 4 sinx + 3 cosx is [ —5, 5]; L-H.S. < 5 and 
minimum value of y*— 6y + 141s [5]; L.H.S.>5aty =3 
Only equality holds 
4 sinx + 3 cosx = 5 at y =3 
(d) 2sin’x — 3sinx + 1 >0 
=> (sinx — 1) (sinx — 1/2) 20 
=> sinx < 1/2 or sinx 21 33. 
Y 
| n/6 2 Sni6m 
34. 


28. 


COS X COSX 30. 


(c) 


. (b) 


ae | 


(c) 


(b) 


=> 
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Given equation can be written as (tana +3 y =4 
tana + V3 =+2 

tana = 2 — V3 or tana = — 2— V3 

tana = 7/12 or a = —52/2 = 7/12 

ao = 7/12 or 7x /12 

om = (6n+ 1)x/12 


ve 0.5 => sxe | 0.22 | & 4x €[0, 27] 


Given equation is sin7x + sinx + sin4x = 0 
2sinx cos3x + sin4dx = 0 

sin(4x)[2cos(3x) + 1] =0 

sin 4x = 0 or cos (3x) = —1/2 


4x = nt 
4x = 0,72, 27 
e023 2 ip 
4 2 3 3 
_ 2a 4x 
9°79 


Total 5 solutions 

Given sin(2x) + cos (2x) = 1 
2x =2nn or 2nz 
X=nz ornn + 7/4 


Given equation is sinx + sinSx = sin2x + sin4x 
2sin(3x) cos(2x) = 2 sin(3x) cos x 

sin(3x) [cos(2x) — cosx] = 0 

Either sin(3x) = 0 => 3x=n7 

x = nr/3 

Or cos(2x) — cosx = 0 

2cos” — cosx — 1 = 0 

cosx = 1/2 or 1 

X = 2nzn or x = 2nn + 2/3 


Given equation is sin3a = 4sina sin(x + a) sin(x — a) 
3sina — 4sin’a = 4sine [sin’x — sin’c] 

3sinw = 4sinm sin’x 

sin[3 — 4sin’x] = 0 

sina = 0 or sin’x = 3/4 

sinx = +V3/2 

One solution in each quadrant. 


Given equation can be written as x? + 4 — 2x = —3 cos(ax 
+b) 

(x — 1)? - 3 =— 3cos(ax + b) 

L.H.S.23 &R.HS. € [ -3, 3] 

Only solution is x — 1 =0 

x =1&cos (ax + b) =-1 

a+b = odd multiple of x, but a+ b € [0, 6] 

at+b=n 


Given equation can be written as (sin3x + sinx) — 
3sin(2x) = (cos3x + cosx) — 3 cos(2x) 
2sin (2x) cosx — 3sin(2x) = 2cos(2x) cosx — 3 cos(2x) 
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=> sin(2x) [2cosx — 3] = cos(2x) [2cosx —3] 
As cosx # 3/2 


=> sin(2x) = cos(2x) => tan(2x)=1 
=> 2x=nn+7/4 esp UE ae 
2 8 
35. (d) Given equation x* — x* sin(2B) + x? cos(2B) — x cosB — 
sinB = 0 
S, = sin(2B), S, = cos2B, S,= cosB, S, = cosB, sin = — 
sinB 
Now tan(O, + 0,+ 0, + 9,) =_ "173 
‘ L=s5s, 


_ sin(2f)-cos Bf _ 2sinBcosf—cos fh _ 


1-—cos2f -sin B 2sin° # —sin B 


36. (c) 3x lies in Ist or II[Ird quadrant 


=> 02342" or pean 
2 Z 


aa ra ra 
=> O0<x<— or —<x<— 
6 3 2 


37. (b) f(x)= | cos xcos(x +2)—cos?(x +1) 


_ | 2Zcosxcos(x+2) | 1+cos(2(x+I1) || _ | cos2-1 
‘ae Semes aee ee  a 

Now 0 < cos2 <—1 

—1 <cos2 —-1<-2 


1 cos2-1 
-—< —] 
2 2 
f(x) =-1 => x=-l 


38. (b) Given equation 2 sinO + tanO = 0 


=> 2sindt+ ane = (0 — sin6|2+ : |-° 
cos@ cos@ 
sin8 = O or cos0 = —1/2 


80 =nzt or @=2mn 2 


39. (a) Given equation can be written as x* + 2x” + 5x =— 2cosx 
R.HS. € [-2, 2] 
Let tx) = x + 2x? + Sx 
f'(x) = 3x?+4x+5(D<0) 
f(x) > 0 
f(x) 1s always increasing 
Ix). =O, 1X) = 9 2 SS 2 


min 


No Solution 


40. (a) Given equation is sin°x — cos°’x = 


41. 


42. 


(d) 


2s dl 


sinx 


COSx 
(sinx — cosx) [sin*x + sin*x cosx + sin?x cos?x + sinx 
F sep sin x —COS x 
cos’x + sin*x] = —————— 
sin xcosx 
(sin*x + cos*x) + sin?x cosx + sinx cos*x + sin?x cos? x 
1 


sin xcosx 


1 — 2sin?x cos’x + sinx cosx [sin?x + cos?x] + sin’x 


; 1 
cos*x = ————— 
sin xcOsx 
eS j ; 1 
1— sin’x cos’x + sinx cosx =—————— 
sin xcosx 
. 2 2 . 
1-sin* xcos” x = ————— — sin xcosx 
sin xcosx 
1 
] = ————_ 
sin xcOsx 
sin(2x) = 2 which is impossible 


No solution 


DE epiege 2 de, 
4 2. A 
xz (2n+1) 
+q).—= 
(pt+q ri 5 


pt+q=2(2n+ 1) 


sinx = cosy 
sin’x — cos’y => wu=cos’y = l-sin’y = l-v 
u+v=1 . () 


Also V6 sin y = tanz 


=> 6sin’ y=tan*z 
=> 6vtan?z =———~ a aie 
cos'z l-sin°z l-w 
=> 6y=—— (ii) 
l-w 
Again 2 sinx = V3 cosx 
- 2 3 2 
=> sin’ z=—cos’ x 
4 
3 . 49 3 eee 
=> w=-—|l-sin’x|>w=-[l- (A 
rl | {-#) (iii) 
3 
a 3v 
From (ii) & (iii), we get 6v= +. > 6v = 
1 4-3v 
——y 
=> 24v—- 18v?=3v => 18v?-2lv=0 
=> v-Oorv=7/6 
v=Oasv#7/6 


u=l1,w=0 


43. 


44. 


45. 


46. 


(d) Given equation is 


cos(2x) —3cosx+1l= ee 
(cot 2x —cot x)sin(x — 7) 
2 1 
2cos* x —3cos x = —_-—_____—___~ 
cos2x cosx 
—sinx| — —-— 
sin2x sinx | 
1 


2 
=> 2cos x—-—3cosx = 


sin xcos2x —cosxsin2x 
—sin x| ——_—_—_—_——___——_ 
sin2xsin x 


sin(2x) 


sIn x 


2 
=> 2cos x—-—3cosx = =2cosx 


=> 2cos’*x —5cosx=O => cosx = O or 
5/2(mpossible) 
x = odd multiple of 2/2 but for that cot (2x) is not 


defined 


COSX — 


No solution 


(b) Given equation can be written as cosec? (x (a + x)) = 


4da-a’ 
4 
Since cosec’6 > 1 
= 2 
=> a >1 => 4a—a>d4 
=> a’*-4a+4<0 
=> (a—-2y<0 a=Z 


(a) Given equation is sinx . tan*x = cosx 
=> sin°x = cos°*x => sin°x — cos’x = 0 
=> (sinx — cosx) [sin* x + sin*x cosx + sin’x cos’x + sinx 
cos*x + cos*x] = 0 
Either sinx = cosx or sin*x + cos*x sinx cosx (sin’x + 
cos’x) + (sinx cosx)? = 0 
(sin’x + cos’x)” — 2sin’x cos’x + sinx cosx + sin’x cos?x 
=0 
= 1-—~sin’x cos’x + sinx cosx = 0 
sin’?(2x)  sin(2x) 
| -————_ + ———_= 
4 2 
Put sin (2x) = t 
=> 4-t*?+2t=0 


2 +v20 


0) 


=> t-2t-4=0 


= ; => t=1+/5 is not possible 
sinX = COSX 
y= Bee or ee as x € (0, 47), 
4 4 4° 4 


1.e., 4 solutions. 


(b) log, x > 0 if both x + a are on the same side of unity, 1.e., 
both x & a are greater than 1 or both are less than 1 
log... 8inx > 0 

=> sinx>1 & tanx > 1 or 0 <sinx <1 & tanx < 1 also tanx 
> 0; sinx #1 
Given equation reduces to 0 < sinx < 1 & 0 < tanx < 1 


47. 


48. 


49. 


30. 
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0 < sinx < 1 true for allx e R ~ {2ne +z 


tanx < ] 


= 2nn <x <2nn +7 or (Qn+I)n<x<(2n tla +7 
But in ((2n +1)2.2n-+)e +) sinx <0 


General solution is xe€ [2ne.2nn +4) 


(a) Given equation can be written as [cosx] + [sinx] + 1 =0 
[sinx] + [cosx] = —1 eh) 


Now draw is graps of [cosx] + [sinx] 


From graph it is clear that equation (1) 1s satisfied for 


5a) Fs) 
x€|—,z|U| —,2z 
yp 2 


(c) cos*x — sin*x + cos(2x) + a? +a=0 

(cos*x — sin’x) (cos’x + sin?x) + cos(2x)+ a? + a = 0 
a? + a = —2 cos(2x) 

R.HLS. € [-2, 2] 

For a solution -—2 <a?+a<2 

> 0<V’t+at+2&a*?+a-2<0 

=> CO Pha+r2: 20 => (a+2)(a-1)<0 

=> ae [-2, 1] 


=> 
=> 


(c) Given equation sin (x cosO) = cos (x sin) 

=> sin (mcos@) = sin (2/2 — msin0) 

=> ncos0= 2/2 —Zx sind 

=> sinO + cos0 = 1/2 

Squaring both sides, we get 1 + sin(20) = 1/4 

=> sin(20) = -3/4 

(d) «*.. 6tan’x — 2cos’x = cos2x 

(5 —cos2x 
1+cos2x 

=> 6-6cos2x — (1 + cos?2x + 2cos2x) = cos2x + cos?2x 

=> 2cos’x + 9cos2x — 5 =0 


-9+J81+40 -9+11 


=> )--+e082 = cos2x 


=> cos2x= 

4 4 
=> cos2x = 1/2 or —5 but cos2x #—5 
=> cos2x = 1/2 
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SECTION—IV (MORE THAN ONE ARE CORRECT ANSWERS) 4. (a, b, c) |x’ — : + sinx| = |x* — 1] + |sinx| | 
=> (x*- 1) sinx >0 => (x-1)(+1) sinx20 


(x-1)(x+1) >0&sinx>0 
— 2 or 
(x-1)(x+1) <0&sinx <0 


V3-1, V3 +1 _4 5 


1. (bo & 
sIn xX COS Xx 


(V3 — 1) cosx + (V3 + 1)sinx = 4V2 sinx cosx 


=> 3-1 cosx+ v3 +1 sinx =sin2x 
ps 32 


| Fe Ie TEN ; 
=> sin| —-— |cosx+cos| ——-— |sinx =sin2x 
J | E | 


sin] 5°cosx + cos15°sinx = sin2x 
sin(x + 15°) = sin2x 
x + 15° = nn +-1)"2x 


YUY 


=> xeé[l1, 2] or [-22, -r] or {27} or x € [-1, 0] 


if n=0 >x=15%ie. = 
ifn=0 >x=15°% Le. D Thus solution may lie internal x € (2, x] or [-27, —1] or 


, 11z [-1, -1/2] 
=> <fnv=l>ax=—— 
5. (a,c, d) y = cosx & y = sin3x where x € [—2/2, 2/2] for point 
ifn>2 or<0 then x¢ (0,5) Sriniereenon js 
2 => cosx = sin3x => cosx = cos( 5-3. 
2. (a,c) °. sinx + cosx = — forx e [0, z] va 
4x =2nzx sr 
L.HS. e€ [—v2, V2] where as R.H.S. € [V2, 0) thus equality = y=2n7 +(=-3 —, or 
holds iff L.H.S. = R.H.S. = v2 2 
ya 
2x = —-2nx +— 
1.€., sinx + cosx = V2& +—-= 
nt 
=> cos(x—7/4)=1& y= 1 ae Pig 
=> x-w4=2nn&y=1 = ae butas x e|-= 5] 
=> x=2nn+7/4&y=1 22 


ua 
x=-nNT +— 
4 


aR 
x=—& y=l 
7 &Y 
HR -IN 1 
a or => SS se 
9 8 8 4 
xe &y=l ya —3 


ya ya ; 
=> y=cos 7 : aa : oF respectively 
3. (a, b, c, d) Given sin’x — asinx + b = 0 has only one solution 


in (QO, 7] = Points of intersections are 


Let sinx =t € [0, 1] E Bef) 2 nl E + 
= 4 


t? — at + b = 0 has both roots equal to else for each t € [0, 1] . , 
there will be two values of x € [0, x] except when t = 1 8 2 8 2 


6. (a, b, c) 4sinx + 2cosx = 2 + 3tanx 


Let tan~=t 
2 
1 8 2-29 6t 
a oO 
1+t 1+t 14+2 
=> 4+4- 14-4 + 2t=0 
=> l-a+b=0 => 2t(2+3-7?-2t+1)=0 
=> a=b+l . (A) Clearly one selection is t = 0 
Also both roots to be 1 => tanx/2=0 => x/2=nt 
D =a?- 4b=0 ... (il) => x=2n7n 
=> 


=> b*+2b+1-4b=0 => b=1 and thusa=2 option (a) is correct 


Further as it is difficult to factorize the cubic 2t* — 7t? 
— 2t + 1, as we are to guess a value of t satisfying the 
equation 2t* — 7t? — 2t + 1 = 0, as it may be irrational. 
So let us check by given other options. 


In option (b) we have x = nz + El . Itis the general 


1 
solution for sinx = Sie =— 
6 2 


Substituting sinx = 1/2, cos = _ , tanx = 1/V3 


We have, (3) ofS = 2+3( =. | i.e.,2+V3=2+ 
®) 2 3 
V3 which is true 
(b) is correct option 
In option (c) 
we have x = 2nz — tan”? (4/3) 
=> tanx = -4/3; secx = 5/3 => cosx = 3/5 => sinx = -4/5 
Substituting in given equation 


(Gao 


= (c)1s also correct 
In option (d) 
We have, x = 2nz + tan™“(4/3) 

=> tanx = 4/3 ; sinx = 4/5, cosx = 3/5 
Substituting in given equation 


()o() 2045) -2 


Which is false => (d) is incorrect 


7. (a, b,c, d) °° 2's! = qleosxl x © [0, 27] 
|tanx| = 2 


=> |sinx| = 2 |cosx| => 


OS -8 ntd 20-8 


= Clearly from the diagram roots 5, y, B, « in increasing 
under are such that 


y=n-90 
B=n+5 
a= 2n-—5 


ThusB+y=27 & y+5=2 
a+Bp=3n&a-y=uz 
8. (a, c) Given (1 — tan’0) sec?0 + 2tan’@ = 0; 8 € (-=.4) 
has 0,, 9,, 0,,.......,0, are solution 


1? “> 
=> 1-tan*0 +2 tan?0 =0 = tan‘*d — 2tan’?0 — 1 =0 
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+ 
=> tan’0= 248 

2 

y = tan20 

=> tan’@=1+ V2 
=> tan?@= 1+ V2 as 1 — V2 is negative quantity 
=> 0=a,-«a are two real solutions 
=> 0,=a,9,=—a only two solutions thus n = 2 
=> 0-7 6.=—0 


1 2 
. ya 
9. (b, d) Let sin{x—2] =r, then 


=> 2?-5t+2>0 => 2?-4t-t+2>0 
=> 2t(t-2)-(t-2)>0 
SS O-)G-050: ~~ <1 


Therefore t < 1/2 


Race , 2 
In particulars, the inequation 1s satisfied in (-2,= and 


hence in (ane — 22 ig + 4 
3 2 


.€., In (2,2 and 2 Bn -1),(4n+)= 
aac 3 2 


10. (a, c) sin’x + cos®*x = i? has real solution 
=> 2 é range of sin*x + cos®*x 
sin*x + cos*x = (sin’x + cos’x) (sin*x + cos*x — sin’x 
cos’x)= (sin’x + cos?x)* — 3sin’x cos?x = 1 — 3/4 sin?2x 


>We a => E ves 5 
4 2 2 


11. (a, b, c) Consider equation sinx = [1 — sinx] + [1 — cosx] 
=> sinx =2 + [-sinx] + [-cosx] (i) 
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12. 


13. 


14. 


15. 


L.H.S. € [-1, 1] & R.HS. é [0, 4] 
But sinx is an integer > 
Case (1): if sinx = 0, then x = 2nz the equation become; 
0=2+0-1 = no solution 
Or 
x =(2n + 1)z the equation ; 0=2 +0+1 => no solution 
Case (11) : If sinx = 1, then cosx = 0 

=> T2710 => 1=1 


sinx = 0 or 1 


a 
=> Men Ge 


(b, c) sin’x + sinx —a =0;x € [0, 27) 


-l1+y1+4a 
a 


=> sinx= e [-1, 1] 


=> —2<-ltvl+4a<2 
=> -l<tvl+4a <3 


> ae | 
4 


Therefore for a = —1/4 we get both values of sinx equal thus 
two values of x as a roof 


Fora é€ (-+.0] ;D>0 


=> 0<1+4a<9 


=> Two distinct values of sinx these 4 distinct values of x. 


(a, b, c) {(8) = 4sin®8 + 3cos@ e€ [—5,5] 

= if k > 5 equation has no solution & if |k| <5 1e.,k € 
(-5,5) 

We get two distinct values of 0 satisfying equation as sine 

& cosine function attain all its possible values € (—1, 1) 

exactly twice in one period 

Also 4sin8 + 3cos0 =k has exactly one solution if k = +5 


(a, d) y = sinx — cos’x — 1 

_ = Seach 9 
> yrsinx-2+sin’x > y= ets ey 
Clearly y, = —9/4 when sinx + 1/2 = 0 
=> sinx = —1/2 = sin(-t/6) 
=> x=nnt+(ClyCr) 
> x=nn- Cys or nm + (1) — 

s 6 

(b, d) sin (x — y) = cos(x + y) = 1/2 


=> x-y=nn+(-l1)"n/6;x-y € [17,2] &x + y=2mn 
+ 7/3; x+y € [0, 27] 


= 6 6 
pipe" = 
ae ae 
ya 
Case (1): sera a ac 


16. 


ie 


18. 


1. 


> xslt .yst 

eae 

% ya 5a 
Case (11): x - y=—& x+y =— 
6 3 

=> %= ae »y = 32/4 

12 
(a, c) Consider the equation cosx.cos6x = —1 
=> cos6x = — secx 


L.H.S. e€ [-1, 1] & R.H.S. € (-, -1] U [1, ©) 
cos6x =1 & secx =-1 


Equality possible iff or 


cos6x=-1 &secx =1 


=> x=(2n+1])xorx=(2n-1)z 


(ia) Suk Sin es B27 4) 
sin B 
Similan .. Gi) 
cosB 
Equation (i) — equation (11), we get cues Jee = 0 
sinB cosB 


sinA cosB — cosA sinB = 0 

sin(A — B) = 0 

A—B=a multiple of nz and hence of 2nz, 
A=2nz+B 


UYU 


fo Eee 


(a, b) Minimum value of a? — 4a + 6 = rT 
x 


[—D/4a] 
Given equation becomes sinx + cosx = 1 


1 1 
3] sins + eeoss =] 
da JD 


? 


xtna+(-ly" 2-2 
4 4 

i) Ifnis even 
X = even integer 7 
Xx = 2nt 

(ii) If nis odd 

“. xX = (odd integer).x — 1/2 

= (even integer) + 1/2 


x=2nr+— 
2 
SECTION—V (ASSERTION AND REASON TYPE ANSWERS) 
(a) A: By the question 2sinx + cosy = 2 


=> cos y = 2 — 2sinx = 2(1 — sinx) 
But —1 <cosy < 1 => -1 <2(1 -sinx) <1 


YUY 


Y J 


. (a) A: f(x) = 


=> 


=> 


=> 


—1/2<(1 -sinx)<1/2 
1/2 < sin x < 3/2 
1/2 < sinx < 1 Cy 


Let sinx = (i: = Fal 
2 


sinx = sin(t) => x=nnt+(1). sin“(t) 
Also cosy = 2(1 — sinx) = 2(1 — t) 

cosy = cos?2(1 — t) 

y = 2nz + cos’ 2(1 — t), hence assertion is correct 
R: Simply cosy = 2(1 — sin x), but -1 <cosy <1 


sinx 1s never greater than one) 


¥ 


Hence reason is correct and also is the correct explana- 
tion of assertion. 


1 
{sin x} +{sin(z +x)} 


{sin (7 + x)} = {-sin x} 


; sin(m + x) = -sinx 


1 
f(x) reduces to f(x) = Sheeran 


{sinx} = sinx (when sinx 1s not an integer) 


Y 


sinx 1s an integer only at +1 or —1, which makes {sin x} 
=0 
The domain of function is when {sin x} + {-sin x} > 0 
Obviously it is never negative, thus we have to exclude 
the possibilities {sin x} + {—sin x] = 
{sinx}=sinx if [+ # (2n +13) 
2 
.. 1) 
{sinx}=0 if [+ =(2n +1) 4 


{-sinx} =1- {sin x};sinx ¢1 [s #(2n +1) 4 


[- (2n +1) 4 


i) 


=0;sinx el 


=> 
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{sinx} + {—-sinx} = 1 sinx not an integer 
= 0 sinx is an integer 
Domain = x # (2n + 1) 2/2, assertion is correct. 


0; sin x1s an integer 
R: {sin x} +{-sin x} = pee 
1; sin x1s notinteger 


Reason is correct already explained in assertion. 


3. (c) A: sinx = [1 + sinx] + [1 — cosx] 


=> 
=> 
=> 


sinx — [1 + sinx] = [1 — cosx] 
1 + sinx — [1 + sinx] = [1 — cosx] + 1 
{1 + sinx} = [1 — cosx] + 1; -1 <-cosx < 1; 0 < 1 —cosx 
= 2 
Which is never possible as 0 < {1 + sinx} < 1 
R: x — 1 [x] => x [x]<1 
{x} <1 is true but [x] #x Vx Ee R 
Reason is incorrect. 


4. (a) sinx =—-1/2 


5. (d) 


Hence assertion is correct. 
Reason: sin x is positive in 2"? quadrant, 2"? quadrant 
means 1/2 <x <7, which 1s true by the graph 


cos X 1S positive in quadrant 4, quadrant 4 means 


= <x<2z , Which 1s true by the graph. 


Reason is correct moreover it also explains correct the 
assertion. 


1. 
sin =—— in [0,27 
5 [0, 271] 


By question 4, a@ = 
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71H 5x x 
=> A= a =. AZ = —,3 —— 

6 ‘ P 3 7 2 
=> pepe ae — 13a Lea ) 


Assertion is not correct 


R: 1 quadrant => O<xs2 


No) 


1 
2"4 quadrant = <x<2 


Y sinx is positive in 
“1st and 2nd qudrant 


bes 
Negative is 3rd 
and 4th qudrant 


tan x in first quadrant 


sin x > 0; cos x > 0 => tanx>0O 
In 4th quadrant 
sin x <0; cos x > 0 => tanx <0 
In 2nd quadrant 
sin x > 0; cos x <0 => tanx <0 
In 3rd quadrant 
sin x <0; cos x <0 => tanx>0 


Hence reason in correct but assertion is incorrect 


. (dd) lsin x| + lcos x| = 


In first quadrant say |sin x| + |cos x | = sin x + cos x = 
. 1 
V2 sin] x +— 
4 


Y 


V2 
1 


y=1/2 


Thus assertion is incorrect as it has solution in first quadrant. 
R: |sin x| + |cos x| 
In first quadrant: sin x + cos x = isin[ +3) 
; . ya 
In second quadrant: sin x — cos x = V2 sin [+ - 4 
. ya 
In third quadrant: —(sin x + cos x) = a) sin{ 4) 


In fourth quadrant: cos x — sin x = 2 cos [s +3) 


Thus in all cases maximum value of [sin x| +|cos x| <2 


Hence reason 1s correct 


7. (d) A: BYA.M2GM 


sin x COs x 
2 +2 > [sin x+cosx 


2 


Maximum value of sinx +cosx =~ /2 


y 


y 


Minimum value of sinx+cosx = on) 

. v2 | a 
=> Oa 0 ata > ae) 2 => et BT ebicas > io) 2 
Equality holds at (2%"™ = 2°) 
tan x = 1 


y 


y 


a ; ee 
X=nX to . Hence assertion is incorrect 


R: A.M=a +S ; G.M = (ab)! 


a+b>2VJab 
a+b—2VJab >0 


(Ja - Vb)? > 0 ; Which is true. 
Hence reason is correct. 


y 


y 


. (b) A: cos?| 2 | + cos? )-1 
2 2 


y 
II 


za (n= Jor 2-4 (ns) 
pt+q 2 P-4q 2 


a 32 5a 


ptq p+q pt+q 


Which gives values as 


(common diff= ae 
pt+q 


Or — , st : of ‘common wit 2) 
P-4 PTO P-q P~q 


Assertion is correct 
R: coso + cosO = 2 
=> cosd = 2 —cosO => -1<2-cos0 <1 
=> -1<-cos@ <-l 
=> cos @=1 and cosd= 1 


Hence both reason and assertion are correct but reason 
in not a correct explanation of assertion. 


9. (a) A: cot Zo 2a] = V3 


= tan Zo: 2x] = tan (=) 
3 6 


XI 5 
=> —cos27x=nr+— 
3 6 


=> 


=> 


=> 


Thus cos2zx = ; = cos( =] 


=> 


cos27z7x =3{n +E \nez) but —1 < cos 22x < 1 


<sns 


nN|- 


1s3(n+2)<1 => me 
6 2 


n= 0. 


3 


=> 


27x =27n + 


Assertion is correct 


R: —1 < cosx < 1 


Reason 1s correct 


10. (a) A: sin’ x +cos’x=1 


=> 


Which can be written as cos’ x — cos” x = sin? x — sin? x 
cos’ x (cos® x — 1) = sin? x (1 — sin x) 


Which can hold only when sin x = 0, cos x = lor cos x 
= 0, sinx = l,ie,x=0, x = 5.2m 


Hence number of solutions = 3 in [0, 27] 

R: cos" x < cos? x is true when cos? x — cos" x > 0 is true 
when cos? x (1 — cos"? x) 2 0 is true as maximum value 
of cos"? x is also 1.(n>2)neN 

Similarly, sin” x < sin? x is true when sin’ x — sin® x > 
0 is true when sin? (1 — sin”? x) = 0 which is true as 
maximum value of sin"’x is 1. Reason is correct and 
also explains assertions 


11. (a) A: sinx+cosx= ly +x €[0,71] 
y 


y+i>2 => yey 
9 y 


L.H.S. sinx +cosx = Lieos{» -4) which have max- 
imum = afD. 
Hence equality holds at ,/y + = /2 


y=1 
And cos 


X-H 


j= = 4 
4 


Assertion is correct 


R: A.M. = G.M. For two positive numbers a, b; 
1 
Psa Ss. ah ab SO 


= (Ja --b)* >0 which is true. Reason is correct 
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12. (d) A: tan 7 sin@ |=cot| —cos@ |= tan| —~-~ cos 
2 Z 2 2 


=> 


=> 


YU 


ind Sneed — cee 

2 2 °2 

sind + cos8 =2n+1lneZ 

Also sin@ +2030 = Vie0s{ 0-2 


—/2 <sin@ +cos6 < J2 
sin9Q+cos@=+1 
Assertion is correct 


R: sin@+cos@ = 3{ sesino + Fz0080 | 


~ fiefs’) --* 


Now -l< sin{ 0 +4) <1 


i Visin( 0+] <2 


—/2 <sin@ +cos6 < J2 
Reason is correct 


SECTION-VI (MATCH THE COLUMN TYPE ANSWERS) 


Column -1 


1. @) > @, c) Gi > (c, d) fill) > (a) Civ) > (b) 


(i) 


YUUUNUYEYUY 


(1 — tan®) (1 + tan8) sec?0 + 2tan?0 = 0 
(1 — tan70) (1 + tan?0) + 2tan?0 = 0 

(1 — tan‘) + 2tan70) = 0 

tan*® — 2tan?0 — 1 =0 

(tan?8 — 1)?-2=0 

tan?@ — 1 = V2 or tan?0 — 1 = —V2 

tan’?@ = V2 + 1 or -V2 + 1(<0) 

tan?@ = V2 + 1>1 and> v3 


0 ee as wellas ae 
4 3 


; 1 
0 is greater then a 


> sin" —1+sin@ +sin’ @+sin’ 6+sin‘’ 6 +..... 


n=0 
This looks like an infinite G.P. also |sin 0] < 1 
(but 8 # 77/2) 


For |sin x| < 1 
> sin" 6 = : =4+23 (by the question) 
0 1-—sin@ 


4 + 2V3 — 4sin® — 2V3 sinO = 1 
3495/3. 
4423 


On rationalizing 


ys (3+2V3)\(4-2V3) _ 12-63 +8y3-12 _ V3 


~ (44+23\(4-2V3) 16-12 2 


sin @ = 
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(iii) sinx/8cos’ x =1 


=> 


= 2sinx |cos x| = 1/V2 


—] 
If cos x > 0 => sin2x=— 
qo 
x 2X 
x=—,—,..... 
8 8 
If cos x <0 
—] SIE 
sin2x =—= =>. 4S 


J2 8° 8 


Values of x form an A.P. with common difference 
| ae ae 


8 8 4 


(iv) 2°" 3.27 41=0 


=> 


WY YJ UUY 


=> 


00s" x 4-sin’ x —3.2>s8in' x +] - 0 
4-sin’ x —V 

2Y°=3Y + 1-=0 
2Y(Y —1)-(Y-1)=0 


=> Y2Y-3Y+1=0 


Y=lorY=1/2 

Peat es | => sin’x =0 

a-sin’ x = i = isin’ x = 1 
2 

sin’x = 1 => x=n7/2 


2. (i) > (b) GD > (a) Gil) > (©) Gv) > dd) 


(i) 


(ii) 


e* + e* = tanx 


Y 


iy=e*+e™ 


In the range x € 0.5 the number of solutions as given 


by the graph is m. 
x+y = 2n/3; 


cosxt+cosy=3/2 > cosx +005{ 22 — 5) = 


NO | Ww 


21 ae ae 3 
cos x +cos—.cos x + sin —.sin x = — 
3 3 2 


COs x 3sinx 3 
cosx— + a 
2 Z 2 


cos x + V3 sinx =3 


3[ oo Bein | =3 


2\ 2 
sin{ +4) = 6. Which is obviously not possible. 


(iii) cos x + 2sinx = 1; x € [0, 27] 
=> cosx—1=-2sinx => _ 1-cosx =2 sinx 


5 ae 
=> 2sin?—=2sinx 
2 
5x x x 
=> sin?—=2.sin—.cos— 
2 
xf. x x 
=> sin—| sin——2cos— |=0 
2 2 2 


There are two possible solutions. 


sin—=0 or sin— = 2cos— or tan~ =2 this will 
2 2 2 2 


give are solution 


y=tanx 


y 


O wt Qn 


: : VV3 sin 2x—-cos 2x+2 
(iv) (V/3sin x+cos x] 


= 13 sin 2x — cos 2x + 2 = 2 — (cos 2x — V3 sin 2x) 
= 2=2 Le en Lee 
2 Z 
= 2~2e0s{ 4-25) ~ 2.2sin*{ £425 
3 6 
=> yv3sin2x-cos2x+2 =2 sin( £4.25) 


Also V3 sinx + cosx = a[Esins pee | = 2.sin [ +3) 
If sin{» 4) = 
6 


The expression becomes (2Y)** = 2”, on comparison y = 1 


=> sin (= + *| =1, which has infinite number of solutions. 


. Gi) > fa, b) Gi) > (©) Gi) > a, b, c) Civ) > () 


(i) 2sin’x + sin?2x = 2 = 2sin’x + 4sin’x.cos’x = 2 = sin’x 
+ 2cos’x. sin’x = 1 
=  2cos’x sin’x — cos’x = 0 = cos’x (2sin’x — 1) = 0 
=> cos*x =Oor sin’ x a 
2 
3x 


Out of the values in column (II) x= a 
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= 10 sin’x — 13sinx + 4=0 


Pe ee er 1 
in” ¥-—sin x+— 


(ii) |cosx [ a 7#=] = 10 sin?x — 8sinx — Ssinx + 4 = 0 = 2 sinx (Ssinx — 4) 
ole Bes 1 — (S5sinx — 4) = 0 = (Ssinx — 4) (2sinx — 1) = 0 
Consider y =sin* x -——sinx +— 
= sinx a 
= 5 (2sin? x—3sinx +1) = = (sinx~1(2sinx-1 5 2 


L.H.S. is one is any of following cases 
(i) sinx = 1 (ii) sinx = 1/2 
(111) |cos x| = 1 
Out of column II) => x=z 
(iii) [tan x| = sin2x, by the graph 


a Y=|tanx| In all 4 solutions 


4. (d) 1 — sin2x = cosx — sinx = 1 — 2sinx.cosx = cosx — sinx 
= sin’x + cos*x — 2sinx . cosx = cosx — sinx 
= (cosx — sinx)? — (cosx — sinx) = 0 = (cosx — sinx) (cosx 
—sinx —1)=0 


cosx — sinx = 0 = 3{ Feo0ss ~Sesin= =0 


ao 


= Zeos( «+4 = (0 
4 


. (b) 


a 3x => One > x=ntt+— 
X=—,—_,4 4 2 4 
4° 4 ; 
; or cosx — sinx — 1 =0 => cosx — sinx = 1 
(iv) cotx + tanx = 2cosecx 
cosx sinx 2 1 2 J2 l l ) = 
oe, pe ee ee 8 => 3 Jreoss—esins =1 
sinx cosx sinx sinxcosx sinx V2 V2 
=> sinx = 2sinx.cosx => sinx(2 cosx — 1) =0 1 a 
Mendes a , => cos| x+— ]=cos| — 
= sinx = 0 or cosx = 1/2 but sinx 4 0 4 
Out of values in column (II) z 
=> x+—=2n7 aor 
SECTION—VII (COMPREHENSION TYPE ANSWERS) 
ya ya 
=> x=2nn, 2nz7+— 2{ ma +— 
4 1 2 4 
—+ ——=a ;itdefined for sinx #0, 1 —sinx #0 7 
sinx 1—sinx Hence overall x = 2n,( nx +4) , (2nn + 2/2) 
=> x#nz,x#(4n+1)2/2 4 


=> x#nm7,(4n+ 1) 2/2 
5. (a) sinx + cosx = 1 + sinx . cosx 


: ae : =a sinx — sinx.cosx + cosx — 1 = 0 = sinx(1 — cosx) — (1 — 
sinx l-—sinx cosx) = 0 = (1 — cosx) (sinx — 1) = 0 
4-—3sinx cosx = 1 => x=2nt 
=> RETR es ; aR 1 a 
sin x — sin” x sinx = 1 => x=(4n+l)—=2n7+— 
=> asin’x + sinx (-3-—a)+4=0 2 2 


(3+a)tVa’*-10a+9 


ya 
Hence x = 2nz, aa neZ 


By the question 0 < <1 
2a 
as. Sue (3+a)ty(a—-N@—9) <l 6. (b) 1 + sin*’x + cos*x — 3/2 sin2x = 0 which can be written 
2a as 1 + (sin x)* + (cos x)* — 3sinx . cosx = 0 
Hence a = 9 given the required result Comparing this with a’ + b’ + c® — 3abe = 0 
- @) a-10 . a+b'+c?—3abe=(a+b+c)(a?+b?+¢?—ab—be—ca) 
— + z =a then, “arb+o)[ Rab) 430-0) +hte-a)*]=0, 
sinx l-—sinx 2 2 2 
4 1 Rene only ifa+b+c=Oora=b=c 
+ =10= 


Se oe => sinx+cosx+1=0 =>  sinx + cosx =-1 
sinx l-sinx sin x(1 — sin x) 
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=> x5 =2nn 


=> x =2nn-=,2nn +a 
=> x=(2n+1)n,2nn—-n/2;neEZ 
. (a, d) sinx + cosx — 2V2 sinx . cosx = 0 
Putting sinx + cosx = -t 
Equation reduces to t— J2t? +/2 =0 
=> t=2,-1/V2 
Hence sinx + cosx = V2 


=> sin pee =] => ee et) 
4 4 2 


I 
=> x=2nx+— or sinx + cosx = ——= 
4 V2 
Ye | 1 
=> sinx.cos—+sin—.cosx = —-— 
4 4 2 


nf =| 1 
=> sin| x+— |=-— 
4 2 


= PeGAieeery ae Cele 
4 6 
=> x=nn-(-ly'=-2 
6 4 
. (a) Since sinO and cosO are minima and maxima respec- 


tively 
= f(x) = 6x? — a’x — 3 = 6x? — 2ax —3 
sin@ and cos@ must be the roots of this equation 


=> sind.cos@= a 
=> sin20 =— 1,1n the range 0 € [0, 2] 


G= = , which 1s included only in the interval Z| 


. (d) In the above cases sin@ +cos@ = 


ee ele sin ee +cos t-— as 
4 4 4 3 


=> a=-0 


. (d) 6sin’0 — 8sin8.cosO = 3[1 — cos20] — 4 sin 20 = 3 — 3cos 
20 — 4 sin 20 
f"(x) = 12x -2a=0 => a=6x 


=> q 73 ~300826 — 4sin 26 


eo * =3-300826 -4sin8 : 
6 % 


5 <A<5,;-2<3+A<8,-12<6(3+A)<48 
=> —]2<a<48; [-12, 48] 


SECTION-—VIII (INTEGER TYPE ANSWERS) 


1. Let 16°" *=y 


16° * = 163s = l6y" 


The equation can be written as y ess =10 
y 
=> y’-10y+ 16=0 => (y-8)(y-2)=0 
=> -y = 8. y=2 
Ify=8 


16%" 3 a = pasin’ x = 3 


>> 
So 3 
=> sin x=— 
4 


sin’x = + sin?/3 


YJ 


x = nz + 2/3. Which gives 3 solutions in [0, 37] 

Ify =2 

16" * =2 => Asin’x = 1 
. 2 1 

=> sin’x=— 

=> sin’x = sin? 2/6 

=> x=nn+7/6 this also gives 3 solutions in [0, 37] 


Solutions of 16%" * +16 * =10 inx e€ [0, 3x] =6. 


nx @O 


. tanSA=tand => S5A=nnt+0 > A=—+— 


5 
tan (3A + B)=1 => tan(34 +B) = tan 
=> 3A +B ann +7 
=> B=na-—-—+— = —-—+— 

5 5 4 5 SA 
By the question QA = B+0-2(neZ) 
P 
Ona QO _2nn 30 


a 
=—— —-— +—+6-— 
5 5 5 5 4 P 


CUT Ee 
5 5 5 5 4 p 


=> Q=2,p=4,Also Jp? +R.Q’ =10 
=> /64+Rk.4=10 => R=9 


. sinx + sin2x + sin3x = cosx + cos2x + cos3x 


= 2sin2x.cosx + sin2x = 2cosx . cos2x + cos2x 
=> sin2x(2cosx + 1) — cos2x (2cosx + 1) = 0 

=> (sin2x — cos2x) (2 cosx + 1) =0 

=> cosx =—1/2 or sin2x = cos2x 


(i) sin 2x = cos2x = cosZzx= cos( = -2x) 


= 2x =2ne +{ =—2s 


=> xannt(2—s => 2x=nn+7/4 


Sz 9n 13% 


—,—,—.. Hence 
8 8 8 


In the range (0 <x < 22); x= - 


A solutions. 


(ii) cosx = —1/2 


2 ane 
2 solutions 
Total = 4 + 2 = 6 solutions. 


. tan(x + B). tan(x + y) + tan(x + y).tan(x + a) + tan(x + a). 
tan(x + B) = 1 
_ sin(x + £).sin(x + 7) 
7 cos(x + f).cos(x + 7) 
sin(x +a@).sin(x+ B) _ 
cos(x +@).cos(x + B) 7 
sin(x + #).sin(x + v).cos(x + @).sin(x + 7).sin(x + @). 
cos(x + #) +sin(x +a@).sin(x + B).cos(x +7) 
cos(x + f).cos(x +a@).cos(x + 7) 
= sin(x + y). sin(2x + B + «) + sin(x + a). sin(x + B).cos(x + y) 
= cos(x + B). cos(x + a). cos(x + y) 
= sin(x + y) . sin(2x + B + a) = cos(x + y).cos(2x + a + B) 
=> cos(3x+at+fBh+y)=0 es 
=> gee raed) 


be sin(x + v).sin(x +@) i 
cos(x + 7).cos(x +a) 


=] 


+ B+ 
Led CCl LES) 


3 6 3 
Comparing this with x -TE%_(a4P% +P “1 
Pp 4 r 


=> 


=> p= 3) q=6;T=3 

> Jpt+q-r => 

. 12sinx + 5cosx = 2y? — 8y + 21 
Minimum value of 2y” — 8y + 21 = 13 
12sinx + 5cosx lies between [—13, 13] 
Thus 2y* - 8y + 21=13 > y=2 


12sinx + S5cosx = 13 = in +cos” (?)) =| 


V9 +36-9 =6 


=> stor") =can+% 
13 2 

= ee eo = 60a) ial =2nn +sin{ 2) 
2 13 13 


= 2nx+tan” = 


Comparing with the x =2nz+tan™ P 


= p—12,.q—s7y—1T=2 

=> Jptgtkh?=15 = 169+4k =15 

> k=14 

. sinx + 2sin2x — sin3x = 3, which can be written as sin3x — 
sinx — 2sin2x + 3 = 0 = 2sinx . cos2x — 2sin2x + 3 = 0 
Adding and subtracting, we get sin’x + cos’2x 

We can write = (sinx + cos2x)”? — 2sin2x — sin’x + cos’2x 
t=O 

Which can be written as = (sinx + cos2x)* + (sin2x — 1)? + 
cos’x = 0 

Which obviously has no solution. 

Number of solutions = 0. 


7s 


10. 
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sin{x} = cos{x} their graph are 
Y 


0 2x 
Thus, there are 7 solutions. 


Let f(x) = (e* — 2) (sinx — cosx) (x — In2) (cosx — 1/V2) the 
roots are x = |n2, 2/4, 52/4, 72/4, 97/4... 


_ _ _ + 


O In2 n/4 5n/4 7r/4 On/4 1172/4 


Vx € (0, In2), we get f(x) = (7) (JDO)G) < 0 
xe (In2, 2/4), we get f(x) = G) () (+) G) <0 
xe (2/4, 52/4), we get f(x) = (+) G) 4) ©) <0 
= Set of positive integer value for which f(x) < 0 where x 
E (0, z) is £1, 2, 3} 


+ xe (= 7 £8) = (4) OHO = positive 


The set (=| contains positive integers 4 and 5. 


= Least positive integer for which f(x) > 0 is 4 


Dsinx + cosy — 1 => Dsinx + cosy — 2° 
=> sinx + cosy = 0 


=> -sinx = —cosy 


4) 
ii) 


ya 
=> cosy = sin(-x) => cosy= cos( F+5) 


=> y=2nns (| 


Similarly, 16" x+cos” y ie 16!” 
=> sin’x + cos’y = 1/2 
=> (sinx + cosy)’ — 2sinx.cosy = 1/2 
By (i) = —2sinx.cosy = 1/2 
=> sinx=1/4 => sin?x= sin’ = 
=> x=ntt— 
6 


Comparing the solution of x and y, ai = 


6 
=> k=6. 


Vsinx +2"* cosx =0 


Vsinx =-2"*cosx = sinx = V2.cos*x 

—V2 cos’x + sinx =0 => —V2 (1 —sin’x) + sinx =0 
V2 sin’x — V2 + sinx = 0 

V2 sin’x + 2sinx — sinx — V2 = 0 

(sin x + V2) + (V2 sinx — 1) =0 

sin x = —V2 or sinx = —1/V2 


sinx = —\2 is not possible 


gaoppeee 
4 


YUUUNY 


Comparing with [ane +E) 


=> p-3,q=4 => p +q =5 
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11. sin*x + cos*x + sin2x + a =0 


ia, Mayet Sei 
= (sin’x + cos’x)? — 2sin’x . cos’x + sin2x + a =0 » [x| + ly| , SIN 3) = 


1-sin’ 2x 


= ag ee For x,y20,;x+y=4 
wees bsg For x,y<s0;x+y=-4 (i) 
y? For x20;y<0;x-y=4 - 
=> eet Cro => y*—2y —-2(a+ 1)=0 For x<0;y20;x-y=-4 
2+V4+8a+4+8 
| a a 
2 
=1-2a +3 (leaving the other solution grater than one) 
=> sin2gx=y => 2x=nn+(-1) sin'y 
Comparing with x Zaye where 
Be=sin" j1- vik +2a | 
=> Bp =sin"|1-2a +3 | Nowsin( = 
=> k=3 
x? I x (4n4+)) 
12. 0<a,B <x and cosa.cosB cos(a + B) = —1/8 (i) => ee Ge ae oy ZL, 
1 1 
=> —!2cosacos fcos(a + f)| =-— 
a P p)) 8 Now -4<x<4 = A fot | 
1 1 2 3 
= + B)+ - + B)=-=— 2 
Flcoala B)+cos(a — B)]cos(a + f) 2 sa ienaae 5 <2 <l6m _ 32 
=> Acos(a + B)? + 4cos(a — B).cos(a + B) + 1 =0 P 3 3 3 2 
Let cos (a + B) =x a ee {2% +7 An +z — aa 
=> 4x’?+ 4cos(a — B).x + 1=0 3 2 2 22 2 
For real values of x, D = 0 ai. A ‘3 15 2 
=> 16cos? (a —f)- 1620 22 2 


=> cos’*(a —f)21 => cos(a-—fB)=1 
=> a-B=-7,0,nasO0<a,B<nx 


=> refs 


a—-B=—n,0,% Now for each choices of x +ve or —ve, there correspond two 
seen Panes .. (ii) values of y in view of 1 
B B B .. Total no of positive ordered pairs = 6 x 2 = 12 
Also cosa, cosB. cos(a + B) = -1/8 14. f(x) =.,/In(cos(sin x)) to be defined 
=> cos(f+ z)cosB cos (4x + 28) = —-1/8 or cosBcosBcos2Bh : Z 
~ 1/8 7 a ante eae A 
cos (sin x) = 1; but cos(sint) <1 x x € 
=> cos*B cos2B=-1/8 => cos’ (2cos?Bh — 1) =-1/8 shoal ' 
2 2— 
=> (Acos'B — 1) 0 = => sinx = 2n71e., sin x = 0, +27, +47, .. 
=> cosB=+ 1/2 => B=7/3 or 2n/3 ... (11) ay Se 
From (11) and (111), we get Clearly the number of integer value of x is only one x = 0. 
@_ 4% 4. Fy. 7 4. 2 Number of integral values of x = 1 
B w/3 (24/3 ~x#/3 (2x/3 15. sinzx + coszx = 0, which can be written as 
1 1 ya 
a - 3 Jil Fpsinas + Jreosas)=0 = cos{ 2x4) =0 
=> —=-34+1,—+15;1;34+1;—+1 
B 2 2 v2 v2 : 
a 1 => Hee SOnel) = = gage 
=> [aaa eta 4 2 4 


Integral values eos —2,1,4 


Number of integer value of 3 


Given x é€ [0, 100], hence n will range from 0 to 99. 
399 


40° 4 


S,= 5 (24 +(n-1)d) = 50 () = 5025 


Properties and 
Solution of Triangle 


PeeAintropuction 


Triangular shapes have fascinated us since our childhood. 
A triangle has six basic elements namely three angles and 
three sides. Of these only three elements are independent. 
The remaining are dependent on these three. This depend- 
ence can be expressed in terms of trigonometric ratios. 
Apart from the six elements, there are many other things 
associated with triangles e.g., altitudes, medians, perpen- 
dicular bisectors, etc., which you have learnt uptil now. 
In fact, there are too many things associated with tria- 
gles which will be studied with their minute detail in this 
chapter. 

You must have used different properties of triangle un- 
consciously but after studying this chapter you would have 
learnt where they are applied. 

For a AABC, sides opposite to angles A, B and C .e., 
BC, CA and AB are represented by a, b and c respective- 
ly. We denote half of the perimeter of the triangle by s, 
1e,2s=atbrte. 


Geometrical properties of A, B, C and a, d, c. 
1.A4+B+C=180° 


2,.a+b>cbt+e>acta>b 
3. a>0,b>0,c>0 


FIGURE 3.1 


CHAPTER 


Bitrrorerties OF TRIANGLE (A) 


Any triangle ABC has six components 1.e., three sides 
(a, b, c) and three angles (ZA, ZB, ZC). 
The identities relating these components are called 
properties of triangle. 
a b C 


eg,4+B+C=n7, —=- = 
sinA sinB  sinC 


a’ + b*?-—2abcosC =? 


Most of these properties are cyclic in nature due to pe- 
nodicity of trigonometric functions. 


PBR souution OF TRIANGLE (A) 


Given any three of the above six components, generally it is 
possible to find the remaining three unknown components 
of triangle using the properties of triangle, this process is 
known as solving the triangle and the obtained components 
are called solutions of triangle. For solving a A, we need 
some basic tools such as sine formula, cosine formula Na- 
pier’s Analogy, cotangent formulae, projection formulae 
etc. Let us discuss them one by one. 


In any triangle ABC, the ratios of the sides to sine of the op- 
a b Cc 


sin A sin BB sinC 


where R is circumradius of AABC. 


posite angles are equal. 1.e., Dik, 
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Case I: Let the triangle ABC be acute angled. AD is 
perpendicular to BC. 


A 
A ete AD=csinB : b 
C 
A 5 C 
FIGURE 3.4 
Cc b 
a 2R 5 
B Ll C or canta ...(5) 
FIGURE 3.2 Zs b : 
from (4) and (5), we have ——— = ——- = ——=2R 
a AD . snA snB sinC 
Again, sinC =—— or AD= bsinC 
| b Case Ill: Let the triangle ABC be an obtuse-angled triangle 
6 sinC = csin B such that ZC > 90° 
b Cc AD 
== sacl) In AABD, sin B =— => AD =c sinB 
snB sinc Cc 
In the similar manner, we can prove that In AACD, sin(n—C)= AD = AD = RSAC 
b a e 
a 2) .  « 
snB sind bsinC =csnB=> ——=- 
19 snB sinc 
From the diagram given below, sin A = a 
FIGURE 3.5 
Similarly, -—=—*_-, ¢_-° _-_*_ © 
mee’) sin Bo osinA sinA sinB sinC 
FIGURE 3.3 
Ss gt eR 3) 
2R sin A 
From equations (1), (2) and (3), 


b Cc 


a 
ar snA sinB- sinC 


FIGURE 3.6 


Case Il: Let the triangle ABC be right angled triangle, 
ZC = 902 sn C = | 


From the above figure, we have sin(t—C) = i 
=> sinA=a/c,sn B=b/c 


> snC=— > —“_=2R a) 
QD WO 2R sinC 
— a .(A4) 
snd snB 1 sinc therefore from (6) and (7), we have 
Acne = es =_°_=2R 
2R 


snA sinB sinc 


Applications of sine formula 


e To solve a triangle with two angles and one side given. 


e To solve a triangle with two sides, an angle opposite to 
one of sides is given. 


e To convert a relation consisting of angles of A into a 
relation containing sides. 


e.g., Find all component of A ABC of which 
(a) a=5, ZA = 60°, ZB = 45°, ZC = 75° 
(b) a=4,b =6, ZA = 60°. 


Sei. 
snd sinB sinC 
5 b Cc 
=> —S—— SS eS SS 
J3/2 W2 ~ sin75° 
=>: p= 2 a — 10 on 75° 


2 8 a 
_ to _ 10 (V3 +1) _ 5{v8+1) 
V6" 3 (2V2) Vo 


(b) By sine formula 


shy es ihe bsinA _ 6y3 _ BNB 
a 2(4) 4 


which is impossible as sin Be (0, 1] 


*. A does not exist 


In aright angled triangle, an angle can be expressed 1n terms 
of the sides of the triangle. Can we express an angle of any 
triangle in terms of the sides of the triangle? 

Yes, there is formula, which relates all sides, an angle. 
The formula derived below is known as cosine rule. 


ee: y ee ee 
b- +c’ -a a +c —b 
1.€., cosA = ,cosB= ‘ 
2be 2ac 
9 2 2 
a +h -c 
cosC = 


Case7: Letusconsider AABC to be acute angled triangle, 
where AD is perpendicular to BC, as shown in figure. 


AB? = AD? + BD? 
= AB? =AD*+(BC—CDY {as BC = BD + DC} 
=> AB? =AD? + CD? + BC? -—2BC. CD 
=> AB? =AC* + BC?-—2BC(AC cos C) 
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A 


BS meE D b cos C C 


mm — a —— > 


FIGURE 3.7 


{28,40 + DC” = AC’ and ee cos | 
AC 


> C=? +a’—-2a.bcosC 
{given AB =c, BC =a, AC = 5} 


) ) 9 
a+b -c 
or cosC = ————— 
2ab 
Similarly, 
bo +ce?-a’ a’ +c° —b° 
cos A = ——— _ andcos B = —————_- 
2be 2ac 
b Ae aa ate Hb 
=> cos A = ———, cos B =—————_. and 
2he 2ac 
oe tbh Ae 
cos C = 
2ab 


Case 2: Let ABC be an obtuse angled A, obtuse angled 
at A. Draw BD perpendicular to AC. Then by Euclidean 
Geometry, we have 


BC? = AB? + AC? + 2AC.AD 
‘s cia = cos(z -A)} 


FIGURE 3.8 


Case 3: Let ABC be aright angled A. Then by Euclidean 
Geometry. 


a’ =b? +c’? andA = 90° 
a* = b* + c?— 2bc cosA 
b? +c -a 


2be 


(.. cos A = cos 90° = 0) 


cosA = 
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Similarly, 1t may be shown that po apt 
1.e., cos A =——————.. gives angle A when sides 
a meee a ee 2be 
a +c —b a+b -c 
cos B = —————— and cosC = ——__—_ a,b,c are given. 
2ac 2ab 
ecosA>0 > ZAacutes © bB+c?-a>O0 
B Seow 
ecosA<0 & ZAobtuse; © BW+e’?<a’ 
i ecosA=0 © 44=n/2 © BP+e=a 
° To solve the triangle if two sides and the included angle 
(e.g., b, c, ZA) are given. 
To solve the triangle if two sides and any one angle 
& b A (e.g., a, b, ZA) are given. 
FIGURE 3.9 e.g., Ifa=5,b=7,c =8, find angle B. 
2 its 2 — p? 
Sol. cos B = aed ale 
Applications of cosine formul es 
pprications orf cosine rormula : 15 464-49 : AO : ] eee 
Cosine formulae are used to find the angles of triangle if all —  -~9x5x%x8 CoN” 
the three sides (a, b, c) are given. . B=60°9. 


f sn A sin(A—B) 
snC  sin(B—-C) 


ILLUSTRATION 1: , prove that a’, b*, c* are in AP. 
SOLUTION: sind sin(B—C)=sin (4—B)sinC[..4+B+C=q_ 
=> sin(B + C) sin (B—C) =sin (4—B) sin (4 + B) [* sin (4 + B) sin A —B) = sin’ A — sin’B] 
= sin’B— sin? C =—sin’ A— sin’ B 
Using sine rule, we get 
= bh? —-ke? = ka —kb*. where k = 2R. 
=> 26° =a = c* => a.b.c are in AP 
A= C atc 
ILLUSTRATION 2: If A, B, C are in A.P., prove that 2cos = —_____—. 
a +e" —dc 
SOLUTION: °*. A, B, C areinA.P.; we have 2B =A+C 
But A + B+C = 180° > B = 60° and A + C = 120° 
Now cosB = ate —b — cos60’ = 1 
2ac 2 
= at—a +c — pd? 
Sac wa — 


arc are 


eS [From (1)] 
Via “gee b 


sin A +sinC 
= = (Using sine Rule) 


AE eos AS) 2cos 30°eos{ 45 


ILLUSTRATION 3: 


SOLUTION: 


ILLUSTRATION 4: 


SOLUTION: 


ILLUSTRATION 5: 


Proof: 


Prove that, a cos 
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A 
={b aay 
( +c) sin ; 


2s1 ee B-C ae be aC ge 
b+e sn B+sinC a roe 9) 2 2 y) 
we have —— = ———_____ == aa ee a as RY 
a sin A 2 sin —cos — sin — cos— sin — 
A _ 2 2 2 
Fs (b+c) sin = a cos 
Prove that in a AABC 
cosB c—bcosA cos A a+b?+c? 
(a) — = o) > ——__-- 
cosC bh-—ccosA ccosB+bcosC 2abc 


(a) LHS= 


oe <4] 
RSS 


L.H.S = R.HLS 


~ b—ccosA — = 
b-—c| ———_——_ 


cos B (a’ +e —b?)/2ae ba’ + be’ —b° 
cosC (a +p’ —c?)/2ab ca teh? — 03 


2 
2be? —b(b? +07 —a’) bce? —b? +ba? 


| 2b7c—c(b’ +c? -a’) b’c—c? +a’ec 


A 
6) Lass) — 
a ae 
cos A (b? +c? —a’)/2be (b? +c? -a’) 1 
Consider ¢cosB+bcosC — (a +c? 2”) (a? +5? —c’) ~ be a 
c+ + s_____+ 
2ac 2ab 
_ b* +c’ -a a 3 cos A hy ata 
2abe ccosB+bcosC 2abec 
b* +c? —a’)+(a’ +c? —b*)+ (a? +b? —c’ 2h oe? 
ih )+{ )+( J a+b +e, 


2abec 


2abc 


Prove that, b* sin2C + c?sin2B = 2be sinA 


L.H.S = b?sin2C + c?sin2B 


2R 2ab 2R 


2ac 


ee ee (5) (eee). (3) (fe—¥ 


= =o (a +8*-c*) +S (a? +0? -6") = 
be(2a’) abc 
- aR R 2R 


=o (a' +b? -c? +a’ +e’ -b’) 


a 
—— = Phe (=| = 2bc sin A = R.HS. (By sine formula) 
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Similarly, 5b =acosC + ccosA and 


{PROJECTION FORMULA Sean ae iene 
Projection of a line segment AB on the other line L 1s a line A 
segment having its end points as the feet of the perpendicu- : ; 


lars drawn from A and B on L. 


In a AABC, BD and DC are the projections of AB and B 
AC on BC where AD 1s perpendicular on BC. 


a=BC=BD+DC=ccosB+bcosC 


ccosBD bcos C 


<—__—_ a —_______» 


FIGURE 3.10 


ILLUSTRATION 6: (a) Prove that a(cos B + cos C) = 2(b + c)sin? A/2 
(b) Prove that a(cos C — cos B) = 2(b—c) cos? A/2 


SOLUTION: (a) R.H.S. = 2(b + c) sin? A/2 = (b + c) 2sin? A/2 
=(b+c)(1—cosA)=c+b—bcosA—ccosA 
=acosB+ bcosA+ccosA + acosC—bcosA—ccosA=a(cos B + cos C)=L.H.S. 
(b) R.H.S: = 2(6—c)cos’ A/2:= (6 — ce) (1 + cos A) 
=b—c+bcosA—ccosA=ccosA +acosC—acosB—bcosA + bcosA—ccosA 
= a(cos C — cos B) (putting for b and c) = L.HS. 
ILLUSTRATION 7: For a AABC show that, b cosB = c cos (A —B) + acos (C + B). 
SOLUTION: Note that the rule of thumb is that whenever you have to prove something, always take up the 
bigger expression and reduce it to the smaller one. 
Hence considering R.H.S. 
=c(cosA cos B + sinA sin B) + a (cos C cos B— sin C sin B) 
=[ccosA + acosC]. cos B + [ce sm A —a sin C] sin B 
=bcosB+ [esmA—asinC]sinB( By Projectionruley  __....... (1) 


snA sinc 
=——— >csnA=asinC 


Also from sine rule, 
a Cc 


=> csinA—asinC =0 
(1) becomes, b cos 6 = R.H.S. Hence proved. 
ILLUSTRATION 8: Prove that (b + c) cos4 + (c + a) cosB + (a+ b) cosC =at+bic. 


Proof: (b + c)cosd + (c + a) cosB + (a + 5) cosC. 


b* +c’ -a 
Consider (b + c) cosd = (b + c) oe 


= a(b+c)|b°+c?-a’ | = 


abe (ab + ac) |b? +¢° —a’ | 


| 
2abe 


l 3 , 
= (ab? + abc? —a’b+ab*c+ac —a’c) = 


Sah | (ab? —ba’®)+(ae’° -a'c)+abe(b+c) | 
abc 


abc 


L.-S. = YS (6 +c)cosA 


= =| abe(b+0)+ abe(c+a)+(abe)(a+0)| 


= ae (abc)| 2(a +b+ c)| =(a+b+c)=RHS Hence Proved. 
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Aliter: 
beosA +ecosA + ccosB +acosB+acosC + bcos 'C 
=(acosB + bcosA)+(bcosC +ccosB)+(acosC +ccosA)=ct+at+b=atbrte. 
ILLUSTRATION 9: Prove that a(b? + c?) cosA + b(c? + a*)cosB + c (a? + b*) cosC = 3abe 
SOLUTION: (ab? cos4+ ba’ cosB) + (ac? cosA + ca*cosC) + (bc? cosB + b’c cosC) 
= ab(b cosA + acosB) + ac (c cosA + a cosC) + be (ec cosB + b cosC) 


= abc + ach + bca (by using projection formulae c = b cosA + acos B etc) = 3abc 


cosA+cosC cosB 
ILLUSTRATION 10: Prove that ———+ —-—-0 
a 


+¢ b b 


cosA+cosC cosB 1 bcosA+bcosC+acosB+ccosB 1 
SOLUTION: L.H.S = ———+ peepee eo ee a 
a+c b b b(a+c) b 


_ (bcosA+acosB)+(bcosC +ccosB) | 


b(a+c) b 


=0=RH.S. Hence Proved 


TEXTUAL EXERCISE-1 (SUBJECTIVE) 


REC hos 4. Ina tnangle ABC, prove that: 
1. (a) Prove that sin = cos A/2 j : ; ; 
2 a cos’ B-—cos’C a cos’ C—cos’ A is 
(b) Prove that a(b cos C—c cos B) = b? - c b+c cta 
sin(B-C) b?-’ cos A-cos’ 8 _, 


(c) Prove that at+b 


sin(B+C) a? 


b+ + +b sin B 
(ayia Wintec ARCS c cta_a ten 5. In a tnangle ABC, if 2 cosA = sinC’ prove that the 


I] 10 ? triangle 1s isosceles. 
cosA cosB cosC 2 2 @ 
prove that = = b* - “-a 
12 9 Zz 6. (a) Inatnangle ABC, prove that ——— sin 2.A ee 
1 ] a — — 
2. (a) Ina triangle ABC if a , then sin 2B + sin2C =0 
atc bt+e atbte 
find the measure of angle C. (b) In any A ABC, prove that 
(b) Prove thata?+B+c?= a) asn (B—-C)+ bsm(C—A)+csn A-—B)=0 
2 (bc cos A + ca cosB + ab cos C) a’ sin(B— on 
(c) Prove that (a? — b? + c”) tan B = (a + bc’) tanC (11) Sere een 


(d) Prove that c? — (a + by = (a — by cos? C/2 + 


(a + by sin? C/2 =sinA+sinB+sinC 


Ai p yea) a. C) 


3. The sides of a triangle are 8 cm, 10 cm and 12 cm, 
then prove that the greatest angle is double that of the | 7. Ina triangle ABC, if cosA + cosB + cosC = 3/2, prove 
smallest angle. that the triangle 1s equilateral. 


3.8 


10. 


11. 


12. 


13. 


> Trigonometrry 


| in’ A+sin A+] 
In any triangle ABC, show that Sica ae 2 


sin A 
2cosA cosB 2cosC ae b 
(a) IfinaAABC, + + ae 
b c be ca 


a 

then find the angle A. 
(b) In A ABC, D 1s the mid point of BC. If ADL AC, 
2(c* —a’) 


then prove that cosd cosC’ = 
3ac 


(c) If in a A ABC tan A _ tan B _ tan C 
’ = 5 _ 


that 6V2a = 3V5b = 2V10c. 


, then prove 


In A ABC, prove that bcosO = c cos (A — 9) + a cos 
(C + 0) if 6 be any angle. 


Solve b cos?C/2 + c cos? B/2 in terms of k, where k is 
perimeter of the AABC. 


If in a AABC, A = 90° and c, sinB, cosB are rational 
numbers, then show that a and b are also rational 
numbers, 


(a) The perimeter of a triangle is 6 times the A.M. 
of the sine of angles. If the side a is 1, then find 
angle A. 


Answer Keys 
2. (a) C = 60° 9. (a) A = 90° 11. k/2 
14. AP. 13. 2 


14. 


15. 


16. 


17. 


(b) nAABC, ZB = w3 and ZC = WA If D divides BC 

sin ZBAD 

sin ZCAD | 

(c) In AABC, if A 1s greater than B and A, B are solu- 
tions of equation 3sinx — 4sin*x — k = 0, where 
(0<k < 1), then find ZC. 

(d) In A ABC, If D divides BC internally in the ratio 
1: 3, and ZBAD 1s 7/4, where as ZCAD 18 7173, 
then find the ratio sinB : sinC. 


In a AABC if cotA cotB, cotC are in A.P., then find 
whether a’, b*, c? are in A.P/G.P/H.P. 


In a triangle ABC, if a is the arithmetic mean and 
b, c are the two geometric means between same two 
sin’ B+sin*C 


internally in the ratio 1:3, then find 


positive numbers. Then evaluate ————————_. 
sin Asin BsinC 


In a triangle ABC, if a= mb and cosA = ae Bae: ; 
m 

then show that there exists two values c, and c, of 

third side (0 < m < 1) such that c, = mc,, 

b 


A 1/2 
If in a triangle cos =7 (745) . Prove that the 
C 


area of the square described with one side of triangle 
as diagonal is equal to that of the rectangle, its length 
and bredth as having other two sides of triangle. 


13. (a) A= 76 or 52% (b) I/V6 (c) 27/3 (d) V6 


TEXTUAL EXERCISE-1 (OBJECTIVE) 


1. 


In a triangle ABC, a = 5, b = 7 and sinA = 3/4, how 
many such triangles are possible? 

(a) | (b) 0 

(c) 2 (d) infinite 


. If the angles of triangle ABC be in A.P., then 


(a) C=a’+b*-ab_ (b) BP =a+cC-ac 
(c) @=b?+ce-ac dd) P=aat+ec 


snB 
. In AABC, sin(A+B) +B) is equal to 
ee 
(a) a+b ) C 
C 
(c) 5 (d) None of these 


sin(A—B) | 
. In AABC, sin(A + B) is equal to 
a’ —b° a+b? 
(a) 2 (b) 2 
C C 
C om 
(Cc) aie (d) ae 
. Ina AABC, if c? + a’ — b? = ac, then ZB is equal to 
Tl a 
(a) < o) + 
(c) A (d) None of these 
In AABC, b* cos2A — a’ cos2B is equal to 
(a) b?- a? (b) b?-¢ 
(c) Cc -@ (d)@+h+e 


7. In AABC, asm(B—C) + bsn(C— A) + c sin (4—B) 1s 
equal to 
(a) 0 
(c) 2 +h +e? 


(b) at+b+t+e 
(d) 2(a? + b? + c’) 


8. In AABC, cosecA(sinBcosC + cosBsinC) is equal to 


(a) c/a (b) a/c 
(c) | (d) c/ab 
9. In AABC, if a = 3, b = 4, c =5, then sin2B equals 
(a) 4/5 (b) 3/20 
(c) 24/25 (d) 1/50 
sin3B 
10. In AABC, 2b? = a* + c?, then — is equal to 
sin B 
cae eee: 
o (b) 
ca ca 
ee 2 ee, 2 
(c) (d) 
ca 2ca 


11. If the angles of a triangle are in the ratio 1: 2: 3, then 
their corresponding sides are in the ratio 
(a) 1: 2:3 (b) Lew3e2 
(c) V2: 3:3 (d) 1:V3:3 

12. If the angles A, B, C, of a tnangle are in A.P., and the 


sides a, b, c opposite to these angles are in G.P., then 
a’, b*, c? are in 


Answer Keys 
1. (b) 2. (b) 3. (b) 4. (a) 5. (c) 
11. (b) 12. (a,b,c) 13. (c) 14. (b) = 15. (b) 


m@ NAPIER’S ANALOGY (TANGENT RULE) 


We have read about a sine formula and a cosine formula. Is 
there a tangent formula also? 
Yes, the tangent rule is also called Napier’s analogy. 
Napier’s Analogy states that 
(A-B) a-b C 
= — cot—. 
2 a+b 2 


in any triangle ABC, tan 


a b Cc 


° = = = k 1 
Proof: In AABC, A a eae (by sine rule) 


=> a=ksnA, b=ksnB,c=ksinC, Now 


a—b C (Fane C 
R.HS.=| ——] cot— = | ————_ |cot— 
a+b 2 ksinA+ksin B 2 


13. 


14. 


15. 


16. 


17. 


18. 
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(a) A.P 
(c) G.P. 


(b) H. P. 
(d) None of these 


If a’, b*, c? are in A.P., then which of the following are 
also in A.P.? 


(a) sind, sinB, sinC 
(c) cotd, cotB, cotC 


(b) tanA, tanB, tanC 
(d) None of these 


b+e JOFa: a+b 


In a AABC, if = = ——., then cosC' = 
1] 12 13 
(a) 7/5 (b) 5/7 
(c) 17/36 (d) 16/17 
In a AABC, if b = 20, c = 21 and sinA = 3/5. then a 
is equal to 
(a) 12 (b) 13 
(c) 14 (d) 15 
If the sides of triangle be 6, 10 and 14, then the triangle 


1S 
(a) Obtuse angled 
(c) Right angled 


(b) Acute angled 
(d) Equilateral 


In any AABC if acosB = bcosA, then the triangle is 
(a) Equilateral triangle (b) Isosceles triangle 
(c) Scalene (d) Right angled 


If in a tnangle ABC, 2cosA = sinB cosecC, then 


(a) a=b (b) b-c 
(c) c=a (d) 2a = be 
6. (a) 7. (a) 8. (c) 9. (c) 10. (d) 
16. (a) 17. (b) 18. (c) 
2e05{ 4+ )sin{ 4-4 
- , , os 
rr A+8) (4-8) | 
2 sin cos sin — 
2 2 
nf 3 (4s) C 
sin cos = sin — 
_ 2 zZ 
7 +B 


tan 


& 
= tan 


Similarly, you can try it yourself to prove that 


B-C b-c A C-A c-a B 
= cot —; tan = cot — 
2 bt+e 2 iy, cta 2 


=L.H.S. Hence proved. 
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ILLUSTRATION 11: In any AABC, if a =2, b = V3 +1 and C = 60°, solve the triangle 1.e, find other three elements 
of triangle ABC. 


A-B 2-(3+1) 601 3 B (1-3) -(v3-1) 


SOLUTION: Using tangent rule, tan ——— = mia 2 Bl vB) 3 (148) = (B41 re i) 
3-1 
A ee 


AlsoA +B = 120° [AsA+B+C=zq] 
B =75° and A = 45° 


=> Ta Ei tan|1S° = or, B —A = 30° 


2 Cc 
Using sine rule, = =>c=v76 
: sin45° sin 60° V6 


ILLUSTRATION 12: If in a AABC, b = 2c, then find the value of cot cot a 


cot 


SOLUTION: By Napier’s Analogy tan (Fee = hdl 
Z b+e 


ae). b+e 2 dete _3c_, 


. 
2 


=— Beier = 
2 ( b-c 2c-c Cc 


ILLUSTRATION 13: Let ABC be a right angled A in which hypotenuse is four times the length of perpendicular 
drawn from the vertex containing right angle, then find the angles of A. 


FIGURE 3.11 


SOLUTION: Let ABC be aright Zd Awithright Z at vertex B and let BL Lr AC and BE = p 
=> AC =4p=b 


Now area of AABC = ac = = (4p) (P)>ac=4p— (1) 


Now (a + c? =a? + c? + 2ac = a? +c? + 8p? = b? + 8p?= 6p? + 8p? = 24p? 
and (a—c)* = a? + c?—2ac = b? - 2 (4p*) = 16p? - 8p” = 8p’ (using (a)) 
(22) - 8p? l a-—c l 


~ Sie ge ee Gi 
at+c 24p> 3 ate 3 uw 


By Napier’s Analogy 


(*) a-—c B a-c a-—c =") l 
tan | ——— |= ——cot — = ——cot 45°= *.. (an) —<—|- S| - —— 
Z ate 2 ate ate 


= tan( 47S) - for A >C and tan( 27S) => forA<C 


2 V3 V3 


= a = 30° for A > C and AS =-30° ford <C 


Properties and Solution of Triangle < 3.11 


=> A-C = 60° for A >C and C—A = 60° ford <C 
Also A + C = 90° as ZB = 90° 

= £A=73",2728 =o 2C = 15" torAS C 
or ZA = 15°, ZB = 90°, ZC = 75° forA<C 


ILLUSTRATION 14: AABC with ZA acute, b = 2 and c = (v3 _ 1) has area (v3 — 1) /2, then find the measures of 


angles of triangle. 


l 
SOLUTION: ar AABC = ge sinA 


=} 1 0)(5-1)sin = sind = = = A= 30° 


so \-7 A 


; B 
By Napier’s Analogy tan = cot — 
b+c 


(EE 


yi 


~ 24(5-1) 
B-C)\ 3-3 
on [55> a3 


=< - 60 — B-C=120° 


Also B + C = 150° as ZA = 30° 
ZB = 135° and 2C = 15° 


@ TOFINDTHE SINE, COSINE AND TANGENT an ns (s—c)x(s—b) 
OF THE HALF-ANGLES IN TERMS OF THE 2 be 
SIDES Since in a triangle, A is always less than 180°, A/2 1s al- 


ways less than 90°. Therefore sine of A/2 is always positive. 


he ea 
In any triangle ABC, we have cos A = ee ~ gpA i [S7B6-2) 
2be 7 2 be 
| b+ce-a B a = 
2sin°~=1-cosd = — Similarly, it can be proved that sin—= Saues : 
y) be 2 ac 
2be-(b’ +c? -—a’) =a’ —(b? +c” —2bc) C (s—a)(s—b) 
So — A 6 ee 
2bc 2bc 7 ab 


_a’-(b-c)’ — (at+b-c)(a—b+ce) A Rap ag? 


Again, 2eos" ~ =1+c05 A =1+ 


2bc 2be rhe 

Leta+6b+c=2s,thena+b-c=at+b+c-2c= Pe ree 

2s —2c =2(s—c) oe 
and a—b+c=a+t+b+c—2b =2s—2b=2 (s—b) (b+cY—a? (b+c+a)(b+c—a) 
»A_ 2(s—c)x2(s-5) be 2be 


2sin 
2be where 6+ c-—a=b+cec+a—2a=2s—2a =2(s—a) 
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= dogg? A= 28X2S= 8), gggr A _ s(s-@) also tam Sin d2 _ [s=DG-9 , [ae=a) 
2 2be 2 be 2 cosA/2 be be 


since A/2 is less than 90° > cos A/?2 > 0. 


ant — [6-DE-9 


A s(s—-a) a 2 s(s—a) 
=> cos—= 
2 be 
so (s—a)(s—c) 
= Similarly, tan— eres) d 
Similarly, cos = = s(s—6) and Imularly, tan aa an 
ac 


B_ 
2 
C_ 


es s(s—c) | eee (s—a)(s—b) 
2 ab 2 s(s—c) 


. A B 
ILLUSTRATION 15: In any triangle prove that (a Be c) Cat) Lal — |= 


SOLUTION: L.H.S | eel ee eae) =2 


=2,/s(s—c) SPAS Se | (s—e). 
(s—a)(s—b) (s—a)(s=—5) 
This identity may also be proved by substituting for the sides. 


atb+c » sin A+sin B+sin C 


We have, ( by sine rule) 


C sin C 


A B ce A B 
1605 — COs — Cos — 2COs— cos — 
2 2 2 2 Z 


oe C 
2 sin— cos — 
2 2 


C. A B A B C A B 
ZO — 2Cos —cos — cos — cos cos —_cos— - 2 cos— cos — 
Alo = 2 = 2 2 2 = 2 


2 Cl (Ak 1. | —LCuune - 
tan —+Tan— sin —|/ sin —cos—+cos—sin— sin —sin 
2 2 2 2 2 2 2 Z 


C 
2cot — 
atb+e -____2 _ So that (a+b+ o)(tan +10 | = 2¢ cot 


. tan — + tan — 
2 


AREA OF TRIANGLE ABC 
If A represents the area of a triangle ABC, then 


A= (1/2) BC. AD ie A= = (base) x height 


= teeny) (a sin B= AP) — > asin B 
2 Cc o 


FIGURE 3.12 


Properties and Solution of Triangle < 3.13 


AepstnO="— Sp hance = pe [G=bs=0)_|s(s=a) 
b be be 
A= —.a.bsinC “A= [s(s-ay-b(s-0) 
i. 1 . (ii) Area of triangle in terms of one side and sine of three 
Similarly, A= a sin A anaes 
A l 1. 
N= is sin A = ae sin B)(ksinC)sin A 
Cc b 
= ly sin Asin BsinC = fa sin Asin BsinC 
i a » © 2 2\ sin 
FIGURE 3.13 Se ee 
a sin BsinC 
A=+absinC = besin A=casin B ee 
2 2 2 


sin B sinC _ b? sin AsinC 


yd sinBsinC _ 6 sin 
pi sin A 2 sin B 
ee 
2 


(1) Area ofa triangle in terms of sides (Heron’s formula) 


Asin B 
A= <besin A= —be.2sin~cos~ sin Asin 


sin C 


ILLUSTRATION 16: If «, f, y are the lengths of the altitudes of a triangle ABC, prove that 


(cot A+cot B+cotC) 
A 


Co eS ; where A is the area of the tnangle 


SOLUTION: 


2 lie =b’—c BP te oe <a —p 
ee 
AA AA AA 


Now put 4A = 2 bc sin A = 2ac sin B = 2 ab sin C 
ie b* +c? —a’ re 


————<— $< 
2absinC 2bcesin A 2casin B 


Llicos® cosA cosk l 
= + = q cot At cot B+cotC] = RAS. 


Al sinC  sinA sinB 


cot A/2 + cot B/2+cotC/2  (a+b+c)’ 
cot A+cot B+cotC ap +c 


SOLUTION: cot Bunelo) eB) (Taking rg =— and multiplying 


A 
,/s(s —a) in the numerator and denominator. 


ILLUSTRATION 17: Prove that, 


tan — 


s(s— 


= cotA/2= x ; (where A= ,/s(s—a)(s—b)(s—c) ), 
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_ 2 2 
Then cot + cot + aps: sGs—(atbte) _ oo (atb+c) 


2 A A 4A 
th cos A 
ie sin A 
b? +0? -—a’ . . . 
=> cotA= Ta (Using cosine Rule and sine rule) 


hte’ -a -clta ba tb He 


+ + = 
=> cotA+cotB+cotC WahoE Dabck Aabck 


at+bh?t+e? a tb’ te’ 


-  Jabck —«s 2bc sin A 
2 2 2 l 
=> cotdA+cotB+cotC = es where A= se .... (1) 


Now dividing (1) by (11) 
t 7 t 2 t e 
co te ao 2 (atbt+cy 


4a Hence proved 
cotA+cotB+cotC a’*+b?4+e’ P 


ILLUSTRATION 18: If points D, EF and F divides sides BC, CA and AB respectively in ratio A : 1 (in order) and area 
of A DEF is 40% of the total area of AABC, then find all possible values i. 


SOLUTION: 


FIGURE 3.14 


waKer == Orn) sin = >( iat if b Jin a= A (1 pesin A) = AA 
2 2\A+t+1 2 ( 


Similarly, ar ABDF = aa jacsin = = ; 
A+ly \2 (A+1) 


And ar ACDE = os [ Fabsinc AA 


(A+1)y  (A+1Y 
Now, it is given that ar ADEF = 40% ar AABC 
arADEF 2 
arAABC 5 
ar AABC — (arAAEF + ar ABDF + ar ACDE) 2 
arAABC 5 
-( 3A.A 
=> _ (G+) 2 ee ee 3A 5 _2 
A 5 (A+l) 5 


Properties and Solution of Triangle < 3.15 


3A 3 A 1 
7 (A+ly 5 7 (Atily 5 
> A+1P/P=5A => 7-31 +1=0 
349-4 345 
=> A=———= 
2(1) 2 
A= aad e = are possible values of A 


ILLUSTRATION 19: In AABC, M and N are mid-points of sides BC and AB respectively such that ZMMAC = 2/8 and 
ZNCA = 2/4, and AM = 5cm, then find area of AABC. 


SOLUTION: 


FIGURE 3.15 


We know that centroid divides each median in the ratio 1 : 2 (1 towards side and 2 towards 
vertex) and hence by similarity of A’s it can be proved easily that | rs drawn from G and B on 


side AC are in ratio 1 : 3. 


1 
arAABC _\ ycypp = BLOB 
— ar AABC =3ar AAGC _@ 


Now ar AAGC = ~AG xGC sin ZAGC 


S25EKGO ain n-(2 45) = +AGxGC sin( =) a 
2 8 4 2 8 
_ uy 2 } . eS a 5a 
2\3 sin 77/4 8 
= +(5)x3(5) Se xsin{ -: By sineformula ick 
3 3° “sina /4 8 : 
sin— sin— 
4 
50... (5H 50. .|4 50 I A A I 
—sin — sin] —— —sin — sin] — + — EN idee nom te. Nala pn ce 
9 F Gs 9 F E | PsinZeos® —s0sinZcos® 9, 
7 i ia 7 3 =H nw 9 
sin — sin — sin — 18sin —cos— 
4 4 8 8 
Area of AABC = (2\-2 
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= ‘m-n’ THEOREM (COTANGENT THEOREM) 


We have found relationship between elements of a triangle 
where perpendicular is drawn from vertices to the opposite 
sides. If instead of a perpendicular any line is drawn from a 
vertex to the opposite side, can we still find relation between 
various elements. 

The expression you are looking for is called the m-n 
rule or cotangent theorem. 

In any triangle ABC, if D is any point on the base BC 
such that BD: DC :: m:n, 

ZBAD =a, ZCAD = B, Z CDA = @, then 

(m+n)cot@=mcota—ncot f =ncot B—mcotC. 


A 
oy 


180°—6 is. C 


FIGURE 3.16 
Cc _ AD _ BD 
> sin(180°-—8@) snB sing 
(By sine formula) 


In AABD 


cen * = BD Ww 
sin @ 
ie _ CD bsinB 
Similarly, ao aa B = CD= ae .. (2) 


It is given that nBD = mDC 


— 


=> 


=> 


=> 


nesina mbsinB 


sin 0 sin 0 


nsinC .sing@ = msin Bsin B ... B) 
nsin[180°-— (8+ @)]sin @ = msin(@- a@)sin B 


nsina sin (f + @)= msin (@-a@)sin B 


Dividing both sides by sin a sin f sin 8 we get, 
: sin(+@) _ 2, sin (0 — a) 
sin # sin @ sin @sin @ 


=> 


=> 


n(cot8+cot B) = m[cota —cot 8] 


(m+n)cot®8 =mcota—ncotB 


Again from equation (3), 
nsinC sin (0 —B) = msin B sin [180° -(0+C)] 
nsinC sin(®@-B)=msinBsin(0+C). 


On simplifying, we get (m+n)cot0 =ncotB-mcotC . 


ILLUSTRATION 20: ‘The base of a triangle is divided into three equal parts. If ¢,, t,, t, be the tangents of the angle 
subtended by these parts at the opposite vertices. 


r I | eas | 
Prove that (2 + | (2 + 7 =A ( + 
L, t, t, t, 


SOLUTION: Let BD = DE = EC =x; i= koe 0 


1? 


by 


> 


In AABC, applying m — n rule, we have 


FIGURE 3.17 


3x cot(0) = 2x cot(0, + 0,) —x cot 0, 
In AADC, applying m — n rule, we have 


2x colt 0 =x col 0, € cot 0, 
3 2cot(@ +,)—cot A, 


Dividing (1) by (2), we get “a 


=tan 0,1, = tan Q, 


cot 8, — cot 8, 


Properties and Solution of Triangle < 3.17 


=> 3 cot 0, —3 cot 0,= 4cot (0, + 0,) — 2cot 0, 
=> 4cot (0, + 9,) + cot 0,— 3cot 0,=0 

cot 8, cot 8, —1 

cot 8, + cot 8, 
= A(cot 0, cot 0,) — 4 —3cot 0, cot 8, —3 cot’ 0, + cot 0, cot 0, + cot 8, cot 0, = 0 
= cot 0, cot 0, + cot 0, cot 0, + cot 8, cot 0, + cot?O, = 4(1 + cot’@,) 

(Adding 4cot’®, on both sides) 

=> (cot 0, + cot 0,)(cot 0, + cot 0,) = 4 (1 + cot? @,) 


a 1 1 l 
f, ty JE, ty 


ILLUSTRATION 21: If the median AM of a AABC subtends an angle 32/4 with the side BC, then evaluate |cot B — cot C]. 


=> } =a earo, + cote, =¢ 


y 


SOLUTION: 
A 


/) » ON 
B M C 


FIGURE 3.18 
Let AMC = 32/4 and M is the mid-point of BC 


=> BM:MC=1:1 
By cotangent theorem, (BM + MC) cot Z AMC =MC cot B— BM cot C 


=> 2cot ZAMC =cotB-—cotC => 2cot(32/4) = cotB — cotC 
=> -—2 =cotB-—cotC > |cotB—cotC| =2 


ILLUSTRATION 22: If in a AABC, AB = 4 cm, AC = 8 cm and cos{ 9 =) = z ; then evaluate |2 cotB — cotC| 


SOLUTION: In AABC, let AD be the internal angle bisector of ZA as shown below: 
A 


S 


‘e ee 
B D C 


FIGURE 3.19 


and let bisector AD subtends an angle 8 with BC as shown below. Then 0 = x — Ge C 


=> sind =sin{ °4-C] = sin c+5-(F55) = sin ¥4(S-3) 
2 2 2 2 2 2 


= cos{ <=) - cos{ 2=*) = +e (Given) 


. Prove that in a AABC 
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> O0=n/4 or3n/4 
= cotd = 1 or—l 
By angle bisector theorem, we know that, BD : DC =AB: AC =4:8=1:2 


By ‘m—n theorem 


We have, (DC + BD) cot = DC cotB—BD cotC 


Q+1)G@lI)=2 cot B—- 1 cot C 


+ 3 =2 cotB —cot C => |2cotB — cotC| = 3 


TEXTUAL EXERCISE-2 (SUBJECTIVE) 


A+B A-B 


a+b 
= cot ———_. 
2 


tan 


. Consider the following statements concerning a 
triangle ABC: 
(1) The sides a, b, c and area of A are rational. 
(11) a, tand/2, tanB/2, tanC/2 are rational. 
(111) a, sind, sinB, sinC are rational, then prove that 
GQ) > 1) > Gul) > a) 

. (a) In a triangle ABC, if cot A/2 cot B/2 =c, cot B/2 

cotC/2 =a and cot C/2 cot A/2 = b, then prove that 
l l | 
+ + 

s-a s—-b s-c 

(b) In triangle ABC, a = 18, 6 = 24 and c = 30, then 
find sinA, sinB, sinC. [without cosine Rule] 


— ie 


. If A = a — (b—c)*; where A is area of AABC, then 
show that tand = 8/15. 


. Ina tnangle ABC, 1f 3a = 6 + c, prove that cot B/2 cot 
C/2 = 2. 


. In any A ABC, if cos0 = , COS @ = 


a 

e b+e ate 

y= a ; Where 9, ¢, y are angles of A, then prove 
a 


, COS 


that tan? 0/2 + tan? ¢/2 + tan* w/2 = 1 and hence or 
otherwise evaluate tan 0/2. tan ¢/2 tan w/2. 


. (a) Ina AABC, evaluate 


(A=) ,A (<=) ,B (s=*) ae 
cos’ —+ cos’ —+ cos’: — 
a 2 b 2 Cc a 


(b) Prove that (6b + c— a) (cot B/2 + cot C/2) = 2a cot 
A/2. 


. If a, b and c represent the sides of a triangle ABC, and 
a, 2b, c areinA.P. then evaluate acos? C/2 + c cos? A/2 
in terms of 5b. 


10. 


12. 


13. 


14. 


15. 


16. 


. If A isthe area and 2s the sum of the sides of a A, then 


show that 


2 


S 


@ Ae b) A< + 


-aaR 
If a, b, c are in H-P., then prove that sin*A/2, sin’B/2, 
sin’C/2 are also in H.P. 


. Ina triangle ABC, if tan (4/2) = 5/36 and tan (B/2) = 


12/5, then prove that the sides a, c, 6 of the triangle 
are in A.P. 


If p,, P,, Pp, are the altitudes of a triangle and A be the 
area, then prove that 


ae Le Sey 2ab 2C 
P, Py Pp; A 


= COs 
(a+b+c)A 2 


Ina APQR, PL and QM are the medians. If PL = 6 cm. 
ZOPL = n% and ZPQM = 77/3, then show that area 
of A POR = 8N3 cm?. 


In any A ABC, prove that a sind + 6 sinB + c sinC = 


Va’ +b? +c’? Vsin* A+sin’? B+sin’ C. 


In a triangle ABC, prove that a sin(A/2 + B) = (6 + c) 
sin A/2. 


(1) Find the value of @ in the given figure. 


FIGURE 3.20 


(11) Evaluate m + n in the given diagram if m : n 1s 
ratio in lowest form. 


Properties and Solution of Triangle < 3.19 


A 
126° 
AY ry SOs 
B mk D nk 
FIGURE 3.21 


FIGURE 3.22 


(111) If the median of AABC through A 1s perpendicu- 


+ = 0. : ; 
lar to AB. Then prove that tan A + 2 tan B = 0 19. If in a triangle ABC, A = 30° and the area of A is 


3 \ th 5) 
17. The upper (= portion of a vertical pole subtands an v3a , then prove that B = 4C or C = 4B. 
A 
3 
angle of tan” (2) at a point in the horizontal plane | 20. In a tnangle POR, the median of side OR is of length 
through its foot and at a distance of 40 m from the 7 45/3) a es . 
foot. Find the height of the vertical pole. \ 13 aaa eIVIGeS ane ee Dene eS Oniey 


18. Given a AABC with angle ZA = 60° and sides b and c ae ne eee eee 


are 3, 23 respectively. If D is a point on BC such that | 24, Two sides of a triangle are given by the roots of the 


AD 1s internal angle bisector of ZA, find the value of equation x” — 2V3x + 2 =0. The angle between the 
angle @ and length of angle bisector AD. sides is 7/3. Find the perimeter of triangle. 
Answer Keys 
; ; ] 
3. (b) sind = 3/5, sinB = 4/5, sinC = 1 6. 33 7. (a) zero 8. 5b/2 
2V¥3-1 es 
16. (i) ave Gi) 2 17. 160/99m 18. cot? 2v3-3 v3 20.2 21.2V3 + V6 
3/3 2+V3 ) 2+V3 
TEXTUAL EXERCISE-2 (OBJECTIVE) 
1. If in a tnangle ABC, (s — a)(s — b) = s (s — c), then (a) 3/4 (b) 1/4 
angle C' 1s equal to (c) 1/2 (d) 1/3 
(a) 90° (b) 45° y : 
(c) 30° (d) 60° 5S. In 4 ABC, 1— a tan a is equal to 
2. If im aAABC, 2s =a+b+cand(s—b)(s—c)=x 
sin as , then x = 2c 
2 2) +b+ (0) +b+ 
(a) be (b) ca = ‘ : 
(c) ab (d) abc 2 4 4a 
Cc 
3. In triangle ABC, (6 + c)cosA + (c + a)cosB + (a + Bb) - at+tb+c “ at+tb+e 
cos C = 
(a) 0 (b) 1 . A.C 1 | 
()atbte (d) Watbt+eo) 6. In 4 ABC, era ee then a, b, c are in 
4. In A ABC, if a = 16, b = 24 and c = 20, then cos - (a) A. P. (b) G. P. 


is equal to (c) HP. (d) None of these 
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7. 


10. 


11. 


12. 


13. 


14. 


In triangle ABC if a, b, c are inA. P. then the value of 


A a 
sin — sin — 
is equal to 
sin — 
(a) 1 (b) 1/2 
(c) 2 (d) -1 
If tan =x cot , then x = 
c-a —b 
(a) cta (b) +b 
gee d) None of th 
(c) ba (d) None of these 


om 6 ,A 3b 
If in a triangle, a Oe ee then its 


sides will be in 


(a) A. P. (b) G.P. 
(c) H. P. (d) A. G. 
cr{ 4 =) tan =") is equal to 
2 yy 
(a) at+b ) a—b 
i a—b a+b 
(c) ; : ; (d) None of these 
In aA ABC, if A = 30°b =2,c =V3 + then = is 
equal to 
(a) 15° (b) 30° 
(c) 45° (d) None of these 
tan = — tan cd 
In any triangle ABC, ~~ — 
tan — + tan — 
2 
a—b 7 a—b 
(a) a+b ” Cc 
a—b d Cc 
(c) a+b+ec (¢) a+b 


_({ A- 
In aA ABC, 2ac sin{ is equal to 


(a) a +b-e (b) CP? +a-Ph 
(Cc) P-e-a@ (d) c-a-b 
In A ABC, if 2s = a + b + c, then the value of 
s(s—a) (s—b)(s—c) _ 
be be - 
(a) sind (b) cosd 


(c) tand (d) None of these 


C+ A. 
5. Ina A ABC, = tan > is equal to 


16. 


19. 


20. 


21. 


223 


A 
. Ifinatnangle ABC, ZB = 90°, then tan? (=) is 


(a) tan (S48) 
B 
(c) tan c +3 


Ina AABC, cot = 


(b) cot (S+8] 


(d) none of these 


C« 
Ore is equal to 


(d) none of these 


p) 
b- b+e 
8) a, (b) 5_ 
b-2c 
(c) fae (d) none of these 


. If na tnangle ABC side a = (V3 +1) cm and ZB = 


30°, ZC = 45°, then the area of the triangle is 


Sha 0b) ane on? 
as. af ei, oa? 
Oe oe 32 


If the area of a triangle ABC 1s A, then a* sin2B + b* 
sin2A is equal to 


(a) 34 (b) 24 

(c) 44 (d) None of these 

In a triangle ABC, if sire = a = ease and the 
a C 


sides a = 2, then area of triangle 1s 
(a) 1 (b) 2 
(c) 32 (d) v3 


Ifc? =a’? + b?,2s =a+b-+c, then 4s (s — a) (s — bd) 
(s — c) 1s equal to 
(a) s* 


(c) ca 


(b) b? c? 
(d) a? bd. 


If R 1s the radius of the circumcircle of AABC, and A 
is its area, then: 


at+tb+c atb+c 
(a) R= (b) R= 
4A 
abc abc 
c) R=— d) R=— 
(c) a (d) i 


23. If the median AD of a AABC, makes an angle @ with 
the side AB, then sin(4 — 9) 1s equal to 
(a) (b/c)cosec 8 (b) (6/c)sin 
(c) (c/b)sin 8 (d) (c/b)cosec 8 


Answer Keys 
1. (a) 2. (a) 3. (Cc) 4. (a) 3. (a) 
11. (b) 12. (b) 13. (b) 14. (b) 15. (a) 
21. (d) 22. (c) 23. (c) 24. (a) 
SOLUTION OF TRIANGLE 


In a triangle, there are six elements or parts, three sides and 
three angles. If three of the elements are given, at least one 
of which must be a side, then the other three elements can 
be determined uniquely. 

If the three angles alone are given, then it is clear 


from the formula only ratios of 


snA sinB sinC’ 
the sides can be determined not their actual lengths. Thus 
the triangle cannot be uniquely solved. In such a case, 
there exists an infinite number of equiangular triangles 
all satisfying the given data. The method of determining 
the unknown parts from the known parts is called solving 
triangle and the unknow parts thus determined are called 
solution of triangle. 


Case 1: When three sides of triangle are given: 


In this case, the following formulae are generally used: 


(1) Ans =, [Sr Pisne) amt, : 
2 be 


és A_ |s(s—a) 

(11) cos a a 

Be a I(s—) (s—c) 
(ii) an a s(s—a) 

_ be +c? -a 
(iv) cosA= = 


1.e., we use half angle formula or cosine formulae. 
Case 2: When two sides and the included angle of the 
triangle are given: 
Let 5, c and A be given, then ‘a’ can be found from the for- 
mula a’ = b* +c’ —2becos A. 


Now angle B can be found from the formulae 


CHa =p . bsin A 
cos B = —————— _ or sm B= and C from 
2ac 
C =180°—A—B. 


Properties and Solution of Triangle < 3.21 


24. If the bisector of angle A of tnangle ABC makes an 
angle 8 with BC, then sin@ 1s equal to 
(a) cos(B — C)/2 (b) sin(B — C)/2 
(c) sin(B — A/2) (d) None of these 


6. (d) 
16. (a) 


7. (b) 
17. (a) 


8. (c) 
18. (b) 


9. (a) 
19. (c) 


10. (b) 
20. (d) 


Another way to solve such triangle is, first to find 


_ B-C) b- A 
eee by using the formulae tan = cot S 
2 2 b+e 2 


B+C > A - 
and =A) Tay and therefore by addition and sub- 
traction B and C and the third side ‘a’ by a= g — 
sin 


Case 3: When two angles and included side of a 

triangle are given: 

Let angle B, C and side a be given. The angle A can be 

found from A = 180° — B —C and the sides b and c from, 
b C 


sine rule ——— = — = 
snd sinB sinC 
asin B asinC 
i.e., b=—— and c =— 
sin A sin A 
A 
Cc b 
B 5 Cc 
FIGURE 3.23 


When an angle of a triangle 1s obtained with the help of 
sine rule, there may be ambiguity, since the sines of supple- 
mentary angles are equal in magnitude and are of the same 
sign, so that there are two angles less than 180° which have 
the same sine. When an angle 1s obtained through cosine 
formula, there is no ambiguity, since there is only one angle 
less than 180° whose cosine is equal to a given quantity. 


e.g., sin A ~— => A = 60° or 120° 


Case 4: Ambiguous case 

When two sides a and 5 and the angle A opposite to one side 
a are given. There are three possibilities, either there 1s no 
such triangle or one triangle or two triangles which have the 
same given elements. 


3.22 > 


Trigonometrry 


| ped (b) When 6 sin A =a => from equation (1) 
We have <n B = a => snBb= ‘ kesde (1) sinB=1-.B=90° 
Also from cosine formula c* — 2 (bcos A).c +b? — a’ =0 and from equation (111) c = 6 cos A. 
se (ll) This value of c is admissible only when 6 cos A 1s 
givesc = bcos A+ Va? —b? sin? A . (ii) positive 1.e., when the angle A 1s acute. In such case a 
<b 


Now, the following cases may rise 


(a) When a < 6 sin A => sin B > 1 or from (11) c 1s imagi- 


C..bsn A =a) orA <B. 


nary which 1s impossible. Hence no triangle is possible. Hence only one definite triangle 1s possible. 


NOTE 


In this case a = b is not possible since A = B = 90° which is not possible since no triangle can have two right angles. 


(c) When bd sin A < a and sin B < 1. In this case, there are 
three possibilities: 


(1) 


(11) 


CD = b sin A. The following cases may arise: 


(a) Ifa<bsinA1.e., a < CD then the circle will not meet 
AX and hence there is no triangle satisfying the given 
condition. 


If a = b, then A = B and from equation (3), we get 
c = 2bcosA or 0. Hence in this case we get only 
one triangle (since in this case it is must that A and 
B are acute angles). 

If a < 6 then A < B, therefore A must be an acute 
angle. .. bcos A > O Further, a’ < b’. 

=> a <b’ (cos*?A + sin’? A) 


=> Ja’ —-b’sin? A <bcosA. 


From equation (111) it 1s clear that both values of c 
are positive so we get two triangles such that FIGURE 3.24 


Pn ee ee [2 Span A aad (b) Ifa = b sin A, the circle will touch AX at D (or B) and 
only one right angled tnangle 1s possible. In this case, 


c,=bcosA- ya°—b’ sin’ A. B=90° and A < 90° 
It is also clear from equation (1) that there are two y 
values of B which are supplementary. 


(11) If a > b, then A > B also a? — b* sin? A > b? cos? A 


GEOMETRICAL DISCUSSION 


or Va’ —b’ sin® A > bcos A. b a 


Hence one value of c 1s positive and other nega- 


tive for any value of angle A. Therefore we get B 
only one solution. A D 
Since, for given values of a, 6 and A, there is a FIGURE 3.25 


doubt or ambiguity in the determination of the tri- 
angle. Hence this case is called ambiguous case of 
the solution of triangles. 


(c) If a = 5, then the circle will cut AX at B and passes 
through A. Hence we get only one solution of given 
data (as shown in figure). 


Let a, 6 and the angle A be given. Draw a line AX. At A 
construct angle ZXAY = A. Cut a segment AC = 6 from AY. 
Now describe a circle with centre C and radius a. Also draw 
CD perpendicular to AX. FIGURE 3.26 


Properties and Solution of Triangle < 3.23 


(d) Ifa > bsinA, then the circle will cut AX at two distinct | Case (ii): If a > 6, then the two points B, and B, on the 

points (other than A). Let the points be B, and B,,. opposite sides of A and only one of the tnangle ACB, or 
ACB, will satisfy the given data. If A is an acute angle, then 
ACAB, 1s the required triangle and if A 1s obtuse angle, then 
AAB.C is the required triangle. 


Case (i): If bsinA <a <b, then both B, and B, are on the 
same side of A as shown in figure and we get two distinct 
tnangles ACB, and ACB,,. 


FIGURE 3.27 FIGURE 3.28 


ILLUSTRATION 23: In any AABC, the sides are 6 cm, 10 cm, and 14 cm. Show that the triangle is obtuse-angled 
with the obtuse angle equal to 120°. 
SOLUTION: Leta =14,5=10,c =6cm. 
As we know largest angle is opposite to the largest side, 
b’+c’-a’ _100+36-196 1 


cosA = — = eS = 120°. 
2be 2(10)(6) 2 


ILLUSTRATION 24: If a, 5 and A are given in a triangle and c,, c, are the possible values of the third side, prove 
that ¢,* +e, = 2¢.6,cos2A —4a’cos'A. 
b* +c? -a’ 
2be 
=> c’—2bc cosA + b* — a? = 0, which 1s quadratic in ‘c’. 


SOLUTION: cos dA = 


2 


¢, +e, = 2b cos y 


2 
and CC, = b -a 


ge, — 2c.c, cos 7A 


=(e 1) = 200 —26.¢ Cos 2A [using (1)| 
=(¢, +6, — 2064) + eos24) 
= 4b* cos’ A — 2 (b? — a’). 2cos* A = 4a’ cos’? A 


Cc +e, —2¢.¢, cosA —Aa’ cos A 
ILLUSTRATION 25: In AABC; b, c, B (c > b) are given. Find condition for the third side to be real. If the third side 
Ab” —e@ 
has, two values a, and a, such that a, = 3a,, show that sin B = —— 
= 


9 9 9 
at+e—-b 
SOLUTION: We know, cos B = ae = @¢-—ZaccosB t+ c—P=0 
ac 


= For ato be real 4e*cos’B — 4(c* — b*) > 0 
= ccosb =(c —p*} 
ic =b ) 


Cc 


= cox b> 


3.24 > Trigonometrry 


2 2 
=> couse [ea =] 
\ Cc \ Cc 
2 2 
=> Be [om 1 woos? =] 
\ Cc \ Cc 
3 2 
Be so 1B coe ae) 
Cc c 


which is the required condition for the third side to be real. If a,, a, are two roots, then 
a+ a,=2ecosB 
and a,a,= C= Be (11) 
We are given a, = 3a,, substituting in (1), we get, 
4a, =2c cos B 
c cos B 
> a= 
2 
3c cos B 
a, ey 
y) 


2 2 
Hence (ii) become aa =p 
Ab? —c? 


3c? cos?B — 4c? = — 4b’ or sin B = 303 
Cc 


(.’ sin 6 > O for any angle 8 of every A) 


ILLUSTRATION 26: Find the angles of the triangles whose sides are: 3 + V3, 2V3, V6. 


SOLUTION: Let a =3 + V3, b = 2V3,c = V6 
4 b?t+c?-a? 124+6-(9+34+6V3) 6-6V3 1-V3 
=> co SS SS = —————. 
2be 12/2 2 | 22 


e 


=> cos4 = cos(60° + 45°) 4 ascos (60° + 45°) = 
cos( ) 22 


. A= 105° 

_ b 
sinA sinB 
24/3 


, b . 2v3 | 
> sinB= — sind = 343 sin (105°) = annr {sin 60°. cos 45° + cos60° . sin 45°} 


a 


2/3 Sey 
~ 33 +1) | 2V2 


1 
> sinB= Wy = sin 45° {°.. B # 180° — 45° asB + A < 180°} 


Applying sine formula: 


=> B=45° 
Here, A = 105°, B = 45° 

=> C =180°—(A + B) = 180° — (150°) = 30° 
ZA = 105°, ZB = 45°, ZC = 30° 


Properties and Solution of Triangle < 3.25 


ILLUSTRATION 27: The sides of a triangle are 8 cm, 10 cm and 12 cm. Prove that the greatest angle 1s double of 
the smallest angle. 


SOLUTION: Let a = 8cm, bd = 10cm and c = 12 cm. Hence greatest angle 1s C and the smallest angle is A, 
{as we know greatest angle 1s opposite to greatest side and smallest angle 1s opposite to smallest 
side. } 

Here, we have to prove C = 2A, applying cosine law, we get. 
a’+b’-c’ 64+100-144_ 1 


cos C = 5 (1) 
2ab 2.8.10 8 
2 2 2 
pa Aiee gan Oo OR, MOU PIES. 2 a (ii) 
2be 2.10.12 4 
9 
cos 2A = 2 cos*?A— 1 =2. 7 1 (using (11)) 
1 a 
cos 2A = oe (111) 


from (1) and (111); we get cos 2A =cosC > C = 2A 


b+c cta atb 


ILLUSTRATION 28: With usual notations, if in a tnangle ABC, me then prove that: 


12 
cos A e cosB 2 cosC 
7 19 25 
b+ + +b 
SOLUTION: Let, ——-=——~= = k (say) 
11 12 13 
=> 2(a+b+c)=36k (4) 
b+c=11lk,ce+a=12k,a+b=13k ....(11) 
Solving (1) and (11), we get a = 7k, b = 6k, c = 5k 
bo +c? —-a* 36k? +25k?-49k” 12 — «1st 
Hence, cos A = ————— = ——_,.—— = — = == 
2be 60k 60 5 35 
atc’ —-b? 25k? +49k* -36k” 38) «19 
cos B = ——_ > — => Fa 
2ac 70k 70 35 
a+b? -c* 49k? +36k*-25k’> 60 5 25 
cos C = ——— = — —_ => 
2ab 84k 84 7 35 


cosA_ cosB_ cosC 
7 19 25 


=> 


ILLUSTRATION 29: Let O be a point inside a triangle ABC, such that ZOAB = ZOBC = ZOCA =a. Then show 
that: cot @ = cotA + cot B + cot C. 

sin(A—@)__ sin(180° — A) 

OC b 
C.. Z AOC = 180° — ZOAC — ZOCA = 180° — (A— @)— @ = 180° — A) 

sin(A—@) sind 

OC — i ee ies 
sina  sin(180°—C) 
“a 


a 


SOLUTION: In AOAC, we have from sine law, 


Also in AOBC, 


3.26 > Trigonometrry 


FIGURE 3.29 


sin@  sinC 
OC a 


sin(d-@) asin A 
Dividing (1) by Gi), we get, —__.. 


sin © b sin C 


b Cc 


sin(A—@) Asin A.sin A {3 ee now, a =) 


sno  ksinB.sinC snA sinB  sinC 
sin Acos@—cosAsin@ ; sint — (B+C 
SUES OS SSL gn 
sin @ sin B sinC 

sin B cos C +cosB sinC 

sin B sinC 
sin A cot @ —cos A = sin A (cot C + cot B) 
Dividing by sin A on both sides, we get 
cot @ — cot A = cot B + cot C or cot @ = cot A + cot B + cotC. 


sin A cot @ —cosA = sinA . 


TEXTUAL EXERCISE-3 (SUBJECTIVE) 


1. (a) Solve the triangle ABC if 6. Find the number of triangles ABC that can be formed 


ee eer 5 
Oza 105°, ZC = 60°, b= 4 with a = 3, b = 8 and sinA = —. 
(ii) ZC = 60°, b=4,c =4N3 i 


i ee 7. In amnght triangle AC = BC and D 1s the mid-point of 


GC Cneian= Se hk anle= sea And AC. Find the cotangent of angle DBC. 


the angles. 8. If a, b and c are the sides of a tnangle such that 


(c) If ZA = 60°, a =5, b = 2V3 in AABC, then find a’ + bt + ct = 2c%X(a? + 5’), then find the possible 
angle B. angles opposite to the side c. 


2. a =2b and | A—B| = 7/3, then determine the angle C. 


3. If ina AABC, cos3A + cos3B + cos3C = 1, then find 
the obtuse angle. 


31 
9. In AABC, a =5, 5b =4, and cos (4 -—B)= 39° then find 


side c. 


4. ABC is a triangle such that sm(2A + B) = sin(C—A) | 49. Ina AABC if tan A — 2 and dan B — 20 then prove 


| ° 2 6 2 37 
= -sin(B + 2C) = 7 If A, B and C are inA. P,, then thata>b>c. 


find the angles of triangle. 11. In AABC, prove that 


5. If in a AABC, ZA = 45°, ZC = 602% then prove that (a+b+c)(b+c-—a)(ct+a—b)(at+b-c) 


a +eV2 = 2b. Abe? = sin’ A 


Properties and Solution of Triangle < 3.27 


Answer Keys 


1. (a) (i) B: 15°, c=2V6(V3 +1), a= 4(2+V3) (ii) ZA = 90°, ZB = 30°, a=8 (iii)30°, 90° 


(b) ZA = 60°, ZB = 45°, ZC = 75° 


. 0 ee 8.45° or 135° 9. 


TEXTUAL EXERCISE-3 (OBJECTIVE) 


(a) Right angled 

(b) Isosceles 

(c) Right angled or isoseceles 
(d) Right angled isosecles 


. We are given b, c and sinB such that B 1s acute and b 


6 


12. 


(c) sin” =) 2: C= 7/333. 120° 4.45°, 60°, 75° 


B CA 8. In a AABC a, c, A are given and b,, b, are two values 
1. If in the AABC, AB = 2BC, then a cot —| of the third side 6 such that 6, = 26,. Then sind = 
(a) 3:1 (b) 2:1 9a? —c? 9a° —c” 
(c) 1:2 (d) 1:3 (a) 372 (b) 32 
. Ina AABC, A: B: C =3:5: 4. Then [a+ b + cV2 Jis Oy? ac 
equal to (c) 8,7 (d) None of these 
a 
(a) 2b (b) 2c 
(c) 3b (d) 3a 9. If a triangle ABC has its sides in A.P., then cos4 + 
. If the angles of a triangle are in the ratio 4:1:1, then 2cosB + cosC is equal to 
the ratio of the longest side to the perimeter 1s (a) 2 (b) 4 
(a) JB (24 3) (b) 1:6 (c) 1 (d) None of these 
(c) 1: (2+¥3) (d) 2:3 | pe, 
. ; 10. Ifin a AABC, ZB = 90°, then is equal to 
. Let D be the middle point of the side BC of a triangle b+c 
ABC such that AADC is equilateral, then a*: b*: c? 1s A A 
equal to (a) aa (b) ala 
(a) 1:4:3 (b) 4:1:3 A 
(c) 4:3:1 (d) 3:4:1 (c) a (d) None of these 
a a —b’ sin(A-B) 
. If in tnangle ABC, =——,y =.=, then the tn- 3 
a+b sin(A+B) 11. Ina AABC, a =5, b =7 andsin A =—, how many such 
angle is 4 


triangles are possible? 


(a) 1 
(c) 2 


(b) 0 
(d) None of these 


In a AABC, a = 13 cm, b = 12 cm and c = 5 cm. The 
distance of A from BC 1s 


<c sinB. Then 144 65 
(a) No triangle is possible (@) cen ©) 12 
(b) One tnangle is possible 60 25 
(c) Two triangles are possible (c) B (d) 13 


(d) Anght angled triangle is possible 


. The sides of triangles are 3x + 4y, 4x + 3y and 5x + 
Sy units, where x, y > 0. The triangle 1s 

(a) Right angled (b) Equilateral 

(c) Obtuse angled (d) None of these 


13. 


The sides of a triangle are three consecutive natural 
numbers and its largest angle 1s twice the smallest 
one. Then the sides of the triangle are 

(a) 3,4, 5 (b) 4, 5, 6 

(c) 2,5,3 (d) 4, 3,7 


3.28 > Trigonometrry 


14. In a tnangle ABC, sin A + sin B + sinC = 1 ee 
cos A + cosB + cosC = 2, if the triangle is 
(a) equilateral 
(b) isosceles 
(c) night angled 
(d) right angle isosceles 


15. Ifin a AABC, 2 cosA sin C = sin B, then the tniangle 1s: 
(a) equilateral (b) isosceles 


(c) nght angled (d) None of these 


16. Ina AABC, cos B. cos C + sin B. sinC sin? A = 1.Then 
the triangle 1s: 
(a) right-angled isosceles 
(b) isosceles whose equal angles are greater than 7/4 
(c) equilateral 
(d) none of these 


Answer Keys 
1. (d) 2. (c) 3. (a) 4. (b) 5. (c) 
11. (b) 12. (c) 13. (b) 14. (d) = 15. (b) 


SCENTROID OF TRIANGLE AND LENGTH 
‘OF MEDIAN 


The point of intersection of medians of a triangle 1s called 
centroid of triangle. It is denoted by G. Centroid divides 
each of the three medians in the ratio 2: 1, where 2 towards 
the vertex and 1 towards side containing mid-point. 

In tnangle ABC, the mid-point of sides BC, CA and AB 
are D, FE and F respectively. The lines AD, BE and CF are 
called medians of the triangle ABC, the point of concur- 
rency of three medians 1s called centroid. Generally, it 1s 
represented by G. 


By geometry, 
Z 2 2 
AG = 3 AD, BG = 3 BE and CG = 3 CF. 


FIGURE 3.30 


17. In a AABC, the angles A and B are two different val- 
ues of 0 satisfying V3 cosO + sin0 = k, |k| < 2. The 
triangle: 

(a) 1s an acute angled 
(b) is a right angled 
(c) 1s an obtuse angled 


(d) has one angle = > 


JA 


18. In AABC cos” a 2 


9 2C 
cos’ — cos 57 3 equal to: 


S S 


(b) 


(a) 


(c) (d) none of these 


6. (a) 
16. (a) 


7. (Cc) 
17. (c) 


8. (b) 
18. (b) 


9. (a) 10. (a) 


Length of Medians: 


In AADC, by cosine formula, 
AD? = AC? + CD? — 2AC.CD cosC 


=> AD? =b? + a7/4—-abcosC 
b* +a’ =) 


REDE A OTA a: 
=> AD? =b*+a’/4 2 Dab 


Vb? +c’? +2becosA 
l 2 2 2 
— V¥2c' +2a° —b 
g) 

and CF = =a" + 2b? -¢? 


Similarly, BE = 


The Angles that the Median Makes with 
Sides 


Let ZBAD = f; AD=x and ZCAD = yj, 


SD ee = aie dine lonulann AAG 
aaG AD OE (Using sine formula in ) 


we have 


asinC _ asinC 
ou ae V2b° +2c* -—a’ 
(By length of median AD) 

_ | asin B 
Similarly, sinB = op eo mae 
Again zai = zs = a 

snC AD x 
bsinc _ 2bsinc 
sin = ~ 


x Ib 226 =a" 


‘CIRCUMCIRCLE AND CIRCUMCENTRE 
‘OF TRIANGLE 


The point of intersection of perpendicular bisectors of 
sides of a triangle is called circumcentre of triangle. It is 
denoted by C. The circle having its centre at circumcentre 
and circumscribing the tnangle is called circumcircle of 
triangle. The radius of circumcircle is called circumradius 
of triangle and is denoted by R. In any triangle ABC, 


a b Cc OR. 


sinAd sinB sinC 


(1) Radius of Circum Circle ‘R’ of any triangle 
Let ABC be the triangle, perpendicular bisectors 
of sides BC and CA meet in at O. By geometry O 
is the centre of the circum-circle. Join OB and 
OC. The point O may either lie within the triangle 
(figure-3.31), (acute angled triangle) outside the tri- 
angle (figure-3.32) (obtuse angled triangled) or upon 


one of the sides (figure-3.33) (right angled triangle). 


In the figure ZBOD = 5 Z BOC = ZBAC =A 


BD 


a/2 


also sin ZBOD = —~=— .. sind = aus 
BO R 2R 
A 
FIGURE 3.31 
a 
R= from the above figure, we have 


2sin A 
Z BOD = : Z BOC = ZBLC = 180° —A 


Properties and Solution of Triangle < 3.29 
sin(ZBOD) = sin (180° — A) = sin A 
fae a BD a/l2 a 
eee ~ BO R \ 2sinA 


FIGURE 3.32 


If A is aright angle as in figure-3.31, we have R = OA 
= OC =a/2= 


a 

2sin A 

(.. sind = sin90° = 1) 

Thus the relation found above 1s true for all triangles. 
Hence, in all three cases, we have 


Beene ee 
sn A sinB sinC 


FIGURE 3.33 
(11) 


The circumradius may be expressed in terms 
of sides of triangle. 


qa _ a _ abe Te 3 
R= 2sinA 2A AA . ee a sin | 
be 
> R= ae 
4A 
NCIRCLE OF A TRIANGLE 


The circle which can be inscribed within the triangle so as 
to touch each of the sides is called its inscribed circle or 
more briefly its incircle. The centre of this circle is called 
incentre. It is denoted by I and its radius always denoted by 
r. In-centre is the point of concurrency of internal angles 
bisectors of the triangle. 


(1) Radius r of the incircle of triangle ABC 
Let the bisector of internal angles B and C meet in J. 


By geometry / is the centre of incircle. Join JA and 
draw /D, JE and JF perpendicular to three sides. 


3.30 > Trigonometrry 


Then JD = IE =IF =r 


We have, area of AJBC = = ID.BC = =r 


area of AJCA = = IE.CA = arb 


area of AJAB = ~IFAB = =re 


FIGURE 3.34 
since A = Area AIBC + ar(AJCA) + ar(A IAB) 


> A= oe ee ie ee ee 
2 2 2 2 
. A=sr> r=Als 


To express the radius of incircle in terms of 
sides and tangent of the half angle. 

In the given figure (3.34), 

BD = BF (tangents drawn from B are equal in length) 
AE = AF (tangents drawn from A are equal in length) 
CE =CD (tangents drawn from C are equal in length) 
Hence 2BD + 2AF' + 2CE =BD+CD+CE+AE + 
AF + BF 

=> 2BD+2AC =BC+CA+AB 

2BD +2b=a+b+c=2s 

BD=s-b=BF 

Similarly, CE =s-—¢c =CD 

and AF =s—a=AE 


(11) 


Now in ABID, = =tan ZJBD =tan B/2 


.. r= BD tan B/2 = (s — 5) tanB/2 
Similarly, r = CE tan ZICE = (s — c) tanC/2 
andr=/JF =AF tan /JAF =(s —a) tan A/2 


Hence r = (s — aan = = (s—b) tan — =(s—c) tan — 


To express the radius of incircle in terms of one 
side and the functions of the half angles: 

From figure-3.34, BJ and CI are angle bisectors so 
that ZJIBD = ZB/2 and ZICD = ZC/2 

We have a = BD + CD = ID cot ZIBD + ID cot 
ZICD 


(iii) 


cos B/2 ip a 


=rcot B/2+rcotC2=r ae nC 


Be . 
Sn are a as 
>a=r ————— ae 
sin — sin — 
Z Z 


=> asinB/2 sinC/2 = r| sin ore a + cos a. 2 
2 2 p 2 


=rsin (B/2 + C/2) 
=r sin (90° — A/2) = rcosA4/2 


cos A/2 
Thus , _ asin B/2sinC/2 — 5sin A/2 sinC/2 
cos A/2 cos B/2 
,— csin A/2sin Bie 
cosC/2 


(2nd and 3rd parts can proved similarly) 
Cor: since a = 2R sind = 4R sinA/2 cosA/2 
r= 4R sinA/2 sin B/2 sin C/2. 


er CIRCLES 


A circle touching any one side of triangle and other two 
sides on producing 1s called an escribed circle. The centre of 
escribed circle is called ex-centre. The circle which touches 
the sides BC and two sides AB and AC (produced) of trian- 
gle ABC is called escribed circle opposite to angle A. The 
centre of escribed circle is called ex-centre and it 1s denoted 
by J, or J, and radius by r, or r,. 

Similarly, 7, or r, denotes the radius of the escribed cir- 
cle which touches the side C’'A and the two sides BC and BA 
produced and its centre by /,. Also r, denotes the radius of 
the circle touching AB and two sides CA and CB produced 
and its centre by J,. 


FIGURE 3.35 


(1) 


(11) 


Radius of escribed circle of a triangle 


Let J, be the centre of the circle touching the side 
BC and two sides AB and AC produced. Let D,, E,, 
F, be the point of contact, then /, D,, J, E, and LF, 
are perpendiculars to the sides BC, AC and AB 
respectively. Let r, be the radius of the circle, then 
A = area of AABC 
= area of ABI A + area of AC [A — area of ABL.C 
l 


] ] ] 
= a a ae = ae a ea). 


= =(a+b He Zar = 6 =O) S7= aaa 
Similarly, if r,, r, be the radii of the escribed circles 
opposite to the angles B and C respectively, then 
A A 
r, = P r, = 
s—b S-—C 


Radii of the escribed circles in terms of sides and 
the tangents of half angle 

In the figure - 3.35, AE, and AF’, are tangents 

'. AE, = AF, (tangents drawn from an external point 

are equal in lengths) 
Similarly, BF, = BD, and CE, = CD, 
. AB+ BC +AC=AB+ BD,+D,C+AC 
=(AB + BF) + (CE, + AC) 


=Hh tA =ZAl OAL SAP) 
= 2A, 
=> AF, =s=AE, (. AB + BC + AC = 2s } 
LF; 
InAAF I, Ge AF = tan ZI, AP, 
. r, =s tan A/2 


Similarly, r, = s tan B/2,r, = s tan C/2 


Properties and Solution of Triangle < 3.31 


(111) Radii of the escribed circles in terms of one side 


and function of half angles: 


InAI,BD, 

Z1,BD,= — 
BD, am—B 

=> LD, = cot 5 

= BD,=rtanB2  .... (i) 
IMCD, H=rtanC ses (11) 


Adding (1) and (11), we have 
BD + CD17 tan tan 
2 2 
a ABE MO 3. inp A B 
sin — cos — + sin —cos — 
= DUST. 2 2 w 


B 
cos — cos — 
Z 2 


ous cos(C/2) +sin(C/2) sosB2)) 
r, 


ar cos(B/2) cos(C/2) 
B+C 
=> r,sin D = acos (B/2) cos (C/2) 
_ acos(B/2) cos(C/2) 
cos.A/2 
a bcos(C/2) cos(A/2) 
Similarly, r, = _ cos(B/2) 
> ccos(A/2)cos(B/2) 
oer ae. cos(C’/2) 
Corollary: 


since a = 2R sind = 4R sin (4/2) cos(4/2) 
r, = 4R sin (4/2) cos(B/2) cos(C/2) 
r, = 4R cos(A/2) sin(B/2) cos (C/2) 


and r, = 4Rcos(A/2) cos(B/2) sin(C/2) 


ILLUSTRATION 30: In a triangle ABC, prove that the area of the in-circle is to the area of the triangle itself 


A B a 
1s mz: cot— cot— cot—. 
. 2 Zz 


area of circle ia 
SOLUTION; ———__ = ——__= 


area of triangle 


C reo a) 


Now cot S cot = cot == 
S 2 Ns 


s° 
-| (s—a)(s—b)(s— aaa) - 


1) C. r=Ass) 


_ e{s=8) s(s—c) } 


by(s—e) (s—e)(s—a) (s—a)(s—b) 


s(s—a)(s aoe a. 
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ILLUSTRATION 31: 


SOLUTION: 


ILLUSTRATION 32: 


SOLUTION: 


ILLUSTRATION 33: 


SOLUTION: 


ILLUSTRATION 34: 


SOLUTION: 


N A nA 


© = OR ge 


Now a B 
cot —cot — cot — 
2 2 2 


Hence from (1) and (2), we proved the required relation. 


In any triangle, prove that cos A + cos B + cosC = 1+ z 


L.H.S. = cosA + cosB + cosC 


agg age 
2 2 


=]+ asin cos AF — cos AeA) {: 5 At7C| 


= 2 cos 


2 2 2 
=1]1+4sin c sin A sin B {: r = 4Rsin. sin5. sin S| 
2 


r, (s—a)=r,(s—b) =r, (s—c) =rs=A 


r(s—a)= as (s—aj=A. 
s-—a 

r,(s—b)= S (s—b)=A 
s—b 

n(s—c)= —(s-e)= A 
S—C 


Also rs = ae = A. hence proved. 
s 


_...(i) 


In a tnangle a: 56: c =4:5: 6. Find the ratio of the radius of the circumcircle to that of the 


incircle. 
Let a = 4A, b = 5A and c = 6A 


Rabe _ sabe | _. A 
r 4Ar 4A? 


7 7 90014 16 
~ A(s\(s—a)(s—b)(s—c) — (BaZa eal a) i 
7 aa | a | aay |e?) 


In any AABC, prove that pa es Bi = he 


ab be ca 2Rr 


(42.52.62) 75.) 


L.H.S. = —+—+ 
ab be ca abc abc rabc_ rabc 


1 1 l_ectatb— 2s 2rs 2A 21 ] 
r 4R  2Rr 


¢ A= *) Hence proved. 
AR 


Properties and Solution of Triangle < 3.33 


S S S 
ILLUSTRATION 35: In any AABC, prove that a(S i(5- 7 (= 7 = r/R 


4 
SOLUTION: a(S 7 (=-1}(£- 7 =——(s—a)(s —b)(6 —¢) 
a b abc 


Cc 


_ 4s(s—a)(s—b)(s—c)  A(4A) | (=| (*)-«[5)=2 
- sabe sabe \s }\ abe) RR) R 
abe 


4A 


| Hence proved. 


TEXTUAL EXERCISE-4 (SUBJECTIVE) 


1. InaAABC, if a=13,b =4, cos C = — 5/13, find the 
value of R, ,7,,7,,7 


Pee ee ee 


] ° . 
2. If in a triangle ABC; R, r, r,, r,, r, are circumradius, ~ /s(s —a)\(s —b)(s —c) = abe _@a snBsine sinC = abe 
inradius and exradii respectively and A, s, a, b, c have 4R 2sin A 3 


their usual meanings, then prove the following results: cos A/2 cos B/2 cos C/2 = 4 R r cos A/2. cos B/2. 
cos C/2; where r and R are inradius and circumradius of 


] 
4. Prove that area of triangle ABC ie., A = 5 sinC 


Curae ed ’ AABC and S = perimeter of A. 
(DE Aa tae © ae Oo 
(cc) 7 -nN7,-N7,-n =4Rr 5. In a triangle ABC 
(d) A = 2R’sin A. sin B.sin C (a) Ifr, =r, + r, + r, prove that the triangle is right 
1 1 1 angled. 
ee ae ee as (b) r cot B/2. cot C/2 =r, 
ee 1 1 1 1 _aitbtte’ 
(f) 1 = tan’ A/2. (c) r- re i A” 
ole 
(g) 7°. cof A/2 cof? B/2 cot? C/2 =r,r,1, Cra ee 
(h) rr, cot A/2=A 6. The exradi r,, r,,r, of AABC are in H.P. Show that its 
1? 2? 3 
3. If in a triangle ABC; R, r, r,, r,, r, are circumradius, sides a, b, c are in A.P. 
inradius and exradii respectively and A, s, a, b, c have 
their usual meanings, then prove the following results: 7. If O is circumcentre of A ABC and R,, R,, R, are cire- 
(a) @) Ir, t+ r,t Vr, = Vr umradii of triangles OBC, OCA and OAB, then prove 
b-c c-a a-b a 5b  c¢ _abe 
3 popaadaanacbee 8 =0 (ala 
(11) r r, r Re ae hey 
Cat St yr) Dr rr rer) 8. In an acute angled triangle ABC, the circle on the 
=e(rr,+r,1r,) = abe altitude AD as diameter cuts AB at P and AC at OQ. 
iv) 4R sn A sin B sinC =acosA+bcosB+c¢ Show that PO = 2R sind sinB sinC = A/R. 
cos C 
(v) A=4R rcos A/2 cos B/2 cos C/2 9. Find the ratios of J4:/B:/C, where / is the in centre of 


. AABC. 
(b) It (r,—1r,) (r,-1,) = 2 r, r,, prove that triangle is 
right angled. 10. Inatriangle ABC, prove that 1 —tan Bee 7 ee 
(c) In nght angled tnangle, prove that r + 2R =s. 2 2 atb+e 
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Answer Keys 


1. R = 65/8, r = 3/2, r, = 8,7, = 2, r, = 24 9. cosec A/2; cosec B/2; cosec C/2 


oT 


TEXTUAL EXERCISE-4 (OBJECTIVE) 


1. In AABC, 2R? sin A sin B sin C = 9. In a tnangle ABC, if b = 2, B = 30°, then the area of 
(a) s? (b) ab+ be + ca circumcircle of triangle ABC in square units 1s 
(c) A (d) None of these (a) 7 (b) 2% 
P (c) 4x (d) 6x 
2. In AABC, if b =6,c =8 and ZA = 90°, then R equals 
(a) 3 (b) 4 10. The circum-radius of the triangle whose sides are 13, 
(c) 5 (d) 7 12 and 5 is 
3. If the sides of a triangle are in ratio 3 : 7: 8, then (a) 15 (b) 13/2 
R: ris equal to (c) 15/2 (d) 6 
(ay ar 7 (b) 7:2 11. If 7,, r, and r, are in AP., cot(4/2), cot(B/2) and 
(c) 3:7 (d) 7:3 cot(C/2) are in 
(a) AP. (b) H.-P. 


4. If the sides of a triangle are 13, 14, 15, then the radius 


Apasineeleds (c) GP. (d) None of these 
(a) oi. (b) 65 12. If f= 21 = are then a + b + cis equal to 
- ; (iy Bia (b) 3b 
(c) (@) (c) 3c (d) None of these 
S. The inradius of the triangle whose sides are 3,5, 6,18 | 43. In any AABC, 2r(sin A+sin B+sinC) is equal to 
(a) 8/7 (b) V8 (a) A (b) 2A 
(c) V7 (d) V7/8 (c) 3A (d) 2A/R 
6. In an equilateral triangle the inradius is 1, then the , A B Cc. 
Sionmeradiis is 14. In any AABC, r° cot . cot = old is equal to 
(a) lcm (b) V3 cm ayn (b) 2A 
(c) 2cm (d) 2V3 cm (c) 3A (d) None of these 
7. In an equilateral triangle the inradius and the circum- | 15. In a mght angled triangle R 1s equal to 
radius are connected b S+r s-r 
ere (a) (b) 
(a) r=4R (b) r=R/2 2 y) 
= K/3 2a 
(c) r=R/ (d) None of these aes (d) s : r 
8. If the sides of the triangle are 5K, 6K, 5K and radius | | 
of incircle is 6, then value of K is equal to 16. In an equilateral triangle: 
(a) 4 (b) 9 () n=r=7,=2r @) =n =KHr 
(c) 6 (d) 7 (c) r,=r,=r,=3r  (d) None of these 
Answer Keys 


1. (c) 2. (c) 3. (b) 4. (c) 5. (a) 6. (c) 7. (b) 8. (a) 9. (c) 10. (b) 
11. (b) 12.6) 13d) 14 (a2) 15.) 16. () 


(ORTHOCENTRE, PEDAL TRIANGLE AND 


The point of intersection of the altitudes of a triangle is 
called orthocentre of triangle. It 1s denoted by O or H. 


Let ABC be any triangle and let D, E, F be the feet of 


the perpendiculars from the angular points on the opposite 
sides of the triangle ABC, then DEF is known as Pedal 
Triangle of ABC. 


The three perpendiculars AD, BE and CF always 


meet in a single point H which is called the orthocentre of 
tnangle ABC 


(1) 


Sides and Angles of the Pedal Triangle: 
In the fig angles HDC and HEC are nght angles. Hence 
the points H, D, C and E are concyclic. 


ZHDE = ZHCE = 90°—A 
{In AACF, ZAFC = 90° > ZACF = 90—A} 


Similarly, 1, D, B, F are concyclic therefore, 
ZHDF = ZHBF = 90° —A 


Hence «. ZFDE = 180° — 2A; so ZDEF = 180° —2B 


and ZEFD = 180° — 2C. Thus the angles of Pedal Tri- 
angle FDE are 


180° — 2A, 180° — 2B, 180° — 2C. 


REMARK 


Properties and Solution of Triangle < 3.35 


FIGURE 3.36 


Angles of pedal A are suplement of double of oppo- 
site angle of A. 
Again in ABFD, ZFDB = 90° — ZHDF 
= 90° — (90° — A) =A 


. oad = pas > =e pee 2S aC coyR 
sinB sin A sin A sin A 
= BSD ea Bebe B = h cosB 
sin A 


Similarly, EF = acosA and DE = c cosC. 


FIGURE 3.37 


Thus the sides of the pedal triangle are a cosA, b cosB 
and c cosC. In terms of R, the equivalent terms be- 
come R sin2A, R sin2B, Rsin2C. 


Ifthe angle ACB of the given triangle is obtuse, the expressions 180°- 2C and c cosC are both negative and the values we have 
obtained, require some modification. In this case the angles are 2A, 2B, 2C —- 180° and the sides are a cosA, bcosB, - ccosC 


(11) 


(iii) 


Perimeter of Pedal Triangle: 

=4R cosA cos B sin C if C 1s obtuse angle 

= 4R cosA sin B cos C if B is obtuse angle 

= 4R sin A cos B cos C if A 1s obtuse angle 

= R(sin2A + sin2B + sin 2C) = 4R sind sinB sinC 

If ABC 1s acute angled A 

Distance of the orthocentre from the angular points 
of the triangle: 


In AABC if AD, BE are altitude and FH is orthocentre, 
then 


AH = AE sec(90° — C) = AE cosec C, Also = = 


cosA AB 


(iv) 


l 
= AH =AB. cosA.cosecC = c cosA. snC = 2R cosA 
=acotA 


Similarly, BH = 2R cosB = bcot B > CH = 2R cosC = 
ccot C 


Distances of the orthocentre from the sides of the 
triangle: 
From the fig, in A BHD 


HD = BD tan ZHBD = AB cosB.tan (90° — C) =c 
cosB. cotC 


= = .cosB.cosC = 2RcosBcosC 
sinC 


Similarly, HE = 2RcosAcosC and HF = 2R cosA cosB 
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FIGURE 3.38 


sin A 
2RcosA___ cosBcosC 
2RcosBcosC sin A/cosA 
sin(B+C) 
— cosBcosC 
tan A 
_ tanB+tanc 
7 tan A 
altitude through A 1n ralio (tanB + tanC): tanA 


Cor. —— = 


1.e., orthocentre dividies the 


(v) Area and Circum-radius of the Pedal Triangle: 
(For acute angled A) 


Area of triangle = Z (product of two sides) x (sin of 


included angle) 


E = (Rsin 2B). (R sin 2C).sin(180° — 24) 
= > R? sin2A sin2B sin2C 

EF Rsin2A R 
Circumradius = 


2sinFDE 2sin(180°-2A) 2° 
The in-radius of the Pedal Triangle DEF 


Ar (ADEPF) 
Semi Perimeter of ADEF 


YR’ sin2A sin2B sin 2C 
2Rsin A sinB sinC 
= 2R cosA cosB cosC 


(v1) In-Centre of Pedal Triangle: 


We have proved that HD, HE and HF bisect the angles 
FDE, DEF and EFD respectively. So that H 1s the 
incentre of the triangle DEF. Thus the orthocentre of a 
triangle is the in-centre of the pedal triangle. 


(vil) The distance of the orthocentre from the 
circumcentre: Let O = Circumcentre, P = Orthocentre 


=> AO=R,AP=2RcosA 
=> OP? = OA? + AP? — 204A. AP. cos 9 
=> 0=A-2 (90°-B)=A+2B-2=B-C 


DEF = 


FIGURE 3.39 


OP? = R? + 4R? cos*A — 4R? cosA. cos (C — B) 
= R? + 4R’ cos A [cos A — cos (C — B)] 
= R?— 4R’ cos A [cos (B + C) + cos (C— B)] 
= R? — 4R’ cos A. 2. cos B. cos C = R? — 8R? 
cos A. cos B. cos C. 


OP =R.,/l 8cosA.cosB.cosC . 


° 


uCIRCUMCIRCLE OF PEDAL TRIANGLE 


cd 


NINE POINT CIRCLE) 


The circumcircle of pedal triangle for any AABC 1s called a 


nine point circle. 


FIGURE 3.40 


Properties of nine point circle 


1. If passes through nine points of triangle L, M, N (feet 
of altitudes) D, E, F; (mid points of sides) and mid- 
points of HA, HB, HC; where H 1s orthocentre of tri- 
angle ABC. 

2. Its centre 1s called nine points centre (N). It 1s circum- 
centre of pedal triangle. 


ee ] 
3. Its radiusis R, = ae 


4. O (orthocentre), N,G,C (circumcentre) are collinear. 
e N divides OC in ratio 1:1 
e G divides OC in ratio 2:1 

5. If circumcentre of triangle be origin and centroid has 
coordinate (x, y), then coordinate of orthocentre = 


, 3x 3 
(3x, 3y); coordinate of nine point centre = (2) 


Z 


ILLUSTRATION 36: 


SOLUTION: 


We know that R= aie 
AA 


 ox5x3 


Nine point radius = R 


ILLUSTRATION 37: If ina AABC,a=4,c 


b 
By sine formula = == 
snA sinB 
+ b 6 


=> . 0 : 7s. = 2K 
sin 60 snBb sinC 


SOLUTION: 


2 8 4 
= I= 4 — = —— sf S —— — 
ae 
Nine point radius =R /2 = = 
ILLUSRATION 38: 


SOLUTION: Area of pedal A of AABC 


oan lacs Vee 


Circum radius of pedal A 


MTHE EX-CENTRAL TRIANGLE 


Let ABC be a triangle and / be the centre of incircle. Let 


fe oe be the centres of the escribed circles which are 


Sono te to A, B and C respectively then /,, /,, J, 1s called 


AB ve 


FIGURE 3.41 


=1/2Ry= 


sinc 


Properties and Solution of Triangle < 3.37 


If in a AABC, a = 2, b = 4 and c = 3, then find the nine point radius of AABC. 


male 
V15 


= 6 and AA = 60°, then find nine point radius of AABC. 


= 2K 


The sides of pedal A of a AABC are 2,5 and 4 units. Find the nine point radius of AABC. 


4). FE) 


DPN Ne 
QE) _ 40 


ml 


the ex-central triangle of A ABC. By geometry /C bisects 
the angle ACB and /,C bisects the angle ACM. 
ZAC SLAC ZACE = 


Z ACB + = 2ACM = : Z (180°) = 90° 


No |e 


Similarly, Z JC, = 90° 

Hence J, J, is a straight line perpendicular to JC. 
Similarly, AJ is perpendicular to the straight line /,/.and BI 
is perpendicular to the straight line J, J. 

Also since JA and I A both bisect the angle BAC, hence A, 
I and I, are collinear, similarly, B//, and C/I, are straight lines. 

Hence J, /, [1s a triangle, thus the triangle ABC is the 
pedal triangle of its ex-central triangle /,, /,, 1, The angles 


A’ B 
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IBI, and ICT |, are right angles, hence the points B, J, C, I , The lines AJ ek CI - meet at the incentr J, which 
are concyclic. Similarly, C, J, A, / - and the points A, J, B, J Z is therefore, the orthocentre of the ex-central triangle 
are concyclic. fs Pe 

REMARKS 


Each of the four points |, |,, |, 1_ is the orthocente of the triangle formed by joining the other three points. 


m@ THE CENTROID LIES ON THE LINE JOINING 
THE CIRCUMCENTRE TO THE ORTHOCENTRE 


Let O and H represents the circum-centre and ortho- 
centre respectively. OM is perpendicular to BC. Let AM 
meets HO at G. The two triangles AHG and GMO are 
equiangular. 


FIGURE 3.42 
AH = 2R cosA4 and in AOMC, OM = RcosA 
AH 2RcosA => G divides AM in the ratio 2 : 1. Clearly, G 1s the 
Or Rest centroid of AABC and G divides HO in the ratio 
2 : 1, thus centroid lies on the line joining the or- 
Hence by similar triangles AG HG _ AH _ 9) thocentre to the circum-centre and divides it in the 


GM GO OM _ ratio 2: 1. 


REMARK 


The circumcentre, the centroid, the centre of the nine point circle and the orthocentre all lie on a straight line. 


ILLUSTRATION 39: Prove that the distance between the incentre and circumcentre is given by 


R* —2Rr =R, fi-8sin sin sin 
2 2 2 


SOLUTION: Let O be the circumcentre and / be the incentre of AABC. 


A A A A+B+C 
ZIAO = ZIAD — ZOAD = x — (90° -—C)= es +C_—909° = —+C- oan 


2 
C-B 
_ ea 
In A, OAT, by cosine formula 
OP = (OA) + (AD? — 2(0A). (AD. cos ZIAO 


= R? + (AD? - 2R(4D cos{ S =*) 


Also in AAJE, ee = id 
TAL 


Properties and Solution of Triangle < 3.39 


FIGURE 3.43 
IE ‘ 4Rsin sin sin * 
sin— sin— sin — 
2 2 
=> Al =A4R sin B/2 sin C/2 .... (il) 


from (11) and (111) we have 


OP = RGR sin? si’ — 28 R gn” sin cos | 
ps 2 Zz 2 Z 
2 
> CO) =14+-16sin? F sin? S—8sin sin {cos cos 5 + sin sin 5 
R 2 2 Z° 2 2 2 


ee > ganar Ge C B .C.B B.C 
= 1—8sin — sin —] cos—cos— +sin — sin — — 2sin —sin — 
2 2 2 2 2 2 2 2 


oe > ee os C B ~ Be Paey > carey © BC 
= 1-—8sin — sin —] cos—cos— —sin—sin— | =1-—8sin—sin —cos} —+— 
ys 2 2 2 2 Z 2 2 


=f eein cin cos goo 4 = 1—-8sin Asin sin & 
Z Z 2 yes 


A. B.C 
OI=R 1-8sin sin “sin 4 + OJ = R’—2R (aRtsin sin 3 sinS 
2 2 2 2 2 2 


= JR? 2Rr = Rf1- 
R 


Distance between incentre and circumcentre of AABC is given by, 
OL=R 1-8sin sin — sin ~/R?—2Rr—R 1-22 


ILLUSTRATION 40: Find the distances of excentres from the circumcentre. 


SOLUTION: Let O be the circumcentre and I be the incentre of AABC Produce A/ to meet circle at a point D. 
Let J, be the excentre of AABC opposite to vertex A. Join B and C to D. 


Now BD and CD subtend equal angles A/2 at A 
=> BD=CD 
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Join B and C to J, 

Now ZIBI, = ZICI, = 90° 

= Ifacircle is drawn taking II, as diameter then it would pass through the points 
I, B, I, and C 


BD = DC = DI, = DI = 1/2 (II) = 1/2 (4R sin A/2) E II, = 4Rsin “| 
2 
> BD=DC=DI=2Rsin42 (i) 


A A 
Also OJ? — R?=(L,TY=I,DIA => OI? = (ok sin * | rcosee =) 
OI? = R?+2Rr, 


_A B 
= R?+2R ARG cee ton = R*+ 8R? Si ee” ees 
2 2 Bs 2 2 2 


FIGURE 3.44 


OL, = R ieee eae eas 
\ 2 2 2 

OI, =,{/R?+2Rr = R Pail =R 1+ 8sin cos — cos. 
1~ f R a 5 


— -=-R ieRees a ae 
R 2 2 2 


2r, 
— = R meas ae eas 
R an: ioe?) 


ILLUSTRATION 41: If x, y, z are the distances of the vertices of the triangle ABC respectivley from the orthocentre 
a bc abe 


the n, prove that at ie 
Y 4 XYZ 


SOLUTION: Given: OA =x;OB=y;OC =z 
In quadrilateral ALOM 
ZLOM=2-A 
=> ZBOC = z—A vertically opposite angles) 


Properties and Solution of Triangle < 3.41 


FIGURE 3.45 


= Ar AOBC = OB. OC. sin ZBOC = =v sin A 

Similarly, ar AAOC = : xz sin B and area of AAOB = - xy sin C 
Now, ar AABC = ar AAOB + ar ABOC + ar AAOC 

=> A= - (xy sinC + yz sin A + xz sin B) 


ayc( sind smb sinc) xz lia.6 eé 
—— +: + = —_] —4+—4— 
2 2 2K yp = 


: 5 7 (By sine formula) 


Also we known that A = aes 
4R 


AR AR ie 2 hence proved. 


abc 32s b ; a b ¢ abe 
— = =_| —+—4—] _, —+—4+-—=— 
x yp @ x ye 2° xy 


h ok _a tbh +e 


ILLUSTRATION 42: If g, /, & denotes the sides of a pedal triangle then prove that a gr os aa 
a nes abc 


SOLUTION: We know that sides of pedal A are given by a cos A, b cos B and c cos C. 
Let g =acosA, h=bcos 8 andk =ccosC 

es La acos A , boos B 4 cc0st 

2 he a b? o 


COSA tcosb ‘cosl 
= -- — 


a b C 
(Pee <a (eee aor) tates ) ate 
= Cm ] a baa a ] y Gaerne ] (by cosine formula) 


aap ae 


. Hence proved. 
2abe 


@ THELENGTH OF ANGLE BISECTOR AND as ah | 
THE ANGLE THAT THE BISECTOR MAKES ae He hive and y = base ...(1) 
WITH THE SIDES 

Further AABC = AABD + AADC 
Let AD be the bisector of angle A and x and y be the portions L ee ee 1 Sle Ak i ee Pe, 
of base BC. From geometry 2 Z 2 
BD_AB_  x_y_xty__a -(75 sin A (2) <i - 
pC AC 2 b bee bee one a Gi) 
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abc 
= ——-cosec — = cosec— 
2R(b+c) 2 (b+c) 2 
Also @= ZBAD + B=A2+8B 
A 
d\ 
C b 
EC c 
a 
FIGURE 3.46 


m@ THE PERIMETER AND AREA OF A REGULAR 
POLYGON OF n-SIDES INSCRIBED INA 
CIRCLE 


Let DA, AB and BC be three successive sides of the poly gon 
of n sides. Let r be the radius of the circle OL is the bisector 
of ZAOB, then OL is perpendicular to AB and 

] 2m ] Tl 


Z AOB = ~ (2n)= — ». ZAOL = ~ ZAOB = — 
n n 2 n 


FIGURE 3.47 


AL = OA sin ZAOL =r sin 


n 
Perimeter of polygon = nAB = 2n.AL = 2nr sin — 
n 
Area of polygon = n(Area of triangle AOB) 
mr. On 
= — sin— 
2 n 


m@ THE PERIMETER AND AREA OF REGULAR 
POLYGON OF n-SIDES CIRCUMSCRIBED 
ABOUT A GIVEN CIRCLE 


Let DA, AB and BC be three successive sides of the 
poly gon of n sides. Let r be the radius of given circle. OL 1s 
perpendicular to AB 


In AAOL, AL = OL tan ~ 
n 


Perimeter of Polygon =n AB = 2n AL 


=2n OL tan = = 2nr tan & 
n n 


YN by, 


FIGURE 3.48 


Area of Polygon = n(Area of triangle AOB) 
= EAB) = nr et 
n 


m@ THE RADII OF THE INSCRIBED AND 
CIRCUMSCRIBING CIRCLES OFA 
REGULAR POLYGON 


Let DA, AB and BC be three successive sides of the polygon 
of n sides; OL 1s the bisector of ZAOB; therefore OL is 
perpendicular to AB. 

By geometry O is the centre of both the incircle and the 
circum circle of the Polygon. 

Let OA = OB = R (radius of circum circle) and OL = 


Anghtangle 2x |. 
————— = — radians 
n n 


r(radius of in-circle); ZAOB = 
1 T 
ZBOL = ZAOL = . ZAOB = — 
n 
If a be the sides of polygon, we have 


GoM OAL RG 
n 


a a T™ 
R=>22 7, = —cosece— 
2sin t/n 9 n 
D O C 
pz 
A L B 
FIGURE 3.49 


T T 
Again a = 2AL = 2.0L tan—= 2r tan— 
n n 


a a 1 
r= —— =-cot— 
2tannt/n 2 n 


Properties and Solution of Triangle < 3.43 


ILLUSTRATION 43: If A,, A,, A,, A,,A, and A, be the consecutive vertices of a regular hexagon inscribed in a unit 
circle. Then find the product of length of A, A,, A, A, and A, A,. 


SOLUTION: 4,4, = 1 


A, 
FIGURE 3.50 
—2 = 
> tA AA ee x1go° = © Peas ianne 
n 
By cosine formula cos 120° = (yA) + 44) = Aya) 
: 2AyA AA) 
2 
2 2x1x!1 


Similarly, AA, = V3 
(A A,) (AA,) (4,4, = 1x V3 x V3 =3 Ans. 
ILLUSTRATION 44: If the area of circle is A, and area of regular pentagon inscribed in the circle is A,, find the ratio 
of area of two. 
SOLUTION: Let r be the radius of circle and ‘a’ be each side of regular pentagon inscribed 1n cirlcle. 
A, = area of circle = ar’ ... (I) 
“ soe 


1 a 
and A, = area of regular pentagon = 5x (Ja cot 36°] r l 


a 2sin36° 


FIGURE 3.51 


2 2 2 
A ae {2 xtan3or = “F(T | tan 36° 
SI 


5 n36° 
vA 1 24 214 87 


x< = = = 
5 sin36°cos36° Ssin72° 5/10+2/5 
sown | V10+2V5 


A. 5a cot36° 5 


2 


4 


3.44 > Trigonometrry 


ILLUSTRATION 45: A regular pentagon and a regular decagon have the same perimeter, prove that their areas are as 
pe V5 


SOLUTION: Let a and bd be each side of regular pentagon and regular decagon respectively. A.T.Q. 


Sa = 10b>a=2b ... (1) 
D4 s 
A, _ area of regular pentagon _ ria core _ 2b? (? cos’ a 
Tene ane ne Pe era |, (re 7 a Rey 
A, area of regular decagon 10 b? cot 18° b 2cos" 18 


1 16 4 |] ,|14+V¥5] 2 


= 21-2. | = 21-—* | = | ~ 5 - Hence proved. 


ILLUSTRATION 46: A circle is inscribled in an equilateral triangle of side a find the area of any equilateral tnangle 
inscibed in the circle. 


SOLUTION: °.. AD = Altitude = Angle bisector (median) 


OD Ui, oa SO ee ge 
=r= —= or ~cot—=—= 
4 9/3 2 3 23 


2 
3 
Area of A GHI = 3 (ar AOHD = 3 Ga sin 120 = 3 Ge 2 = ee square units. 


FIGURE 3.52 


ILLUSTRATION 47: A circle is incribed in an equilateral A having each side = a units, An equilateral A is again 
constructed with in the circle, then find the length of each side of new constructed equilateral 
triangle. 


SOLUTION: From above example are a of new constructed equilateral tnangle. 


= Ba = by (x = each side new equilaterals) 


2 
a , 
=> x= AL => x =a/2 unit. 


ILLUSTRATION 48: In a A ABC bisector of LA meets BC at D and the circumcircle of AABC at G, then find the 
maximum value of AD.DG. 


SOLUTION: By properties of circle AD.DG = BD.DC 


Now, by A.M = G.M we have, oe > J BD. DC 


Properties and Solution of Triangle < 3.45 


FIGURE 3.53 


2 
a 


2 
> 52 JBD.DC = BD.DC | = AD.DG <= 
Maximum value of AD. DG = a*/4 
a+b+ec? 
ILLUSTRATION 49: Find the largest side of AABC that can be inscribed in a circle so that —.-——._—_____ = 64 
sin” A+sin° B+sin°C 
8R° (sin*A +sin? B+sin° C) 


“= 64 > R=8>R =2 units 
(sin? A+sin’ B +sin’C) 


SOLUTION: 


We know that the length of any side of A that can be inscribed in a circle has maximum value 
equal to the diameter of circle = 4 units. 


ILLUSTRATION 50: In a cubical hall G is the centre of cube and M/ is the mid point of one of the base edges, then 
find the angle subtended by GM with the base, given that each edge of cube is 10 cm. 


SOLUTION: In rt Ad AMLG, MG =VME+LG? = V25+ 25 = J50 = 5V2 cm 


iO eee ee 
Sny = FTF =. = : 
MG 5/2 2 


FIGURE 3.54 


ILLUSTRATION 51: Each side of an equilateral tnangle subtend an angle of 60° at a P at a hight H metre above the 
centre of A, then show that 2a*= 3H’, where a is each side of A. 


SOLUTION: Due to symmetry, AP = BP 
= AABP 1s also an equilateral A 


BP =a,OP=H 


OB a 
In AOBL, sec 30°= —— => OB = —sec30° 
a/2 2. 
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paeeeetens Jone 
Pee: pence he 
we a ' 60° 
"hd s 
* ‘ 
HH 


eof 


. ' 
- 
“Nw 


G L_<———- a/2 —__>> 
FIGURE 3.55 
Now in rt Zd A OBP 
2 2 
OB? + OP? = BP? => (<se030°) +H’? =a => a(S hea" =a => H* =a ~aa' 


=> H’= =a => 2a’*= 3H’ Hence Proved. 


ILLUSTRATION 52: In acyclic quardrilatral, find the product of diagonals in terms of sides of quadrilateral. 
SOLUTION: Let AC =p and BD =q 


a +bh*-—p’ a 
cos B = ———— > p =a’ +b’ -2abCosB .. (i) 
2ab 
FIGURE 3.56 
Also p* =c? + d’-—2cdcosD = c? + d’? + 2cd cos (x — B) = c* + d’+ 2cd cosB ....(1) 


a+ b?-2abcos B =c?+ &+2cdcosB 


ath aed 


=> CosB= 
2(ab +cd) 


ab(a’ +b’ -c?-d’) (a’ +b?)(ab+cd)-ab(a’ +b? -c? -d’) 
From @) p?=a + f= eh 
(ab+cd) (ab +cd) 
(a’ +b’ )ed +ab(c? +d’) _ ac(ad +bc)+bd(be+ad) a (ac +bd)({be + ad) 
(ab+cd) (ab+cd) (ab+cd) 


a (ac +bd)(ab+cd) 
7 (ad + be) 


. p*. g’?=(ac + bd) = p.q = (ac + bd). 


Product of diagonals of a cyclic quadrilateral 1s equal to sum of product of opposites sides 


Similarly, g 


Properties and Solution of Triangle < 3.47 


ILLUSTRATION 53: If a regular pentagon and regular decagon have the same perimeter, then find the ratio of their 


areas. 

SOLUTION: Let 5a = 10b = p (perimeter) 
> a= Pep -~P 
5 10 


area of regular pentagon = | xc (< ct 36°) 


\Zl 


Sa ae B 


5 
A, = —q’ cot36° 
4 


FIGURE 3.57 
E cot36°= > OL = AL cot36° = Scot36°| 
AL 2 


and Area of regular decagon = 10> xbx ao 8° | 


10 


A= — ph’ cot 18° 
4 
A, _ 1 a’ cot36° _ 1 (n)2 cot36° cot36°_ | _1—tan* 18° 
7 cot 18° cot 18° 2 tan 18° cot 18° 


rs 2B? cotl8° 2 


1 — tan? 18° 
2 2 


7 25-1005 25-10J5 |) _ 7 
= | = (ae =a (1-25) = 215 ee 


A quadrilateral ABCD in which AB = a, BC = 6, CD =c and DA = dA circle 1s inscibed 1n it 


ILLUSTRATION 54: 

ee ' ad —be 
and another circle is circumscribed about it, then show that cos A = 
ad+be 

a+d’—p’ c* +b? — 

SOLUTION: cos A = ——————.cos (x— A) = —————_ 
2ad 2p? 2cb 
— Cc — 
pos => p?=a’ + & —2ad cosA ; p* = c? + b’?+ 2cb cosA 


cA = 
en 2cb 
2ad cosA = c? + b*+ 2cb cosA => 2cosA (— ch— ad) = b? + ¢?-a’ - & 


a +d’ -—b*-¢’ 
2(ad + bc) 


=> a*+d*- 
—b? —c* +a’ +d’ . 
.. (4) 


al 2(bc + ad) 
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ILLUSTRATION 55: 


SOLUTION: 


ILLUSTRATION 56: 
SOLUTION: 


FIGURE 3.58 
AL = AP 
BL=BM | >a+c=d+b 
yy = pp (gad = be 
CN =CM 
(ad — bc) 


> @+@-b*—c’=2(-be+ad)=> cos4 =’. 
ad +be 


If ris the radius of incicle of a mght angled A having nght angle ZC and R 1s its circumradius, 
then prove that 2 (r+ R)=a+ b. 

CL =CM,; LB = BN, AM =AN 

=> AC + BC =AM+MC+CL+LIB=AN+r+r+BN=AN+ BN + 2r 

= AC + BC =AB + 2x 


No >a’°+a@-2ad=b’? + c’?-2bec 


FIGURE 3.59 
> b+a=c+2r > b+a=2R4+2ra27r+R)=at+b. 
A circle is inscribed in an equilateral A of side 4 unit. Find the area of square inscribed in this circle. 


Let ABC be a A of each side 4 units and a circle of radius (r) be inscribed in AABC, having its 
centre at O. Since the A is equilatral, the incentne O, centroid and ortnecentre coincide. 


FIGURE 3.60 


Properties and Solution of Triangle < 3.49 


‘. DE = 2r units and area of square = — 


2 
l l (4) 
Now, r=OE= we ==] (AB? { (BE) j = 3V 


2 \ 3 
Area of square = 2 =.) = aoe units 


V3 


Can the sides of a quadrilateral (not necessarily taken in order) be in AP in which a circle can 
be inscibed? 
{EB = BF, AE = AH, DG = DH; GC = CF} Adding we get 

D 


=vis=4 =- 3v12 = 5x23 


ILLUSTRATION 57: 


SOLUTION: 


G C 
( } 
A E B 


FIGURE 3.61 


AB + DC =BC +AD 


which is not possible if the sides are in AP 1n order, as AB = a, BC =a + d, CD =a + 2d, AD = 
a+ 3d=> AB + CD =2a + 2d where as BC + AD = 2a + 4d but possible if they are in any order. 


eo. lAB=a—3d,CD—a-+ 3d 
BC =a@a—d and AD =—a+ d, then AB + CD =SBC +AD = 2a 


TEXTUAL EXERCISE-5 (SUBJECTIVE) 


1. 


Find the sum of the radii of inscribed and circumscribed 
circles for an n sided regular polygon of side a. 


In a A ABC, find the minimum value of tan? (4/2) + 
tan? (B/2) + tan? (C/2). 


2. The area of a circle is A, and area of a regular pentagon 8. Ifa,,a,,...,a, are the sides of polygon A, A, A,....A, then 
inscribed in the circle is A,. Then find the ratio 4: 4, a a eee 1 : 
“ 7 1 Z eee n-l 
3. Find the ratio of area of the circle and the regular oe a’ ‘s n—-l- 
poly gon of n sides and of equal perimeter. 
9. In a AABC, ZA = 30°, BC = 2 +¥5, then 


A circle is inscribed in an equilateral triangle of side 
a. Find the area of any square inscribed in the circle. 


Three equal circles each of radius r touch one another. 
Find the radius of the circle touching all the three 
given circles internally. 


If the lengths of medians AD, BE, CF of A ABC are /,, 
[, and /, respectively. Then show that os < yi < 3s. 


10. 


distance of vertex A from orthocenter of A is 


(Vi +Vk+1)Ve-1 then k equals 


I, 1s the area of n sided regular polygon inscribed in 
a circle of unit radius and O,, be the area of the poly- 
gon circumscribing the given circle, prove that I, 


“oi-F)) 
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11. Show that in any triangle the distance d between 
the in-centre I and circum-centre S is given by 
d? = R? — 2rR where R 1s the circum-radius and r is 
the in-radius. 


12. Let ABC be a triangle with altitudes h,, h,, h, and in- 


ae a 
ht+r,h,t+r 


h,+r 
radius r. Prove that ——— + + 3 _>6 


—-r h-r h, 


13 Three circles whose radii are a, b, c touch one another 
externally, and the tangents at their point of contact 
meet in a point. Prove that the distance of this point 


from either of their points of contact 1s 


C 
at+b+e 


14. A,A,A,..........A, 1s a regular polygon of n sides cir- 
cumscribed to a circle of centre O and radius a. P is 


any point distant c from O. Show that the sum of the 


Answer Keys 


squares of the perpendiculars from P on the sides of 
the polygon is n G S| 


15. In a AABC, r,, r,, r, are the radii of the circles 
which touch the incircle and the sides emanating 
from the vertices A, B, C respectively. Prove that 


tity + Alfeto + {tory =F 


16. Let points P,, P,, ...., P__, divide the side BC of tn- 
angle ABC into n parts. Let r,, r,,....., 1, be the radii 
of inscribed circles and let p,, p,, ...., p, be the radu 
of escribed circles corresponding to vertex A for the 
triangles AB P,, AP,P,, AP_C and let r and p be the 


corresponding radu for the AABC. Show that : al. 
i Pp, P; 


TEXTUAL EXERCISE-5 (OBJECTIVE) 


1. In an acute angled triangle ABC, AD and AM are the 
median and altitude respetively. 


Then DM = 
2 — ph? 2 b? 
@ 2 ob) © 
2a 
la’ _¢? 
(c) oa (d) None of these 


2. Ina AABC, AD, BE and CF are the altitudes and R is 
the circum radius, then the radius of the circle DEF 1s 
(a) R43 (b) RA 
(c) R/2 (d) None of these 

3. Aright angled AABC of maximum area 1s inscribed in 


a circle of radius R, then which of the following state- 
ments 1s correct? 


(a) A=R? 
(b) r= (/2-1)R 

ee eee ee | 
(c) ae a a 


(d) gs =(1+V2)R 


4. A circular ring of radius 5 cm 1s suspended horizon- 
tally from a point 12 cm vertically above the centre 
by 4 strings attached at equal intervals to its circum- 
ference. If the angle between two consecutive strings 


be 0, thenvcos@ is: 


5 12 
(a) D (b) 13 


5 
(c) Bb (d) None of these 
5. k non-overlapping regular polygons of n,, n, ...n, sides 
have one vertex in common so that no gap 1s left at 
k 
that vertex, then ye is equal to 
i=] Nn, 
(a) k/2 (b) (k—2)/2 
(c) (kK + 2)/2 (d) None of these 


6. The area of cyclic quadrilateral PORS is 4V3 
units. The radius of the circumcircle of APQR 1s 2. 
If PO = 2, QS = 2N3, then the value of product QR 
and RS is 
(a) 12 
(c) 8V3 


(b) 8 
(d) None of these 


Te 


9. 


10. 


The sides of a triangle inscribed in a given circle sub- 
tend angle wy, 0, @ at the centre. The minimum value 


of the A.M. of cos (y +4) , COs (« + 4 , COs (4 + 4 is 


equal to: 


3 3 
(a) > (b) > 
(c) < (d) None of these 


For a regular polygon, let r and R be the radi of the 
inscribed and the circumscribed circles. A false state- 
ment among the following is 

v3 


(a) There is a regular polygon with = a 

(b) There is a regular poly gon with = = : 

. as 

(c) There is a regular polygon with R a 
2 


(d) There is a regular polygon with = ae 


Let A, A, A,, A, be the areas of the inscribed and 
escribed circles of AABC, then: 


(a) JA, +A, +A, =Vn (4 +7 +7) 
(b) JA, +4, +4; =v2(4R +r) 


l ] l l 
° la a le Va 


l l KY 


l — 
OTR TA VA Veane, 


Let H be the orthocentre of tnangle ABC then angle 
subtended by side BC at the centre of in-circle of 
ACHB 1s: 


(a) “+90 (b) 2 © +90 
(c) ues + 90 (d) None of these 
Answer Keys 
1. (b) 2. (c) 3. (a, b, d) 4. (b) 5. (b) 
10. (b) 11. (c) 12. (a) 13. (a) 14. (b) 


11. 


12. 


13. 


14. 


15. 


16. 


Properties and Solution of Triangle < 3.51 


A point 0 1s selected at random inside the equilateral 
triangle. If sum of lengths of perpendicular dropped 
on sides from Q 1s P, then length of altitude of A 1s- 


P P 
(a) > (b) 3 
(c) P (d) None of these 


If the diameter of an ex-circle be equal to the perim- 
eter of the triangle then the triangle is- 

(a) Right angled 

(b) Isosceles 

(c) Right angled isosceles 

(d) Equilateral 


A regular polygon of nine sides, each of length 2 1s 
inscribed 1n a circle. The radius of the circle is 


1 1 
(a) cosec (=) (b) cosec (=) 


1 1 
(c) cot{ =] (d) tan (=) 


A pole stands vertically inside a triangular par A ABC 
._ If the angle of elevation of the top of the pole from 

each corner of the part is same, then in AABC’ the 
foot of the pole is at the 

(b) circumcentre 

(d) orthocentre 


(a) centroid 
(c) incentre 


If distance between incentre & one of the excentre of 
equilateral triangle is 4 unit. Then inradius of triangle 
1S: 

(a) 2 unit 


(C) 


(b) 1 unit 


= unit (d) Duals 
y) 2 


If r, r., r, are the radii of the escribed circles of a 


ane” aS 


triangle ABC and r 1s the radius of its incircle then 
the root(s) of the equation x* —r(r, + rr, + 17,)x + 


rrr, — 1 =0 is/are 

(a) | (0) ari e, 

(c) r (CM ot ace | 
6. (a,b) 7. (c) 8. (d) 9. (a, b, c, d) 
15. (b) 16. (a, d) 
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MULTIPLE CHOICE QUESTIONS 


SECTION-I 


OBJECTIVE SOLVED EXAMPLES 


1. In a triangle ifr, > r, >r,, then 


(a)a>b>c 
(c) a> bandb<c 


(b) ax b<ece 
(d) axbandb>c 


Solution: (a) We have r, > r, > 1, 


+ A_A_A 


] ] 
> > 
s-a s-b s-c 


Dividing each by A, then 
=> s-a<s-—b<s-—c (subtracting s from each) 
=> -a<-b<-cDa>b>c 


. If ina A ABC ; sinC + cosC + sin(2B + C) — cos 
(2B + C) = 2V2, then 

(a) triangle is nght angled 

(b) triangle is equilateral 

(c) triangle is isosceles 

(d) triangle is isosceles nght angled 


Solution: (d) We have 
sin C + cosC + sin (2B + C) — cos(2B + C) = 2V2 


= [sin(2B+C) +sinC]+[cos C — cos(2B + C)]=2V2 
=> 2sin(B+C) cosB+2sin (B+C) sin B = 2V2 

= sin(180° — A) cosB + sin(180° — A) sinB = /2 
= sin A (cosB+sin B)= af 

=> sind (cs nee B= 


aan) 


= sin Asin( 24 8 |= 


It 1s possible only when sin A =] and sin (* + B) =| 


=> ZA =90° and 7B = 45° then ZC = 45° 
Hence AABC 1s isosceles right angled triangle. 


. The radius of the circle passing through the centre of 
incircle of ABC and through the end points of BC is 
given by 


(a) (b) . sec A/2 


N |S 


(c) 5 sin A (d) asec A/2 


Solution: (b) ZBIC + ZBDC = 180° 
“«. ZBDC = 90° — A/2 C. ZBIC = 90° + A/2) 


Let O be the centre of the required circle and R, is the 
radius. 
Then ZBOC = 2 ZBDC = (180°- A) ; BC = a. 
In A BOC, 

R?’+ R’,-a@ 
cos(l80°—A)=" app 


1 


2R,R, 
=> -2Ricos A = 2R)-a@ 
=> a’? =2R7(1+cosA) > a” =4R/ cos’ A/2 


2 


=> R = see? A/2 > R, =F sec A/2 


. Three equal circles each of radius r touch one another. 


The radius of the circle touching all the three given 
circles 1s 


(a) (2+43)r (b) GS), 
2-~3 
a, (d) (2-~3)r 


(c) B 


Solution: (b, c) ADEF is equilateral with side 27, let 
the radius of circum-circle of triangle DEF be R.. 


3 2 2 
Now, area of A DEF = Be (2r)° = V3r 


~ Po maar ah 3 pyse [. a= Se) 
4R, 3 4R 


Radius of the circle touching all the three given 
circles = R, t+ rorR—r 
,2r_ Qtr. _ @-v3)r 

V3 NB V3 


. The pernmeter of a A ABC is 6 times the arithmetic 
mean of the sines of its angles. If the side a1s 1, then 
the angle A is 


(a) 7/6 (b) 2/3 
(c) 2/2 (d) x 
Solution: (a) We have, 
6(sin A+sin B+sinC) 
al rr ae 
> k(smA+snB+ sn C)=2(sn A+ sin B+ sin C). 
a b Cc 
where k = ———= 


sinA sinB ~ sin 
> k=2[- sn4+snB+snC £0 | 


=2>smnA=1/2>A=176 


sin A 


A bt+e 


. If cot a , then the AABC is 


(b) equilateral 
(d) None of these 


(a) isosceles 
(c) right angled 


Solution: (c) 


A b+ec cos A/2 sin B +sinC 
cot — = — a = 
2 a sin A/2 sin A 

. (B+C B-C 
2 sin cos | ——— 
cos A/2 2 Z 
pe NY 
sin A/2 05; A A 
sin — cos — 
2 2 


COS cis COS (= <) 
a 2 2 


ee igs 
2 


=> =——— >A=B-C 
2 


. Ina AABC, a, c, A are given and b 


Properties and Solution of Triangle < 3.53 


> A+C=B 
But A +B +C =m. Therefore, B =~ 


~Ife=a2 +b,2s=at+b-+c, then 4 s(s—a) (s—b) 


(s — c) 1s equal to 
(a) s* (b) b? ¢? 
(d) a bh 


(c) ca" 
Solution: (d)c*=a*+b?> ZC => 
] l 
A =—ab sin C =—ab 
2 2 


=> /s(s—a)(s—b)(s—c) = =ab 


=> 45s(s—a)(s—b)(s—c)=ab’ 


. In a triangle the length of the two larger sides are 


24 and 22, respectively. if the angles are in AP, then 
the third side is 


(a) 12+ 2V13 
Cy) 263-40 


(b) 12-213 
(d) 2/3 -2 


Solution: (a, 5) As the angles are in AP, therefore 


2B=A+C>3B=At+B+C2D>B=60° 
>A+C = 120° 
Therefore either a is the smallest side or c is smallest 


side. Let c be the smallest side. Then the two larger 
sides are a and b. Let a = 24, b = 22 


Now p=coe See 
2ac 2 
ee ie a eee 
A8c g) 


» 5, are two values 


of the third side b such that b, = 2b, Then sin A = 


(a) 9a” —c° (b) 9a -—c’ 
a a aa a 
Sa~ &c- 
9a +c" 
(c) a ae (d) None of these 
Sa” 
: be+c-a 
Solution: (b) We have: cos A = 7 
C 


=> bh -—2bcecos A+(c* — a’) =0 (quadratic in 5) 
It is given that 5, and 5, are roots of this equation. 


Therefore b, + b, =2c cosA and bb, =c’-a’. 
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10. 


11. 


=> 3b,=2ccosA and 2b =c’-a 


[ 5, 26, given] 


> 2(—cos 4) =(’-q 


=> 8c7(1—-sin* A)=9c* -—9a’ 


Cc 


> sin A= ( InaAsin A>0O) 


In a AABC, a, b, A are given and c, c, are two values 
of the third side c. The sum of the areas of two tri- 
angles with sides a, 5, C, and a, b, C, 1S 

(a) (1/2) b? sin2 A (b) (1/2) a sin2 A 

(c) 5? sin 24 (d) None of these 


Solution: (a) Since we know that 


ce +b*-a’ ; eg 
———->c -2bccosA+b -a =0 
It is given that c, and c, are roots of the equation. 
Therefore, c, + c,=2 bcosA 
andc,c,=b’-a@ 
=> k(snC, +sinC,)=2ksin Bcos A 

C.” sinB, = sinB, = sinB (say )) 
> sin C, +sinC, =2 sin Bcos A 


Now, sum of the areas of two triangles 


= Sah sin C, Py, sin C, 
2 2 : 
=> =a (sin C, + sin C,) = ab(2 sin B cos A) 


=ab sin Bcos A=(b° sin A) cos A=—b* sin 2 A. 


If the area of a 
A ABC be A, then a’ sin 2B + b* sin 2.4 is equal to 


(a) 2X (b) 4A 
(c) A (d) None of these 


Solution: (b) a? sin 2B + b* sin 2A =2 a’ sin B. cos B 
+ 2 b* sin A cos A 


2 2 


a e6e BR E608 
R R 


smd | _ snB 
“ q@ 2R 5 


Soa ashbes and 
R R 


= (3 be sin A) = 4) 


12. 


13. 


In a A ABC, B = n/8 and C = 52/8, then length of 
altitude (p) dropped from A 1s 

(a) a/N2 (b) 2a 

(c) 1/2 (6b +c) (d) None of these 


Solution: (a) 


Benet eae p= ae 
as Boe ge Pee aJ2 
b 

Also SSR SORES 
ot . Sn 
sin — sin— sin — 

4 8 


= b= asin ®,¢= 2a sin 


>». te. ST 
2a sin —sin — 
8 8 


rt ann 


In a A ABC, the line segments AD, BE and CF are 
three altitudes. If R 1s the circumradius of the A ABC, 
then a side of the A DEF will be 

(a) Rsn2A (b) cos B 

(c) asinA (d) bcos B 


Solution: (a, d) From Geometry 
ZAOF = B, ZAOE =C 
Also OF = bcos A.tan(90 — B) 
= bcosA.cot B=2Rcos Acos B. 


Similarly, OH =2 Rcos AcosC. 
In AOEF, cos(B+C)= OE + OF EF 
2. OE. OF 
4 R’cos’ A(cos’ B + cos’ C) — EF’ 
=> -cos 4 = AS 


8 R* cos’ Acos B cosC 
= EF*=4R’ cos’ A [cos B +cos’C +2cos A. 


cos B.cosC | 


= 4R? cos?A sin’A 


14. 


15. 


16. 


(because in AABC cos’B + cos?C + cos?4 = 1 —2cosA4 
cosBcosC) 


a 


EF =Rsn2A = sin 2A = acosA. 


sin 
Simillarly, DF = bcos B. 


The sides of a triangle are in the ratio 3 : 4: 5, the 
relation between r and R for the triangle 1s 


(a) r=o ) r= 
a eae 5 
R 
(c) r= 3 (d) None of these 


Solution: (b) Clearly, the A is a nght angled triangle. 
Let the sides be 3k, 4k and 5k.The area of the triangle 


(3k)(4k) _ 6h 
2 
iene a 
emi perimeter = 6k > r= —— =k an = 
2R 
== ald orr = — 
5 
In any traingle ABC; eee has the maximum 
value 
(a) 3 (b) 6 
(c) 9 (d) None of these 


at+bh*+c 


Solution: (c) In triangle ABC, 5 = 4 


[sin7A + sin?B + sin?C] 


] 
= 8 [1 + cosd cosB cosC] < 8 +z =9 


In a triangle ABC, if P, Q, R divide sides BC, CA 
and AB respectively in the ratio k: 1 (an order). If the 


[ee POR 
ra ——— 


l 
is — , then k 1s equal to 
area ABC 


3 


(a) | 
(c) 1/2 


(b) 2 
(d) None of these 


Solution: (b,c) Area of triangle 


b ke 1. 


kA 
.—sin A => 
(k+1) (k+1) 2 


(k+1) 


ARO = 


kA 


Similarly, ar (A BPR) = ar (A PCQ) = (k+l? 


17. 


18. 


Properties and Solution of Triangle < 3.55 


Ae 3kKA k?-k+] 

=> ar (APOR)= "e412 42k 41 
ey ee | al 

Ratio = ke +2k +] 3 >k=2ork= 1/2 


In a right angled triangle, the acute angles a, f 
are satisfying tana + tanB + tan? a + tan? B = 4. 
If the hypotenuse is of length ‘d’, then the area of 
the triangle is 


Bo, 8 
(a) a (b) g d 

d’ 
(c) = (d) None of these 


Solution: (c) Here a + 8 = 90° and tan a + cot a + tan? 
a+ cot a =4 (given) 


l 5%, J 
Let tana=y> (y42}a{s3 rie)=4 
y y 


E i Sore Soa ee 2 forx = 1 


x x 
> y=l>a=f= r 

; . d° 
Hence area of an isosceles nght angles triangle = re 


roe“ 


If in a tnangle By Rae where 1, 7., r,, 7, have their 
3 


1 2 oS 
usual meanings, then 
(a) A = 90° 
(c) C = 90° 


(b) B = 90° 
(d) None of these 


r, 


a 
Solution: (c) Given that — — 
i 


A(s—a)  A(s-—c) 
sA (s—b)A 
=> (s —a) (s — b) = s(s —c) 


=> ab=s(a+b—-c) 
=> a+ bh=c? a> the triangle 1s nght angled at C. 
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19. If the sides a, b, c of a triangle ABC are respectively 


| B C A 
k| ,{cot—cot——1 | cos— 
2 2 ae 
k foot cot = -1 ane 
2 pp 2 
A B C 
and * Sree ra Nee 7» then k is equal to 


(a) 2VRr (b) 2A +7) 


(c) 2(R—r) (d) - 
r 


Solution: (a) In AABC, a = 2R sin A 


> k foot cot <-1 se a 
2 2 2 2 2 
> k= AR sin sin sin — >k=2/’VRr 


20. Ifa, 5, c, are the sides of a triangle, then the minimum 


+ + 
value of ean pa ae is equal to 
(a) 3 (b) 6 
(c) 9 (d) 12 


Solution: a Given expression 1s 


as 2a 3 
p i S)-3 


—= a 


Now, as (a+ 6+ c) = 2X(6 + c— a). 


Applying A.M. = H.M. 
3 


Minimum value of the expression = , x9- = =o 


21. Let in AABC, x, y, z are the lengths of altitudes drawn 
from A, B, C respectively. If x, y, z are in A.P. then 

(a) cosA, cosB, cosC are in A.P. 

(b) cosA, cosB, cosC are in H.P. 

(c) sind, sinB, sinC are in H.P. 


(d) sind, sinB, sinC are in A.P. 


Solution: (c) A= te a 2A _ 2A A 
2 a 2Rsin A Rsin A 
Milde 
Rsin B RsinC 


22. 


23. 


Given x, y, z are in A.P. 


A A A 
RsinA’ RsinB’ RsinC 
=> sinA, sinB, sinC are in H.P. 


In triangle ABC if ZA = 60° and AD 1s the angle 
bisector, D 1s point of BC, then length AD 1s equal to 


" 2be 
(b) b+ 


are in A.P. 


J3be 


(c) ice (d) None of these 
Solution: (c) Area of AABC = Area of AABD + Area 
of AADC 


bc sin 60° = =cAD sin 30° + =bAD sin 30° 


wie V3be 


=> be NEG +c)AD > AD = 
2 2 b+c 


— 


A 


D 
a 


In an acute angled triangle ABC if cos A, 1 — cosB, 
cosC are in A.P. and sin 4 + sin C = 1, then ZP 1s 
equal to 


T 
(a) (b) 3 


Ql\la bla 


(c) (d) None of these 
Solution: (c) Given cos A + cos C = 2 (1 — cosB) 


A+C A-C >: 
cos ——— = 4sin° — 


=> 2cos 


sin 2 cos 
aa, 


eee. #0 so cos = ane 
2 2 


multiplying both sides by 2 cos ~. 


we get 


ae =2sinB 


2cos a Cos 
2 


24. 


25. 


26. 


A+C A- 


2 sin cos =2sinB > sn Aes sin C = 


2sinB => sin B= : = B= 


Two sides of a triangle are given by the roots of the 
equation x’—2V3x + 2 =0. The angle between the sides 
is 7/3. The perimeter of the triangle 1s 

(a) 6+N3 (b) 2V3 + V6 

(c) 2V3 + 10 (d) none of these 


Solution: (b) Here a + b = 2V3, ab =2,C = 13 
a +b?-c¢ 
2ab 
or, (a + by? — 2ab — cc? = ab or, 12-4-¢’ 

=2o0r,c = V6 
Perimeter = a + b + c = 2V3 + V6 


In a AABC, cosB cosC + sinB sinC sin?A = 1. Then the 
triangle is 

(a) right-angled isosceles 

(b) isosceles where equal angles are greater than 7/4 
(c) equilateral 

(d) None of these 


cos C = >a+hb*-c?=ab 


= 1—cos BcosC 
Solution: (a) siv’?A = Ben 
=> cos(B-C)2 1 


cos (B—C)=1 =cos0 -. B=C 
1—cos’ B 


= =1> 24 =90° 
sin’ B 


sind = 
A 1s right-angled isosceles 


In a triangle the lengths of two larger sides are 10, 9 
respectively. If the angles of the triangle are in A.P., 
then the length of third side can be 

(a) 5-6 (b) 33 

(c) 5 (d) None of these 


Solution: (a) Let in AABC, A is largest angle and C 1s 
smallest angle, then a = 10, b =9 


alsoA4+B+Cz=azand2B=A+C 


T 21 
>B=—,A+C=—; 
3 3 
a +c —b | 100+c’ -81 
cos B = ————_. 3 — = —— 
2ac p) 20c 


> 7+19=10c >c’?-10c + 25=6 
=> (c-5Y%=6>5c =5+%V6 
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27. The median AD of a triangle ABC 1s bisected at FE, BE 


28. 


29. 


meets AC in F; then AF: AC = 
(a) (b) 


(C) (d) 


wl e Rw 


Soluti ie 
OLUTION: Clee oo 
FC 


and let D (0, 0), B (-a, 0), C(a, 0), A(A, &), then 


ub 
| 


A(h, k) 


Ba poo a (49%) 


(hk) (hath _k 
= ee ae yee aay | 


Now, B, EF, F are collinear 


Kath ik 
=> 7. iy Se ee 
— — |] 2 AC 3 
2 2 
—a O | 


The lengths of sides of a triangle are a— b, a + b and 
V3a°+b* (a> b> 0). The sine of its largest angle is 
l l 
a) — b) -= 
(a) - (b) 5 
B 3 
c) — d) -—— 
(c) 5 (d) 
Solution: (c) Let p = a-b,q =a+b, r= V3a°+b° 
2 +9 _/? 
Greatest angle 8, cos = fae. ae 
Pq 2 


21 3 
=>) = — S66 0 = —. 
3 2 


If a,b,c are the sides of AABC and sin® and cos@ are 
the roots of equation ax? — bx + c = 0, then cos B 


equals 
Cs (b) —-1 
a 2a 


me (d) 145 
a a 
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30. 


31. 


Solution: (b) sinO0 + cosO = 2 ; sind —cos0 = = 
a a 


(sinO + cos0)? = 1+ 2sin0 cosO = eae 


a 
2 


° C 
=> —=14+2-— 
a” a 
=> b =a’ +2ac 
=> b—-a@=2ac 
2 2 
ate-b’ ¢ —(b —a’) c’ —2ac 


2ac 


(5 


In a AABC if r, = 2r, = 3r,, then which are correct? 
(a) cosB = 9/15 (b) cosC = 4/5 
(c) AABC is art. AdA (d) None of these 


Solution: (a,b,c) r, = 2r, = 3r, = k (say) 


Now cosB = 


= pekire tse ® 
2 3 
A A k A &k 
=> = = =— 
s—a s-b 2 s-c 3 
A 2A 3A 
=> (s-a)= — 5s—b = —3s-c=— 
k k k 


=> (S—a)=A;8s—b=2h;5—c =3); where dA =A/k 
Adding we get, 3s—(a+b+c)=6A 


=> 3s—2s=6A>585=62K 
=> a=5r;b6=4);c¢=3K 
ie ee ee ee 
2bec 2ac 
ae ee eae 
cosc = 
2ab 


= cosd =0; cosB = 9/15 ; cosC = 4/5 
Ifin a AABC (r, —1r,) (*,- r,) = 2r,r,, then the AABC is 


2" 3? 


(b) obtuse angled 
(d) mght angled A 


(a) Acute angled 
(c) equilateral A 


Solution: (d) Given (7, —r,) (r, —7,) = 21,7, 


i: xe wot pe 


> ras 


32. 


33. 


(b—a) (c—a) = 2 (s—ay => 2(b-a) (c—a) = [2s — 2a]? 
2 (b—a) (c—a) = [b + c— al? 

2 (be -—ab-act+@)=BhRP +c? +a@ 4+ 2be - 
2 ca—2ab 


YW Ud 


AABC is art. Ad A 


In an equilateral A, the ratio of inradius, circumra- 
dius and one of the exradi1 is 

(a) 1:2:4 (b) 2:3:4 

(c) 1:2:3 (d) None of these 


Solution: (c) Let a be the side of equilateral A 


abc a a 
Also R =— = ———_- = — 
& ‘ V3 
4| —a 
4 
B 
47 3 3 
p= 2 4 = — ra= 33g 
sS-a al2 4 2 
3 
Also r, = =r,= See =—a 
nh ion S—-c s-a 2 
a a 3 
r:R:r=r:Rir, =r:Rir, = —=:—>:—a 
1 2 3 a3 [3 y) 
SG 
2 2 
If in a AABC a’? + c? = 201367, then the value of 
cot A+cotC 
————— equals 
cot B 
1 l 
a) —— b) —— 
2 2012 ”) 1006 
(c) 2012 (d) 1006 


Solution: (b) 
cotA+cotC _ (cos AsinC + sin AcosC) «i 


: in B 
cot B sin AsinC cos B 


7 sin(A+C)sin B 7 sin|z— B|sin B 
~ gin AsinCcosB sin AsinC cos B 
sin’ B 


sin AsinC cos B 
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b? b? Solution: (a) «.. Greatest side is ‘a’ 
SS  —  ——————— C 
AR? |S Joos 2 GEOSE 
2R )\2R 
_ 2b° = 2b° 7 2b° $ b 
2accosB a +c —b 2013b°-b° 
= 2b° e 1 B a aN 
2012b* 1006 
. . . => £A=90° 
. If P is a point on the altitude AL of AABC such that ee 
ZPBC = B73, then the relation between Ap (= x) and 
BP(= v) ; . sinC =cla 
( Ri - “ye os 2tan(C/2) _¢ 
Ee ee Oe ee > 14tan2(C/2) a 
(c) Pr +e =C (d) None of these 


2at = ct? +c; where t = tan C /2 
Solution: (b) In AABP, by sine formula, cP? —2at +c =0 


AP BP AB ye 2at+~V4a’— 4c? 


YU 


a “2 sin(90°- B) — sin(90° + B/3) 2c 
: = __ 2atya(a’~e’) dat Ah? 
2c ZC 
atb 
> t= 
tan C/2 = sid or si 
C C 
If tan = = | [By A inequality] 
C C 
= AP = BP = Cc C C 1X 1X 
7 7 . tan—>lo>—>—>C>— 
sin 2 © 908B cos B/3 7 7 A 
which is impossible for right AdA 
3 7 
-, AP = csin2B/ BP = ccosB . en b 
cos B/3 cos B/3 - 9) C 
_#B 2 
= AP= ae ol = c| 4cos B/3-3| 36. In a AABC, > sin A = Lad: >) cos A= aoe, if the 
* ht triangle is 
= | 4(1- sin’ By 3)- 3 (a) equilateral (b) right angled 
- 4,., ; . 
Z e[1- Asin? B /3] es (c) isosceles (d) right angled isosceles A 
c Solution: (d) In an equilateral A, A = B = C = 60° 
] 2 ] 2 
= c-—(2esin B/3)’ = c~—(AP) = Ysina= Bere 
i oa An equilateral A is also isosceles A. 
ee ny eee So, ABC can’t be an isosceles A as it is the exam- 
> P+ey=c? ple of special isosceles A which doesnot satisfy 
; a the given data. 
. If in a right angled A greatest side is ‘a’, then If ABC is aright angled with ZA = 90°, ZB = 60° 
tan(C/2) equals IC=30° then 
a-—b a+b 3 a 3 
(a) (b) Se 
i “ y. -2 De “2 


+ 
(c) OS cd possible) (d) None of these = al rac) #1+/2 
c 2 
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37. 


If ABC is right Ad isosceles, then let 
A = 90°, B = 45, C = 45° 


=> Ysind=14+e4 alti 


and FeO 


a 


AABC must be an isosceles right Aed A 


If ina AABC, » sin3A = 0, then at least one angle of 
AABC is 
(a) 60° 
(c) 90° 


(b) 30° 
(d) 45° 


Solution: (a) Y'sin 3A=0 
=> sin34 + sin3B + sin3C =0 


aa) 4 
=> 2sin a cos a + 


3C 
2 sin —cos— = 0 
2 2 


= 2sin (x - C)cos—(A — B)+2sin es 0 
yy) 2 2 2 


=> 2sin| 2-3 loo (24-3). 
Zz 2 2 


3 é 
eee eS =() 
2 Z 
3C 3A © 3B ~ 3C 3C 
=> -—2cos—cos| — + 2sin —cos— = 0 
2 2 ey 2 2 


3C | . 3C 3A 3B 
=> 2cos—| sin —-— cos} —-——]|=0 
Z y Z 2 


= epee sin 3 a_(A+8) - cos 2-5) =0 
p) 2 2 2 2 


3C 3A 3B 3A 3B 
=> 2cos—|-—cos| —+— |-cos| ——- — 
2 3 2 2 a 


3C 3A 3B 
=> -—cos—| 2cos—cos— |= 0 
2 2 2 


3A 3B 3C 
=> cos—— or cos——or cos—— = 0 
2 2 2 


34 nw 3B wn 3C 2 
— = 6r — = or —_— = — 
2 2 2 wy 2. 2: 
=> We n= ore = 


= At least one angle of AABC is 60° 


38. If in a AABC Y' cos 3A =1, then exactly one angle of 


Ais 
(a) 60° (b) 30° 
(c) 120° (d) 150°- 


Solution: (c) Y'cos3 ] 
=> cos3A + cos 3B + cos3C = 1 


=> 2e0s{ A*2? leos( AS °F) 0083 =] 


=> 2eos=[n-C CJoos{ 4-5] + c0530 =1 


= 2eos{ 5 lcos( SAF) 41 2sin~ Oe ay 
2 2 Z 


2 2 
=> -2sin 5 o0s( 4-5) asin? = =o 
Z Z Z a 
3C 
=> —2sin— 
2 


3A 3B . | 34 34 3B 
cos | —— — |+sin| —-—| —+— ||=0 
2 2 2. 2 2 
ae 3A 3B 3A 3B 
=> -2sin—| cos} —-—-— |-—cos| —+—||=0 
2 2 2. 


> ign it ge 0 
2 2 2 


3B 3C 
=> sin—sin—sin— = 0 
2 2 2 
= either oF eo” he ua = 180° 
2 2 : 
=> AorBorC = 120° 
But exactly one of A,B and C can be 120° 


- InaAABC, ZA = 30°, BC = 4 cm, then the distance 


of vertex A from orthocentre is 


(a) - (b) 2V3 
(c) 4/3 (d) None of these 


Solution: (c) We know that the distance of vertex A 
from orthocentre 1s given by 2R cosA 


=2R cost = 28{ |= V3R....(i) 


By sine formula 
J 2/9 Res ae aR 3 
sin A sin 30 (5) 


=> R=4 .. from (1) reqd distance = AN3 
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SECTION-II 


SUBJECTIVE SOLVED EXAMPLES 


1. In a triangle ABC, three circles of radu x, y, z 


are drawn touching the sides (AB, AC); (BC, BA); 
(CA, CB) and the inscribed circle of the triangle 


ABC, then show that, r = xy t+afyz +Jfzx; 


(r = radius of incircle of A ABC.) 


ten 


Oo. Sr 


ee 
Solution: X,F = J(r+x)’ - (r-x)? =2.Jxr 


Similarly, Y,F =2. yr andZ,D=2 zr 


E ae r= (satan | 


2r yr 2Halzr 
Similarly,s—b=—__ ands-—-c="___ 
r-y r—-Z 
A fs (s—a) (s—b) (s—c) 
But r = — = ————_. 
s s 


Hence r’s = (s — a) (s — b) (s —c) 

r [(s — a) + (s— 5) + (s —c)] = (8 — a) (S —b) (S-C€) 
Substituting the values of (s — a), (s — b) and (s — c) 
and simplifying 


? (de+ Wy +8) 
r| seve +(Jey + yz + Vex) (Vx +/y +Vz)| + 
Jxyz (Jay + yz + Vex) =0 

which factor out as, ((/x + Jy + vz) roe feyz) 
(r - (Jay + [yz + Vex) =0 


OR Te et ee ee 
le ai adalat LE = 


. A man standing on the straight sea shore observes 


two boats in the same direction, the line through them 
making an angle a with the shore. He then walks 
along the shore a distance 'a' where he finds the boats 
subtend an angle a at his eye; and on walking a further 
distance 'b' he finds that they again subtend an angle a 
at his eye. Show that the distance between the boats 1s 


b at+b 
at > sec a — 2a era cos a. Neglect the 


height of the man’s eye above the sea. 


Solution: Let ZOPA = 8; ZPAQ = a (given) 

=> ZQAB = 0, Draw QM perpendicular AB, clearly 
APQB 1s cyclic quadrilateral 
Note that QAB 1s an isosceles A; 


b 
OO = (a +3 sec O 
Now PQ = OQ - OP 


b 
PQ = a +3) sec a — OP 
Also OP. OQ = OA. OB (By theorem of circle) 
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OA.OB 
=> OP= “00. 
2a.(a+b) cosa 
Se ah) 


b 2a (a+b) 
=> PO= ae seca-— 57, 4p Cosa. 


. A church tower stands on the bank of a river which 
is p metres wide and on the top of the tower a spire qg 
metres high. To an observer on opposite bank of the 
river, the spire subtends the same angle that a pole of 
F metres high subtends when placed upright on the 
q 

ground at the foot of the tower. Show that the height 
of the tower is the root of the equation, x? + gx + 
p’ — pg = 0. Neglect the height of the observer. 


P 
Solution: tan 0 = a 


h+q_h 

Also 6 = 0, -9 => tan 0 = P P 
2 h+q h 

1+ oe 

P P 


u = ee | =>h?+ qh + p? — pq? = 0] 

q p th(h+q) 

=> hisa root of quadratic equation x” + gx + p’ — pq? =0 
. If in aAABC, tan A+tanB+tanC >0,then show 


that the triangle is an acute angled triangle. 


Solution: As tan A + tanB + tanC > 0 
=> tanA. tan BtanC > 0 
[.. in Atan A + tanB + tan C = tanA. tanB . tan C] 
which is possible when two of the angle 1s obtuse or 
all are acute. 
Two angles can’t be obtuse 

all the angles of triangle must be acute. 


. In right tnangle ABC, D is the mid-point of hypot- 
enuse AB and F is the mid-point of AC. segments BE 
and CD intersect at F If AC =./2 and BC = 1, then 
find cos ZBFC. 


Slope of BE = -V2 > CD L BE 
= ZBFC = 90° = cos ZBFC = 0. 


. Rectangle I is inscribed in rectangle II so that each 


side of rectangle II contains one and only vertex of 
rectangle I. If the dimensions of rectangle I are 1 and 


22 
2 and the area of rectangle II is 5° then find the 
perimeter of ractangle II. 
Solution: Area of rectangle 
II = (cos0+2sin9)(sin 8 +2 cos@) 


= cos@sin§ +2sin? 6+2cos” 6+ 4sinOcos9 


=> 2+5sin 8cos8@ -= 


=> 5sin9cos@ eG _i2 
5 5 


=> 5sin0cos0 -= 


Perimeter of IInd rectangle = 6(sin 0 + cos ®) 


= 6/1+2sin0cos0 =6)l4+= re ees! 


> 2d 


7. M is the mid-point of side AB of an equilateral 


trnangle ABC. P 1s a point on BC such that AP + PM 
is minimum. If AB = 20, then evaluate AP + PM. 


Solution: Reflect tnangle ABC in BC. 
Then PM = PM' 


AP + PM = AP + PM’ = AM' which is minimum if 
APM' 1s a straight line and equal to AM 
AC*+CM”- AM” 


In AAM 'C,cos120° = 
2AC.CM ' 


1 400+100- 4AM” 


2 2.20.10 
= AM'=500+200 > AM '=10V7 
. Ifa, b, c are the sides of a triangle such that b. c = 27, 


a _ A 
for some positive A, then show that a> 2A a ; 


Solution: A.M. > G.M. 


P5e she = Vi = [= 2 (220) i) 
d Os b+e 
oe snd snB sinC smB+sinC 
a a 
ee A n( BEE) (2=<) 
sin—cos— 2sin cos 
2 2 2 2 
7 -btosmal2 (ii) 
ee 
COs 
2 
B-C). - l 
COS 5 | 3s always positive and ———_———~ >] 


( 
COS 
Zz 


. In a triangle ABC, B > C and both B and C satisfy 
the equation 3tanx — tan*x = k sec*x, O<k < 1, then 
find ZA. 


from (1) and (41) a= 2A sin 


Solution: 3tanx — tan°x = k sec*x 

=> 3sinx cos’x — sin’x = k => sin 3x =k 
=> sin3B =k and sin 3C =k 

=> sin3B—sin 3C =0 


10. 


11. 


Properties and Solution of Triangle < 3.63 


3(B+C) |. (B=C) _ 


=> 2cos O 
2 
= 3(B +C) 2 - B>C>B-C #0 
2 2 Be cae, 
T 21 
> B+C=->A=— 
3 3 


Tangents at P, O, R on a circle of radius r form a 
triangle whose sides are 37, 4r, 5r, then find 

PR? + RO? + QP. 

Solution: 

RO =2AlI = all ;RO = 4rcos ce 
sin A ee (4 2 


In AARO = 


NS___ 


B C 
Similarly, RP = 4r cos (=) , PO = 4r cos G 


PRE PRO? OP" 


2 
,|l+cosA l+cosB 1 
= ]16r° | ————-1—“—+— 
2 2 Z 
: Ae aig 15+7 _176r° 
alee 5 . 
7 
In a triangle ABC; cos A + cos B + cos C = ie then 
R 
evaluate —. 
r 
; 7 
Solution: cos A + cosB + cos C = 7 


A. B.C 7 
=> 1+4s1n —sin—sin—=— 
2 2 2 A 


Rk : 
a 


_A.B., 3 3 
=> 4sin — sin— sin—=— — 
4 r 4 


3.64 > Trigonometrry 


12. 


13. 


14. 


In a AABC show that cot A/2 + cotB/2 + cot C/2 = A/r’ 
Solution: 
i Bere IP ie gen gS) SO) AIS) 
2 2 A A A 
s s[3s—2s] 8° 
= —[3s—(at+b+c)|=———— = — 
_[3s— (a+ b+ 0) = = 
A 
°° r=(s—a)tan— 
(s—a) ; 
eee ee res 
S 2 
also ae ai aS: 
ro ro 


In acute angled triangle ABC, r + r, =r, + r,, and 


1 
and ZB > - then show that b + 3c < 3a < 3b + 3c. 


Solution: r—r, =r,—r, 


] 1 1 | —b a —at+ec 

s s—-b s—c s—a’ S(s—b) (s-aY(s—c) 
(@=a\s=e) ae tnd ee, 
s(s—b) b 2 s(s—5) 


—=¢C 


a 
tan?(B/2) = 


7 (25 = tan? 5 e( 7 
But 674 5 ; 
l a-c 
— -< <] 
3 


> b< 3a—-—3c < 3b 
> b+ 3c<3a<3b+ 3c 


Let ABC be an isosceles triangle with base BC. If ‘r’ is 
the radius of the circle inscribed in the AABC and p be 
the radius of the circle escribed opposite to the angle 
A, then find the product p r. 


Solution: 7 = = s a= 
s s—a 
A’ _ 8(s—a)(s—b)(s—c) 
p= s(s—a) | S(S— a) 
=(s—b)s—c)=(s—b/y C. b=c) 
= (2s — 2b y = (at+b+ce-—2by Co 


4 4 
fo a aa ORS 
4 4 
Also if ZB=0 => ZA=x-20 
pr = R? sin’(a— 20) = R’sin?20 = R? sin’?2B = R’sin’2A 
pr=R?sin?2A or R?’ sin’?2B 


15. The sides of a AABC satisfy the equation, 
2a’? + 4b? + c? = 4ab + 2ac, then find 7A and ZB. 


Solution: Given expression (a — c)? + (a—2b)y =0 
=> a=2bandc =a. Sides are 2b, b, 25 


aes 7 
= Ais isosceles and cos B = — andcosA = — 


fai i er dee | a 
cos B = oe Sp? 3 = cos’'(7/8) 
b>+c’-a 1 
and cos A = ————— =— > 4 =cos~\(1/4) 
2ac 4 


16. Ifinatriangle ABC; p, g, r are the altitudes from the 
vertices A, B, C to the opposite sides, then show that 


© (La[Z4]=(La(Ez) 


a 
Gi) (2 p)(2, pa)(t a) = (4)(2,40)(1 2) 
sis l Ld. il ‘ ; 
Sb | p= a Sok: 
dr ara 
Solution: p = . q= ma r= 2A 
b C 


(i (st) 


-a(ebet ese) alae 
(i) (1p) pa) Ma 
4A> 4A Jab 


2A 2A | 2A 4A° : : 
= +—+— 
= (7 a a a) ab be ca 
_ 2A(ab+ be +ca) 
abc 
_ 8A*(a+b+c)(ab+be+ca) 
abc 


= (2 )(2\(4 }x(ab-+be +eaya+b-+o 
a b Cc 


=(E4)(Z eb) ap 


_4A*(b+c+a) 


Ss (s- c) (s—6) 
A A A 


= se ) = (4R)? =16R? 


6) (s-a) 
A 


17. A pole is situated at a point on the boundary of a 


circular ground. From some point on the boundary 
the angle of elevation of top of pole is 30° .On 
moving further 20 ft. along the boundary the angle 
of elevation of top of pole is again 30°, On moving a 
further 10 ft, it is found to be 60°. Find the height of 
pole and radius of circular ground. 


Solution: Let A be the point on the boundary of cir- 
cular ground at which the pole is situated. Let AB be 
the diameter of circular ground and let P and Q be the 
points at which the angles of elevations are 30°. Since 
angles of elevation of top of pole are equal at P and 
Q, they must be situated symmetrically about point 
B such that arc (PB) = arc (BQ) = 10ft. Let R be the 
point at which the angle of elevation is 60° and (QR) 
= 10ft. as shown below 


Tt 


(@P)= (0) = 1(2R)=0 
ZPCB = ZBCQ = ZQCR = 20 (say) 
In rt. Zd AAPT, AP = h cot30° = h V3 
In rt. Zd AAQT, AO = h cot30° = h V3 
and AR = h cot60° = h/N3 

In AACP, by sine formula 


AP = CP_— hb sr 
sin(180°— 26) ~ sin@ sin2@ sin@ 
hv3 3h 
=> =r = cos@ = —...(i) 
2cos@ 2r 
In AACR, 
CR _ AR 
sin2@ sin (180°- 46) 
es h/ 3 She h 


non Sade sin20 3 (2sin 20 cos 20) 


18. 


Properties and Solution of Triangle < 3.65 


ae ap 
=~ 2/3. cos 26 = 2V3r 
= 2cos’@-1= és _, o{ Y3# _l= h 
2V3r 2r 2V3r 
3h? 2 
Ls ee a eer, 
4r 2V3r 2r° 2/3 r 
| =) 43 
—=+,}/| — =] -4] —|(-l 
hi On8 ea Gi 
SS SS —_j————— 
(2) 
2 
l [1 
—=+,/—+6 
r 3 


1, [B 1 VB 
h_ 23 V2 _h_ wB 23 _ (1+V73) 
r 3 r 


3 6/3 


From equation (1) 


V3h V¥3(V734+1) V7341 
cos @ = —— = — = 
Dr 2) 6N3 12 
NC 
r 0 4 J7341 
cos 
2 
Also h _N73+1 
r 6/3 
—: ,WB+) VB 5 
63 63 ee 
cos 
12 
3) 1 
6 V3 | (Be 
cos 3 


The perimeter of a triangle is 6 times the arithmetic 
mean of the sines of its angles. If the side b is 1, then 


l- 4(2- V3 |sin AsinC 
evaluate lim t@—@-—-__—___ 
AC A = C| 


Solution: Given,a+b+c=6 : 


aden) 
> gprs 9 Gad esink eee 


@ 


a b Cc 


snA sinB = sinC 


sin A 
Ae , 


sin C 


‘b=1) 


7 2 —_ . 
sin B sin B 
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YU 


WY YY Y 


y 


from(i) SU Sg = 2(sinA+sinB+sinC) 
sin B sin B 


snA+ sinB + sinC = 2 (sind + sinB + sinC) 


(sinB) 

(sind + sinB + sinC) (2sin B—1)=0 

2sinB—1=O[-. InaAsin4, sinB, sinC > 0, 
sind + sinB + sinC #0] 


sinB = 1/2 
cosB = v3 
Z 
By cosine formula 
nr a i te 
2ac 
V3 _ a’ +c’ —b° 
2 2ac 
B= a+c-b 
ac 


Bac=ate-F# 
V3 ac—2ac= a’? +c? —2ac—b’ 
(V3 - 2)ac = (a-c) -B 


(a—cy = b?-(2 — V3) ac 
(a—c) = b-(2 — V3) ac 


la—cl= b’ - (2-3) ac 
[2RsinA — 2RsinC| 
= AR’ sin? B- (2-3) 4R? sin AsinC 


jsind — sinC| = , /sin? B-(2- V3)sin AsinC 


20 Om ae. ] 


: sin ; 47 (2-3)sin AsinC 
(A2° (+) 
2cos sin | ——— 
2 
1 


=5 1- 4(2-J3)sin AsinC 


1- 4(2-V3)sin AsinC 


(ASS) (aS) 
= 4cos sin | ——— 
2 2 


1-4(2-./3)sin AsinC 
|4-C| 


axe) (Aa) 
sin 
2 2 


|A-C| 


1- 4(2-/3)sin AsinC 
_—laoaoaooo 
A>C IA—C| 


sin (A<) 
ac) 5 _» 


‘ce 


= lim 4cos ( 
AOC 


19. If in AABC, BC = 6, CA =3 and AB = 4 and D and 
E tnsect BC and ZCAF = 9, then find tan8. 


Solution: 


D and E trisect BC 
BD = DE = DE = 6/3 = 2 
Now in A ACE, by cosine formula 


Cog C= (ACT H(CEY = (AE) 


Ht Bee): [Using cosine 
2(6)(3) 12 


Formula in AABC | 


Cen eee | oe fe 


From AACE, by cosine formula 


1 
(AC) +(4EY’ -(ECY o+{P)-(0 
080 =" W(ACAE) RO) 
20 2) 
3 
25 
seit, ou neo ee 
2/30 3 230 630 
6/30 
ec @ = ——_ 
25 


; 36 x30 
* tanO = Vsec’? @-1= S —] 


625 


_ flogso-625_ f45s_ [91 
625 625 125 


Assertion/Reasoning Type 


The questions given below consist of an assertion (A) and 
the reason (R). Use the following key to choose the appro- 
priate answer. 


(a) If both assertion and reason are correct and reason 1s 
the correct explanation of the assertion. 

(b) If both assertion and reason are correct but reason is 
not correct explanation of the assertion. 

(c) If assertion is correct, but reason is incorrect 

(d) If assertion is incorrect, but reason is correct 


Now consider the following statements: 


20. A: Ina AABC, if a < b<c andr is inradius and r,, r,, 
r, are the exradii opposite to angle A, B, C respec- 
tively, then r <r, <r, <r, 

ee 
R: For, AABC nr, + nr, + 47,r, = ea 


Solution: (b) A: a< b<c 


S.6 > s=-a>s=—b> s—c 


A A A A 
> —-< < 


=> rsr.=7r.57r 


DD tng ake ae ee rt, 1, 

Sarl rro.trrtrr. = = 
1, ZB I; A r i gee! 2" 3 31 e 
Assertion/Reason both are correct but Reason is 


not the correct explanation of Assertion. 


21. Match the following type: 
Column-I 
G@) Ina AABC (a+ 6+ c)(6+ c—a) =Abc, where 
A € Z, then greatest value of / is 
(ii) In a AABC, tan A + tan B + tan C = 9. If tan’?A 
+ tan’B + tan?C = k, then least value of k 
satisfy ing is 
(111)In a triangle ABC, the line joining the circum- 
centre to the incentre is parallel to BC’, then 
value of cos B + cos C 1s 
av) Ifin a AABC, a =5, b =4 and cos (A—-B)= — 
then the third side c is equal to 
Column-IlI 
(a) 3 
(b) 309)” 
(c) 1 
(d) 6 


Ans. (1) > (a), (11) > (b), (a1) > (c), (av) > (d) 


Properties and Solution of Triangle < 3.67 


Solution: (1) (b + c)?— a? =/ be 
or b? + c?—a’ =(A—-2)be 
be +c-a _ eZ 


2be 2 


24, 


cos A = 


orA—-2<2 
Xi. <4 => Greatest integer value of A = 3 
(11) tan A + tan B + tan C = 9 (given) in any triangle, 
tand + tanB + tanC = tan A tan B tan C 
tan? A+tan* B+tan’C 


a a (tanA tanB tan CY? 
(by AM > GM) 

k > 309) 

k>9. 3) 


(111) since the line joining the circumcentre to the 
incentre is parallel to BC 
r=RcosA 


AR sin ze aa ro =RcosA 
2 2 2 


—]1 +cosA +cosB+cosC =cosA 
-. cosB+cosC = 1 
(ivja=5,b=4 


3] 
A-—B)= — 
COs ( ) 39 
A-B a-b C C 
tan = cot — = — cot — 
2 a b 2 9 2 
,A-B 
1 — tan“ ——— 
=> cos(A — B)= 2 
,A-B 
1+ tan~ 
2 
] rm Oi 
l cot” — 
3] l g) 
=> 30 C 
: [e— cot" — 
81 2 
6 ee © 82. wai | eee & 
= 3] + —cot — =32-——cot — => —cot’— =] 
8] 2 81 2 9 2 
qua ]-— 
9) 2 
=> cosC = a an 
[tan =~ 14 
2 
at+bh-c 254+16-c" ab 
=> cost = "a 55 2x20 8 
= 25+16-c?=5 
=> c= 36 
> c=6 
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22. Match the following type: (iv) 
Column-I 


a) Ina AABC : 
if cos A + cos B + cosC = 3° then = equals 
(ii) If a chord of length unity subtends an angle @ at 


the circumference of a circle whose radius 1s R, 
then 4R sin @ equals 


l 
(iii)In a AABC, if r = = anda, f y are lengths of B 4 2 C 
3 tan —=—=—, tan —=— 
1 1 1 2 6 3 2: 3D, 
altitudes of a AABC, then = a Ba equals - é E °)) é fi 
tan| — |=tan| —-—| —+— | |=cot| —+— 
(iv) Incircle of radius 4 cm of a triangle ABC touches 2 Z a) 2 


the side BC at D. If BD =6, DC =8 and A be the 


B C 
1 —tan —. tan — 
area of triangle, then /A—3 equals tan G f ; 2 2 


Column-II tan (2) + tan (< 

(a) 5 

(b) 3 j-2y1 

(d) 4 sS-—a 2,1 7 s-a 7 
° oe eee ° 3 2 

Ans. (1) > (c), (11) > (c), (11) > (b), (iv) > (b) > s_a=T,a=14 


=> s=21 
A=rs =84 > VwvVA-3 =3 


23. Column-I 
a) Ifa, b, c areinA-P,, then 
(11) If a’, b?, c? are in A.P., then 
(u1)If a, b, c are in H.P,, then 


Column II 


5 
Solution: (1) cos4 + cos B + cosC = 5 


we know that cos A + cosB + cosC = 1 +4 sin 


(a) int, sin? sin? C are in H.P. 


(b) cot ; cot, ie are in A.P. 
(c) cot A, cot B, cot C are in A.P. 
Ans. (1) > (b); (11) > (Cc); (11) > (a). 


Solution: (11) a, 5, c are n A.P. 
> b-a=c-—b>snB-—snA=sinC—sinB 


sin (7 — 8) = = (By sine formula) 


B+A . B-A C+B . C-B 
=> 2cos sin =2cos sin 
l 2 Z > 2 
Rsin @= — 
2 .C . B-A _A.C-B 
=> 2sin—sin = 2sin—sin 
=> 4Rsin 0=2 2 2 
fine lea . s 
=— -, —=— => sin—] sin—cos——cos—sin— | = 
a a 2A 2 2 2 2 


y= yee = 3 sinA( sin cos — cos sin) 
2A A Fr 2 2 2 2 2 


A B B C 
=> cot—-—cot— =cot—-—cot— 
y 2 2 2 


=> Boe. se recs are in A.P. 
2 2 2 


(11) a”, b?, c? are in A.P. 
= -—2a’*, —2b, —2c’? are in AP. 
> Ptic-ajceta-b=ia@et+bh-—caemAP. 
(adding a? + b* + c? to each term). 
=> 2bc cos A, 2ca cos B, 2ab cos C are in A-P. 
=> cot A, cot B, cot C are in A.P. 
(dividing throughout by 4A = 2bc sin A etc.,) 


(ili)a, b, c are in H.-P. 


1 Ss s S 
— areeinA.P. > —.—:.— aremA.P 
C abe 

s—b s-ce 

: are in A.P. 

a b C 


(subtracting 1 from each) 


be ca ab 
> (dy se)’ (= e)(5=a)’ (= a)(5~8) 


areinA.P. ping each by sai 


are in A.P. 


sin” (=) sin” (= sin” a are in HP. 
2 2 2 


Comprehension Type 


A: 


24. 


Let us consider a triangle ABC with lengths of 
sides a, b, c and angles opposite to sides a, b, c be 
A, B, C respectively. cosine of angles is given by 


bee aa? ee ee 
cos A = a SR == 2 , cos C = 
2be 2ac 
a’ +b? -—c¢° 
2ab 
Ifa=2,b = V6,c = V3 —1, then tan C = 
1 
3 ———— 
(a) V3 o) | 
(c) V2-1 (d) 2-3 


Solution: (d) 
AP iG nag? _ (2) +(V6) -(/3-1) 


cos C = ab 2216 


2s 


26. 


Properties and Solution of Triangle < 3.69 


V3 41 
90/2 


= tanC = tan 15° =2-V3 


=> cosC = => C = 15° 


Ifa:b:c=7: 8: 9, then cos A: cos B: cos C = 
(ay 7 SOS (b) 14: 11:6 

(c) 7219225 (d) 8:6:5 

Solution: (b) a: b:c = 7: 8:9 

=> a=T7k, b = 8k, c = 9k 


(8k) +(9k) —(7k) 2 


= cosd = 9(8k)(9k) 3 
(7k) +(9k) -(8k) 11 
= cosB = 2(7k)(9k) 21 
(7k) +(8k) -(9k) 2 
= cosC = 2(7k)(8K) 
=> COSA: COS Db: COS ~ 30 17 = : é 


: Consider a triangle ABC, where x, y, z are the length 


of perpendicular drawn from the vertices of the 
triangle to the opposite sides a, b, c respectively. Let 
the letters R, r, s, A denote the circumradius, inradius, 
semiperimeter and area of the triangle respectively. 


AZ at+h+ec? 


LS SS , then the value of 


Ca b k 
kis 
(a) R (b) S 
(c) 2R (d) 3/2R 


Solution: (c) 


Clearly, 2A = ax = by = cz, 


b’xat+c’yb+a°ze a +b’ +e 


abc 7 k 
~ b? (2A) +c¢7(2A)+a°(2A) 7 a+b? +c? 
abc k 
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24 _1_,_ abe _ yp 
abc k 2A 
. = 

7 1 AR 


] 


1 1 
27. If cotA + cot B + cot C = (S544) , then the 


28. 


value of k is 


(a) R° 

(c) A 

Solution: (c) 

ily Mga eal 
x> oy? Zz? 4A? 4A? 


and cotd + cotB + cotC = 


D) 
x yp 2 


(b) rR 


dd) @wt+bht+e 


ee at+bh+c 
AA? 


abe 


(BP+C-Ptet+a—-hPt+at+h—c) 


R 


abc abc 


‘aa i el 
—+——+— 
abe \x yo Zz 


The value of 


csinB+bsinC i 


R 
SD HC ay asi 


(4 AA AL? 
9 a 9 3 9 


= = 


x" y Z 


asinC +csin A ,_ osm A+asin B 


x y Z 
is equal to 
R S 
(a) - (b) R 
(c) 2 (d) 6 


Solution: (d) » 


Xx 


csinB+bsinC = 2 


6 


x 


C: AP, BQ, CR are the diameters of the circumcircle of a 


29. 


AABC. Let 4,,4 


]? "2? 


A,, A be the areas of ABPC, ACQA, 


AARB and AABC respectively, then 


A = 

(a) 2R? cos B cos C sin A 
(b) R? sin B sin C cos A 
(c) R? cos B cos C sin A 
(d) 2R? sin B sin C cos A. 


Solution: (a) AP = 2R, 


30. 


31. 


= 4R? — 4R’ sin? C = 4R’ cos? C 
Similarly, CP? = 4R? — b? = 4R? cos” B 


A} =7-BP?- PC? sin’ A= 


|e 


N 


(4R? cos? C-4R’ cos’ B)sin A 


C.. BPC = 2—A) = 4R‘ cos? B cos’ C sin? A 


A, = 2R’ cos B cos C sin A numerically. 


A. + A, + A, = 
(a) A (b) 2A 
(c) - (d) 44 


Solution: (a) 4, + 4, + 4, = 2R’ (cos B cos C sin A + 
cos C cosA sin B + cosA cos B sin C) 

= 2R’ {cos B sin (4 + C) + cosC cos A sin B} 

= 2R’ {cos B sin B + cosC cosA sin B} 

= R? sin B {2 cos B + cos (A + C) + cos (A -C)} 

= R* sin B {cos B + cos (4 —C) + (cos (4 + C) + cos B)} 
= 2R? sin A sin B sin C = 4 


BP? + CQ? + AR? = 
(a) 4R? [1 —2 cos A cos B cos C] 


(b) 4R? [1 +2 cos A cos B cos C] 
(c) 8R? cos A cos B cos C 
(d) 4R? [1 +2 sinA sin B sin C] 


Solution: (a) BP? = 4R’ cos’ C (already proved). 
Similarly, CQ? = 4R? cos’ A and 
AR? = 4R? cos? B 


BP? + CQ? + AR? = 4R? (cos” A + cos? B + cos? C) 
3 I 
— AR? {55 (60 2A+cos2B+cos 2c)| 


3 
= AR? {5520084 cos B cos | 


= 4R? §1-—2 cosA cos B cos C} 


Properties and Solution of Triangle < 3.71 


SECTION-III 


OBJECTIVE TYPE (ONLY ONE COREECT ANSWER) 


. Pie AARC eS Dh and WC = = then the 
measure of ZA 1s ; 


(a) (b) 


(C) (d) 


Ala vila 
El/A wla 


5 
. Ina AABC, ZB = - and ZC = = and the altitude 


AD =h. Then h : ais equal to 


(a) 1:2 (b) 2:1 
(c) 1:4 (d) None of these 


. Which of the following pieces of data does not deter- 
mine a unique A ABC; (R = circumradius)? 

(b) a,b,c 

(d) a, sin A, R 


(a) a, sin A, sin B 
(c) a, sin B, R 


. If semiperimeter of a triangle is 15, then the value of : 
(b + c) cos (B + C)+ (e+ a) cos (C + A) + (at BD) 
cos (A + B) is equal to 

(a) 15 

(b) 30 

(c) cannot be determined 

(d) None of these 


a 


. fmaAABC, 


= —., then 
cos A cos B 


(a) 2 sind sin B sin C = 1 
(b) sin?A + sin?B = sin?C 
(c) 2 smA cosB = sinC 
(d) None of these 


. Ina AABC, the value of a? (sin? B — sin? C) + Bb? 
(sin? C — sin? A) + c? (sin? A — sin? B) 1s 

(a) 2.a hb (b) 2(a? + b? + c?) 

(c) (a+ b+ ey (d) 0 


. In a AABC, the tangent of half the difference of two 
angles is one-third the tangent of half the sum of the 
two angles. The possible ratio of the sides opposite the 
angles is 
(a) 2:3 
(c) 1:2 


(b) 1:3 
(d) 3:4. 


8. Ina AABC acos? C/2 + c cos? A?2 = 3b/2, the sides 

of the triangle 

(a) are in A.P. (b) are in G.P. 

(c) are in H.-P. (d) satisfy a=c 

acosA+bcosB+ccosC 
9. In a A ABC, the value of ———__ 
a+b+c 

is equal to 

(a) R/r (b) R/2r 

(c) r/R (d) 27/R 


10. 


11. 


12. 


13. 


14. 


15. 


If in a A ABC; sinC + cosC + sinQB + C) - 
cos(2B + C) = 2V2, then 

(a) triangle is right angled and scalene 

(b) triangle is equilateral 

(c) triangle is isosceles and acute angled 

(d) triangle is isosceles right angled 


_ A-B+C . 
In a triangle ABC, 2ac sin" is equal to 


(ada’t+bh-e? 
(c) Pb -c’?-a@ 


(b) ?+a-Ph 
(d) c-a@’-b 


If the radius of the circumcircle of an isosceles tri- 
angle ABC is equal to AB = AC, then the angle A is 


N N 
(a) fs (b) 3 
1 2n 
(c) > (d) 37 


In an isosceles triangle ABC, AB = AC. If vertical 
angle A is 20°, then a’ + b’ is equal to 

(a) 3ac? (b) 3a7b 

(c) abc (d) None of these 

Three vertical poles of heights h,, h, and h, at the vertices 


2 


A, B and C of a AABC subtend angles a, B and y respec- 
tively at the circumcentre of the triangle. If cot a, cot B, 


cot y are in A.P., then heights h,, h,, h, are in 
(a) AP (b) GP 
(c) HP (d) none of these. 


The angle of elevation of the top of a hill from each of 
the vertices A, B, C of a horizontal triangle is « . The 
height of the hill 1s 


(a) btana: cosecB  (b) = atan a -cosec A 


] 
(c) 5 ctan a -cosec C (d) None of these. 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


If the median AD of a triangle ABC makes an angle a 
with AB, then sin (A — a) is equal to 


bsin a csin a 
a (b) 
Cc b 
Cc 
(Cc) — (d) — 
c sin Oo bsin a 
If the area of a AABC be J, then a*sin2B + b? sin2A is 
equal to 
(a) 2X (b) x 
(c) 4X (d) None of these 


In a AABC, 2 s = perimeter and R = circumradius. 
Then s/R is equal to 

(a) sind + sinB + sinC 

(b) cosA + cosB + cosC 

(c) sin(A/2) + sin(B/2) + sin(C/2) 

(d) None of these 


In a AABC, the sides are in the ratio 4:5:6. The ratio of 
the circumradius and the inradius is equal to 

(a) 8:7 (b) 3:2 

(c) 7:3 (d) 16:7 


In a triangle ABC, as = 2 tan — = fa then 
2 6 2 > 


(a) a,c, baremA.P. (b) a,b,c areinAP. 
(c) bLa,caremA.P (d) a,b,c areinGP. 


In a triangle ABC, ZC = 60°, ZA = 75°. If D is a point 
on AC such that area of ABAD is 43 times that of 


ABCD, then ZABD is 
(a) 30° 


|? 
c) 22— 
(c) 5 


(b) 15° 
(d) None of these 


In a AABC, if 6 + c = 3a, then the value of cot B/2 
cot C/2 is 


(a) 1 
(c) 3 
20 


In a AABC, ZA = FZ b-e =3N3 cm and ar (AABC) 


(b) 2 
(d) 3 


3 
= ou cm”. Then a is 
(a) 6V3 cm (b) 9cm 
(c) 18cm (d) none of these 


In a AABC, B = 90°, AC = h and the length of the 
perpendicular from B to AC is p such that h = 4p. If 
AB < BC, then ZC has the measure 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


SI XN 
(a) 75 6) | 
(c) = (d) none of these 
In an isosceles right triangle ABC, ZB = 90°, AD is 
sin ZBAD | 
the median, then sin “CAD iS 
(a) 1/V2 (b) V2 
(c) 1 (d) None of these 
In a triangle ABC, (a + b+ c) (6 + c—a) =k. (bc) if 
(a) K<0 (b) k>6 
(c) O<k<4 (d) k>4 


If in a triangle [ -4| (1 4) = 2, then the triangle 
1; 1; 

is 

(a) right angled 
(c) equilateral 


(b) isosceles 
(d) None of these 


acosA+bcosB+ccosC _at+bte 
asinB+bsinC+csind OR 

the triangle ABC is 

(a) isosceles 

(c) right angled 


Ifin AABC, , then 


(b) equilateral 
(d) None of these 


In a triangle if r, > r, > r,, then 
(a)a>b>c (b) ax b<c 
(c) a>bandb<c (d) a<bandb>c 


The sides of a triangle are in the ratio 3 : 4: 5, the 
relation between r and R for the triangle is 


are b) r= 


5 


nla n|s 


(c) r= (d) None of these 


r r. 


2 
If in a triangle = = . , where r, 7,, r,, r, have their 
3 


Les -2? 
usual meanings, then 


(a) ZA = 90° 
(c) ZC = 90° 


(b) ZB = 90° 
(d) None of these 


Let in AABC, x, y, z are the lengths of altitudes drawn 
from A, B, C respectively. If x, y, z are in A.P. then 
(a) cosA, cosB, cosC are in A.P. 

(b) cosA, cosB, cosC are in H.P. 

(c) sind, sinB, sinC are in H.P. 

(d) sind, sinB, sinC are in A.P. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


In an acute angled tnangle ABC if cos A, 1 — cosB, 
cosC are in A.P and sin A + sin C = 1, then ZB is 
equal to 


T 
(a) ) 5 


Ala fla 


(C) 


A vertical pole PO is standing at the centre O of a 
square ABCD. If AC subtends an angle 90° at the top, 
P, of the pole, then the angle subtended by a side of 
the square at P is 
(a) 45° 
(c) 60° 


(d) None of these 


(b) 30° 
(d) none of these. 


A vertical lamp-post of height 9 metres stands at a 
corner of a rectangular field. The angle of elevation 
of its top from the farthest corner is 30°, while from 
another corner it 1s 45°. The area of the field is 

(a) 81V2 metre? (b) 9V2 metre? 

(c) 81V3 metre? (d) 9V3 metre’. 


In a A ABC, the sides a, b and c are such that they 
are the roots of x°— 11x? + 38x — 40 = 0. Then 


cosA cosB cosC . 

Se is equal to 
a b 

(a) 3/4 (b) 1 

(c) 3/2 (d) 9/16 


AD is a median of the A ABC. If AF and AF are medi- 
ans of the triangles ABD and ADC respectively, and 


4 


AD = m,, AE = m,, AF = m,, then = is equal to 
8 


(a) m,” + m,” _ 2m, (b) Mm, + m,” _ 2m,’ 


(Cc) m+ m—m,? (d) None of these 


The ratio of the distances of the orthocentre of an acute 
angled AABC' from the sides BC, AC and AB 1s. 

(a) cosA : cosB: cosC (b) sind: sinB: sinC 

(c) secd : secB: secC’ (d) None of these 


If for a A ABC, cot A. cot B. cot C > 0, then the tri- 
angle 1s 

(a) right angled 

(b) acute angled 

(c) obtuse angled 

(d) all these options are possible. 


In a triangle with one angle of 120°, the length of the 
sides form an A.P. If the length of the greatest side is 
7 cm, the area of the triangle is 


(a) 3./(15/4) cm? (b) 15V3/4 cm? 
(c) 15/4 cm? (d) None of these 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


Properties and Solution of Triangle < 3.73 


If the radius of the circum-circle of an isosce- 
les triangle POR is equal to PO (= PR), then the 
angle P is 
(a) 7/6 
(c) 7/2 


(b) 73 
(d) 273 


In a right-angled triangle, the hypotenuse is 2V2 times 
the length of perpendicular drawn from the opposite 
vertex on the hypotenuse. Then the other two angles are 


(a) 7/3, 7/6 (b) 2/4, 7/4 

(c) 7/8,3 2/8 (d) 72/12, 52/12 

If a, b, c, d are the sides of a quadrilateral, then the 
at+bhbt+e . 

value of 2 is always greater than 

(a) 1 (b) 1/2 

(c) 1/3 (d) 1/4 


If a, b and c are sides of a triangle such that b. c = k’, 
then 

(a) a<2ksin (A472) (b) a= 2k sin (A/2) 

(c) a>2ksin (4/4) (dd) a< 2k sin (AA) 


If exradii of a AABC are 3, 4 and 6, then its inradius is 
3 4 

a) — b) = 

(a) 7 (b) 3 


(c) = (d) None of these 


A circle of radius 4 unit is inscribed in an equilateral 
tnangle ABC. Sides AB and AC of triangle are pro- 
duced and a circle is drawn touching the sides BC and 
produced part of sides AB and AC. The area of the 
circle drawn 1s 
(a) 16x sq. unit (b) 642 sq. unit 

(c) 144 x sq. unit (d) 256 x sq. unit 

If in a triangle ABC, ZC = 90°, then the maximum 
value of sin A sin B is 

(a) 1/2 (b) 1 

(c).2 (d) None of these 

If p, P,, p, are the altitude of a A ABC and 2s denotes 
its perimeter then 1/p, + l/p, + 1/p, 1s equal to 

(a) A/s (b) s/A 

(c) s. A (d) None of these 

The radius of the circle passing through the centre of 
incircle of ABC and through the end points of BC is 
given by 


a a 
a) — b) —sec A/2 
(a) ; (b) ; 

(c) 5 sind (d) asec A/2 
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30. 


Sl. 


22. 


33. 


34. 


35. 


In a AABC, a, 6, A are given and c, ¢, are two val- 
ues of the third side c. The sum of the areas of two 
triangles with sides a, 5, C, and a, b, C, 1S 

(a) (1/2) b? sin 2A (b) (1/2) a? sin 2A 


(c) b* sin 2A (d) None of these 

In a AABC, A = 90°. Then tan"! + tan"! is 
ate at+b 

equal to 

(a) 7/4 (b) x/2 


(c) tan7! a (d) none of these. 
“PC 


If BD, BE and CF are the medians of a AABC then 
(AD? + BE* + CF’) : (BC? + CA? + AB’) is equal to 


(a) 4:3 (b) 3:2 

(c) 3:4 (d) 2: 3. 

In any traingle ABC, a has the maximum 
value 

(a) 3 (b) 6 

(c) 9 (d) None of these 


A6-ft-tall man finds that the angle of elevation of the 
top of a 24-ft-high pillar and the angle of depression 
of its base are complementary angles. The distance of 
the man from the pillar is 

(a) 2V3 ft (b) 8V3 ft 

(c) 6N3 ft (d) none of these. 


A rocket of height h metres is fired vertically upwards. 
Its velocity at time t seconds is (2t + 3) metres/second. 
If the angle of elevation of the top of the rocket from a 
point on the ground after 1 second of firing is 7/6 and 
after 3 seconds it is 7/3, then the distance of the point 
from the rocket 1s 

(a) 14V3 metres 

(b) 7V3 metres 

(c) 2V3 metres 

(d) cannot be found without the value of h. 


36. 


Sis 


38. 


39. 


60. 


A piece of paper in the shape of a sector of a circle of 
radius 10 cm and of angle 216° just covers the lateral 
surface of a right circular cone of vertical angle 20. 
Then sin 0 is 

(a) 3/5 (b) 4/5 

(c) 3/4 (d) None of these. 

The angle of elevation of the top of a vertical pole 
when observed from each vertex of a regular hexagon 
is 1/3. If the area of the circle circumscribing the 
hexagon be A (metre)’ then the area of the hexagon is 


B B 


(a) —— A metre’ (b) ——A metre? 
8 XN 


33 v3 


(c) —— A metre? (d) A metre’. 
An 20 


A vertical lamp-post, 6 m high, stands at a distance of 
2 m from a wall, 4 m high. A 1.5-m-tall man starts to 
walk away from the wall on the other side of the wall, 
in line with the lamp-post. The maximum distance to 
which the man can walk remaining in the shadow is 


(a) =m (b) =m 


(c) 4m 


A circular ring of radius 3 cm is suspended horizon- 
tally from a point 4 cm vertically above the centre by 
4 strings attached at equal intervals to its circumfer- 
ence. If the angle between two consecutive strings be 
8 then cos 8 is 
(a) 4/5 

(c) 16/25 


A flagstaff stands vertically on a pillar, the height of the 
flagstaff being double the height of the pillar. A man on 
the ground at a distance finds that both the pillar and 
the flagstaff subtend equal angles at his eyes. The ratio 
of the height of the pillar and the distance of the man 
from the pillar, is (neglecting the height of man) 

(a) V3: 1 (b) 1:3 

(c) 1: V3 (d) ¥3:2 


(d) none of these. 


(b) 4/25 
(d) none of these. 


SECTION-IV 


OBJECTIVE TYPE (MORE THAN ONE COREECT ANSWERS) 


. If two sides of aA are V12 and \8, the angle opposite 


to the shorter side is 45°, then the third side 1s 
(a) 2V2 —V6 (b) V2 + V6 


(c) In) _8 <3 (d) None of these 


2. In a triangle, the lengths of the two larger sides are 10 


and 9 respectively. If the angles are in A.P., then the 
length of third side can be 


(a) 5-6 (b) 3V3 
(c) 5 (d) 5+~V6 


3. If /1is the median from the vertex A to side BC of aA 
ABC, then 
(a) 47 =2b°42c?-a@ 
(b) 41° =b? +c? + 2be cos A/2 
(c) 41° =a’ +4becosA 
(d) 41? =(2s —a)’ —4be sin’ A/2 


4. There exists a triangle ABC satisfying the conditions: 
(a) bsnA=a,A< 7/2 
(b) bsn A >a, A> 7/2 
(c) bsn A >a A < 7/2 
(d) bsnA<ab>aA< 7/2 


5. Given an isosceles triangle with equal sides of length 
b base angle a < 7/4. r the radii and O, J the centres 
of the circumcircle and incircle respectively. Then 
(a) R = b/2 coseca 
(b) A= 2b? sin2a 

bsin 20 
() r= 4(1+cosa ) 
(d) None of these 


6. Three equal circles each of radius r touch one another. 
The radius of the circle touching all the three given 


circles DEF is a 
24+43 
(a) (2 -3)r ) ‘7 , 
(2 V3) r (d) (2 —V3)r 


(C) B 


10. 


11. 


Properties and Solution of Triangle < 3.75 
sin A sin(A — B) 


. In a triangle ae sin(B —C) , then 


(a) cot A, cot B, cot C are in A.P 

(b) sin 2A, sin 2B, sin 2 C are in A.P. 
(c) cos 2A, cos 2B, cos 2C are in A.P. 
(d) asin A, b sinB, c sin C are in A.P. 


. Ifinatnangle ABC, Z B = 60° then 


(a) (a—by’=c?—ab (b) (b-cy=a’— be 
(c) (c-aY=b?-ac (d) @+h?+cC?=2b? + ac 


. If tan A, tanB are the roots of the quadratic abx’ — c’x 


+ ab = 0, where a, b, c are the sides of a triangle, then 
(a) tan A = a/b or b/a (b) tan B = b/faor a/b 


o) 


(c) cosC =0 (d) tan A + tan B= ae 

a 
A man standing between two vertical posts finds that 
the angle subtended at his eyes by the tops of the posts 
is a nght angle. If the heights of the two posts are two 
times and four times the height of the man, and the 
distance between them is equal to the length of the 
longer post, then the ratio of the distances of the man 
from the shorter and the longer post is 
(a) 3:1 (b) 2:3 
(c) 3:2 (d) 1:3. 


If the angles A, B, and C of a triangle ABC are in A.P. 
and the sides a, b, c are in G.P., then a’, b” c’ are in 
(a) GP. (b) A.P. 

(c) H.-P. (d) None of these 


SECTION-V 


ASSERTION AND REASON TYPE QUESTIONS 


The questions given below consist of an assersion (A) 
and the reason (R). Use the following key to choose the 
appropriate answer. 


(a) If both assertion and reason are correct and reason 1s 
the correct explanation of the assertion. 

(b) If both assertion and reason are correct but reason is 
not correct explanation of the assertion. 

(c) If assertion is correct, but reason 1s incorrect 

(d) If assertion is incorrect, but reason 1s correct 


Now consider the following statements: 


1. A: If ina triangle, tan A: tan B: tan C = | : 2: 3, then 
A = 45° 
R: Ifa: B: y = 1: 2: 3, then a = 1 


. A: If two sides of a triangle are 2 and 3, then its area 


can not exceeds 3. 
R: Area of a triangle = 1/2 bc sin A and sinA < | 


A: If A be the area of a triangle with side lengths a, 5, 


c, then A< ar b+c)abc 


R: 4M >GM 
A: InaAABC, 


< 4 A ) B o) C 4 l 

if cos’ —+cos’ —+cos’ —= y| x” +—~ |, then 
ps Z Z x" 
_&9 

the maximum value of y is . 


R: Ina AABC, si Se Paes 
: Ina , sin 7 os 7 8 
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5. 


A: The statement that circumradius and inradius of 
a triangle are 12 and 8 respectively can not be 
correct. 


R: Circumradius > 2 ( inradius) 


A: In acute angled tnangle tan A tan B tan C = | 
R: In obtuse angled triangle tan A tan B tan C 1s nega- 
tive quantity. 


A: In any triangle ABC, the square of the length of the 


y) 1/2 
a 
(b+c) 


bisector AD is be (1 - 


R: In any triangle ABC, length of bisector AD is 
2be 


ee 


5 cos(A/2) 


pte age 


A: In any right angled triangle = is always 


equal to 8. 

R: a= bec orl cra ore — a +b 

A: If A, B, C, D are angles of a cyclic quadrilateral 
then >} sin A = 0 


R: If A, B, C, D are angles of cyclic quadrilateral 
then, icos A = 0 


SECTION-VI 


LINKED COMPREHENSION TYPE QUESTINS 


: If p,, p,, p, are altitudes of a triangle ABC from the 


vertices A, B, C respectively and A is the area of the 
triangle and s is semi permeter of the triangle. 


. If a eee oe. then the least value of p, p,p, 1s 
P, Po P3 - 
(a) 8 (b) 27 
(c) 125 (d) 216 
cosA cosB  cosC 
. The value of i oF is 
P, P> P3 
l l 
a a — 
(a) ; (b) . 
a+b? +c’ l 
c) ————_— d) — 
(c) an (d) rn 
b? 2 ; 2 
. The minimum value of a is ae oe ec ced 1S 
Cc a b 
(a) A (b) 2A 
(c) 3A (d) 6A 
. The value of p,-* + p,~* + p,~7 1s 
(yay ») a 
4A? 8A° 
»@ ra 
Cc d 
(©) AA? ) 8A’ 


. In the tnangle ABC, the altitudes are in AP, then 


(a) a, b, c are in AP 
(b) a, b, c are in HP 


B: 


. The value of AA, Gg = 1, 2, 3,. 


(c) a, b, c are in GP 
(d) angles A, B, C are in AP. 


A polygon has n sides. If all the sides and all the angles 
are same, then this polygon is called regular polygon. 
Let A,, A,, A,........, A, be a regular polygon of n sides. 
R be the radius of circumscribed circle of regular poly- 
gon and r be the radius of inscribed circle of regular 


poly gon. 


pete n) 1S 


(a) 2R sin j-v2} 
2n 

| ar 
(b) R sin «(7 -)— 
n 

(c) 2R sin {u-p4| 
n 


(d) R sin} j-D| 
n 


. The value of 7 is 


(a) tan (=) 


. The value of r + Ris 


(b) acot (=) 


a T 


(a) 50 (= 
a T 
(c) ras (=) 


10. 


11. 


12. 


13. 


14. 


15. 


The area of a regular polygon of n sides is 


Les (==) (b) nR?tan (=| 
2 n n 


(d) nr’ tan (=) 
n 


A regular pentagon and a regular decagon have the 
same perimeter, then their areas are in the ratio 


(a) V5: 1 (b) V5: 2 
(c) 1: V5 (d) 2: V5 


(a) 


(C) 


: When any two sides and one of the opposite acute an- 


gles are given, under certain additional conditions two 
triangles are possible. The case when two triangles are 
possible is called the ambigous case. 

In fact when any two sides and the angle opposite to 
one of them are given either no triangle is possible or 
two triangles are possible. 

In the ambigous case, let a, b and ZA are given and 
c,, c, are two values of the third side c. 


Two different triangles are possible when 
(a) bsn A <a 

(b) bsn A<aandb>a 

(c) bsn A<aandb<a 

(d) bsn A <aanda=b 


The difference between two values of c is 


(a) 2/(a° —b°) (b) (a -5°) 
(c) 24(ae —b* sin? A) (d) (a —b* sin’ A) 


The value of c,* — 2c,c,cos 2A + ¢, 1s 
(a) 4acos A (b) 4a’ cos A 
(c) 4acos*A (d) 4a? cos*A 


If ZA = 45° and in ambiguous case (a, 5, A are given) 
c,, C, are two values of c and if @ the angle between the 
two positions of the ambiguous side c, then cos @ 1s 


Ce; ' ZC, 
ee ) Gre 
Ronen Dice. 
(Cc) ~——— (d) ——— 
(c, +¢,) (c, +¢,) 


: In a triangle, if the sum of two sides is x and their 


product is y (x = 2Vy) such that (x + z) (x -—z) =y; 
where z 1s the third side of the triangle. 


Greatest angle of the triangle is 
(a) 105° (b) 120° 
(c) 135° (d) 150° 


16. 


18. 


19. 


21. 


22. 


23. 
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Circumradius of the triangle is 


(a) x (b) y 
(c) Zz (d) None of these 


. Inradius of the triangle 1s 


y 

(@) (24x) ©) d4+y) 
yv3 zv3 

(c) (z+x) (d) (x+y) 


Area of the triangle 1s 


yv3 
A 
WA 


x3 


(a) (b) a 


(c) (d) None of these 


3 
4 
The sides of the triangle are 


xtaj/(x° —4y) ytJQr —4z) 


(a) an a , Zz (b) a ae ,2Z 


z+/(z’ —4x) 


5 , Zz (d) None of these 


(C) 


: AL, BM and CW are perpendiculars from angular 


points of a triangle ABC on the opposite side BC, 
CA and AB respectively. A is the area of triangle 
ABC, r and R are the inradius and circumradius, 
then answer the following questions. 


. If perimeters of A LMN and AABC are 4 and yp, the 


value of — 1s 
LU 


r R 
(a) R (b) * 


rR A 
c) — d) — 
(c) R (d) R 
If areas of A’s AMN, BNL and CLM are A,, A, and A, 
respectively, then the value of A, + A, + A, is 
(a) A(2 +2 cosA cos B cos C) 
(b) A2 +2 sin A sin B sin C) 
(c) A(1 —2 cos A cos B cos C) 
(d) Ad -—2 sin A sin B sin C) 

A 

If area of ALMN 1s A’, then the value of a is 
(a) 2sinA sin BsinC (b) 2 cos A cos BcosC 
(c) sn Asn BsinC (d) cosA cos BcosC 


Radius of the circumcircle of A LMN is 
(a) 2R (b) R 


R R 
(c) > (d) q 
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24. 


25. 


26. 


27. 


28. 


If radius of the incircle of A LMN is r’, then the value 
of r' sec A sec B sec C is 

(a) 4R (b) 3R 

(c) 2R (d) R 


: In a AABC, let D,E,F be feet of normal drawn from 


the vertices A, B, C to opposite sides respectively, then 
we have learnt earlier that the altitude AD, BE, CF are 
concurrent and their point of concurrency is called or- 
tho centre denoted by H. 


The triangle formed by joining D,E,F is called pedal 
triangle of AABC and A ABC is excentral A of A DEF 
1.e., AD, BE, CF are internal angle bisectors of ADEF 
where as AB, BC, CA are external angle bisectors of 
ADEF therefore the angular point A,B,C are excentres 
of ADEF, and also analysing the figure given we can 
observe many cyclic quadriaterals and therefore very 
important conclusions can be drawn which may prove 
useful in answering following problems: 


Orthocentre of AABC is same point as 
(a) Circumcentre of ADEF 

(b) Centroid of ADEF 

(c) incentre of ADEF 


(d) Radical centre of the diameter circles draw on AB, 
BC, CA. 


The quadrilateral AFHE 1s 
(a) a Trapezium (b) a square 
(c) aparallelogram  (d) acyclic quadrilateral 


Which of the following 1s true? 

(a) There are 6 cyclic quadrilaterals in the shown 
figure 

(b) There are 4 cylcic quadrilaterals in the shown 
figure 

(c) There are 8 cyclic quadrilaterals in the shown 
figure 

(d) None of these 

Which of the following 1s true? 


(a) Angles of triangle DEF are suplementary of 
double the opposite angle of AABC. 


(b) ZAFE = Z AHE = 7 BFD = Z ACB 


29. 


30. 


31. 


32. 


33. 


34. 


(c) ZBAD = Z BED = =-B 
(d) All the above are incorrect 


Distance of orthocentre H from corresponding verti- 
ces of A, B, C are given respectively as 

(a) 2R cosd, 2R cosB, 2R cosC 

(b) R cosd, R cosB, R cosC 

(c) acotA, b cotB, c cotC 

(d) None of these 

Distance of orthocentre from corresponding sides AB, 
BC, CA of AABC respectively are 

(a) Rcos Bcos A, R cos B cos C, RcosC cosA 

(b) 2R cosAcosB, 2RcosBcosC, 2RcosAcosC 

(c) 2R cosd, 2RcosB, 2RcosC 

(d) None of these 


A: Orthocentre divides the altitude AD in ratio AH : 
HD :: tanB + tanC : tanA 


R: AH = 2Rcosd, HD = 2R cosBcosC and 
HA _ sin(B+C) Ne 
HD cos BcosC 


(a) both A & R are true & R explains A correctly 

(b) both A and R are true but R does not explains A 
correctly 

(c) Ais true but R 1s false 

(d) Ais false but R is true 


Perimeter of pedal triangle DEF is given as 
(a) >, acos A 

(b) R}'sin2A 

(c) 4R sinAsinBsinC 


2A ; 
(d) a where A and R are area and circum radius of 


AABC 


Area of PEDAL triangle DEF(A,) is given as 
(a) 2AcosA cosB cosC 


(b) nee sin2A sin2B sin2C 
(c) Rsin24 sin2B sin2C 


(d) None of these 


Which of the following is true about pedal triangle 

DEF? 

(a) Circum circle of triangle DEF is called nine point 
circle of AABC 


(b) Circum circle of ADEF has radius R, = R 
2 


(c) in radius of ADEF 2RcosA cosB cosC 
R 
(d) For equilateral AABC Rp =r= a 2rp 
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SECTION-VII 


MATRIX MATCH TYPE QUESTIONS 


1. Column-I 


(i) In a triangle ABC, if a* — 2(b* + c*)a? + b* + Be? 
+ c4=0, then 7A is 
(i) In a triangle ABC, If a* + b* + ct = a’b? + 2b°c? 
+ 2c’a’, then ZC is 
(111) In a triangle ABC, If at + b* + c4+ 2a?c? = 2a°b’ 
+ 2b’c*, then 7B is 
Column-II 
(a) 30° 
(b) 60° 
(c) 90° 
(d) 120° 
(e) 150° 
Column-I 
Gi) Ina A ABC, if 2a + b? + c? = 2ac + 2ab, then 
(ii) Ina A ABC, if a? + b? +c? =V2d(c + a), then 
(iii) Ina A ABC, if a? + B? +c? = be + ca V3 
Column-Il 
(a) A ABC is equilateral triangle 
(b) A ABC is night angled triangle 
(c) A ABC is scalane triangle 


(d) A ABC 1s isosceles nght angled triangle 
(e) Angles B, C, A are in A.P. 


3. In a triangle ABC, AD is perpendicular to BC and DE 


is perpendicular to AB 
Column-I 
(i) area of A ADB 
(1) area of A ADC 
(i) area of A ADE 
(iv) area of A BDC 
Column-IT 


QC. 
4 
Sol 

ae 
ae 
S&S 
ae 
-) 

NO 
XY 


SECTION VIII 


INTEGER TYPE QUESTIONS 


. If the sides of a triangle are 3 + V3, 2V3 and V6 then 
find the difference of the greatest angle and the least 
angle in degrees. 


. A tower subtends angle 8, 20 and 30 at three points 
A, B and C respectively, lying on a horizontal line 


. AB 
through the foot of the tower, then the ratio BC 


sin AO 
equals ——— ; then evaluate (A + yp). 


sin L6 ’ 

. Gbe the centroid of triangle ABC with BC = 3 and AC 
= 4. Medians AD and BE are perpendicular to each 
other. 

A circle is drawn by taking AG as diameter which 
intersects AB at M, then find the value of BC.AB 
.BM. 


. In AABC if b? + c? = 2a?, then evaluate 


. Ina AABC, the angle B > A. If the values of the angles 


of A and B satisfy the equation 3sinx — 4sin*x — k = 0, 
0 <k < 1, then find the value of C in degrees. 


. If the value of expression 


(a+b+c)b+c-—a)(ct+ta-—b)\(a+b-c) 
4b*c? 
then evaluate A + yu. 


=(sinAA)* ; 


. IfinaAABC,cosA +cosB+cosC =k + r/R; where 


r = inradius and R = circumradius of AABC. then find 
the value of *4/196 . 


. The sides of a triangle are a = 2x + 3,b =x? + 3x + 


3, c =x’ + 2x, then find angle B in degrees. 


Scot A 
cot B+cotC 


- In AABC, find the minimum value of tan?(4/2) + 


tan?(B/2) + tan?(C/2). 
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10. If in a AABC, ZA = 60°, then find the value of 


11. In a triangle ABC, the line joining the circumcentre 
to the incentre is parallel to BC, then evaluate cosB + 14. 
cosC 
12. In AABC if the maximum of 
A ,B oC 
acos’ —+bcos° —+ccos* — 
2 is A, then evaluate 4 15. 
at+b+c 
13. Tangents are drawn to the incircle of AABC which 
are parallel to its sides. If x, y, z are the length of the 
Answer Keys 
SECTION-III 
1. (b) 2. (a) 3. (d) 4. (d) 5..(C) 6. 
11. (b) 12. (d) 13. (a) 14. (c) 15. (b) 16. 
21. (a) 22. (b) 23. (b) 24. (c) 25. (b) 26. 
31. (c) 32. (c) 33. (Cc) 34. (c) 35. (a) 36. 
41. (d) 42. (c) 43. (c) 44. (b) 45. (b) 46. 
S1. (a) 52. (Cc) 33. (Cc) 34. (c) 55. (b) 36. 
SECTION-IV 
l. (b,c) 2.(a,d) 3 (ad) 4d S (ac) 6. 
10. (a, d) 11. (a, b, c) 
SECTION-V 
1. (c) 2. (a) 3. (a) 4. (d) 5. (a) 6. 
SECTION-VI 
1. (d) 2. (b) 3. (d) 4. (c) 5. (b) 6. 
11. (b) 12. (c) 13. (d) 14. (b) 15. (b) 16 
21. (c) 22. (b) 23. (c) 24. (c) 25. (c,d) 26. 
29. (a,c) 30. (b) 31. (a) 32. (a, b, c, d) 33 
SECTION-VII 
1. G@)- ©, d) (11) — (a, e) (411) — (c) 
2. (1) > (a, e) (11) > (b, d) (111) — (b, c, e) 
3. (1) > (C) (11) — (a) (111) — (d, e) 
SECTION-VIII 
1. 75 2. 4 3. 4 4. 120 a3 6 
11. | 12. 3 13. 2 14. 2 15. 9 


tangents intercepted between the sides of triangle and 
a, b, c that of sides BC, CA and AB respectively, then 


find Ekiee ee 
a Cc 


In a AABC, the median to the side BC is of length 
l 


63 


measure sand. Find the length of side BC. 


and it divides angle A into the angles of 


In any triangle ABC, find the minimum value of 
r+nr+r ; 
+—+— +, where r, r,, r,, r, are respectively the 
7 2 

radius of incircle and escribed cirlces. 


(d) 7. (c) 8. (a) 9. (c) 10. (d) 
(b) 17. (c) 18. (a) 19. (d) 20. (b) 
(c) 27. (a) 28. (b) 29. (a) 30. (b) 
(d) 37. (a) 38. (c) 39. (b) 40. (b) 
(c) 47. (a) 48. (b) 49. (b) 50. (a) 
(a) 57. (d) 58. (a) 59. (c) 60. (c) 
(b,c) 7. (a,c, d) 8 (c,d) 9% (a,b,c, d) 
(d) 7. (a) 8. (a) 9. (d) 
(c) 7. (b) 8. (d) 9. (a) 10. (d) 
. (d) 17. (c) 18. (a) 19. (a) 20. (a) 
(d) 27. (a) 28. (a, b, c) 
. (a,b) 34. (a, b, c, d) 
(iv) > (b) 
. 14 7. 120 8. 4 9, | 10. 3 


1. (a) 


(b) 


(c) 


Pom 


d) 


YUUY 


Properties and Solution of Triangle < 3.81 


HINTS AND SOLUTIONS 


TEXTUAL EXERCISE-1 (SUBJECTIVE) 


b- A 
RHS.=—-—~ cos— ; using sine rule. 
7 ksinB-ksinC A 
KsinA 
B+C)\.(B-C 
2cos sin | ——— 
2 2 A .{B =) 
= —_+~_—_1_~_—__~ x cos— = sin] ——— 
dsj A 2 g) 
sin —cos — 
2 2 
=1FS: 
L.H.S. = a(b cos C — c cosB) = ab cos C — ac cosB 


a+b? -¢? a’+c*-b’ 
= ab| ————— _|- aac| —————— 
2ab 2ac 
(using cosine formula) 


(a? + b?-c?-a?- cc? + b?) = b?-c? =R.HS. 


2 2 
b* -c 


. 2 = . 2 
RHS = _ sin B-sin°C 
a 


ey (By sine rule) 

_ sin(B+C)sin(B-C) _ sin(B-C) 
sin’(z#-(B+C))  sin(B+C) 
b+e cta atb 


Let = = —k 
11 10 9 


b+c=11k;c+a= 10k; a+ b=9k 
2(a+b+c)= 30k >a+b+cec= 15k 
a = 4k, b = 5k, c = 6k 
a:b:c=4:5:6 


=LAHS. 


b> +c*-a’ 25+36-16 45 3 
Now cos 4 = ————__ = ——____ = — = — 


2abe 256) 60 4 
at+e-b’ _ 16+36- 25 _27 asa 
2ac 246) 48 16 
a’t+b>+c* 164+25-36 1 


iocC =, eS 
2ab 2(4)(5) 8 


cos B = 


3 
= cosA : cosB : cosC = fie eo 


2. (a) 


cosA4 cosB cosC 
= = Hence Proved 
12 9 2 


1 1 3 
+ — 
atc bte 


~atb+te 
a+b+2c | 3 
(a+c)\b+c) atbt+e 


(a+b+c)?+ ac + be + c? = 3ab + 3ac + 3be + 3c? 
a* + b?—c* = ab 


2 2 _ 2 
Es a ee ee ee 
2ab 


(b) By cosine formula, 


a*+ b*— c?= 2ab cos C ers ee 
b? + c?—a? = 2be cosA veeeee ee (Al) and 
c? + a? — b* = 2ca cos B Gividas tase LD) 


Adding (1), (11) and (111) we get, 
a’+ b?+ c? = 2 (be cosA + ca cosB + ab cosC) 


ae OR ee Ee 
oe ly ge a 
2ac 2ab 
(By cosine formula) 

sin B =—;sinC =— (By sine Formula) 

=> Tt: mea ; : ee 5 : 
R at+e-b R a+b -c 

=> (a?+c?—b’) tan B = (a’+ b*—c’)tance 


(d) R.H.S. = (a — b)*cos? C/2 + (a + b) sin? C/2 
_ (a~ by (FE) voy (ESC) 


2 
2 Dr iagid 0 2 eae eee 
_ (a b) 142 +bh*-c¢ , (at) 12 +b*-c¢ 
2 2ab 2 2ab 


_ (a—b)’| (a+b) -c* _(atby c* -(a+by 
2 2ab Z 2ab 


= a | (a+b) -c? |[(a-by -(a+b)"] 


= ae +by —c’] [-4ab] = ce’ -(a+by =LHS. 
Aab 


. Leta = 8cm, b = 10cm, c = 12cm 


Greatest angle ZC and smallest angle ZA. Also a? + 
b* — c’, a2 ++ 0?— b’*, b? +c? -— a’? > 0 

=> A,B,C are acute angle 
To prove: C = 2A or C-A=A 


a’+b*-c’ 64+100-144 1 
Now, cosC Sc A 
2ab 2(8)(10) 
100 +144 -64] 
And cos 2A = 2cos?A — 1 = 2} ————__—— 
2(10)(12) 
=> C=2nn+2A;neZ 
=> C=2A or 2x — 2A (impossible) 
Since otherwise A € (0, 7/2) 
=> 2A eé (0,7) 
=> —-2A € (-2, 0) 
=> 2n-2A € (X, 27) 
=> C>Z, but C is acute 
(Oo ZA 
2 ot 2 ad ae re 2,2 f2pR2 
cos’ B —cos C _ sin C -sin B_ ke kb = k*(¢—b) 
b+c b+e b+e 
2B = ca Gy 
ee =k*X(c-—b)=0 Hence Proved 
C 


6. ine 
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ee ee 
5. Given 2cosA = ane => od 
sinC 
=> b’t+c’-a=b 
> ee 


ce eS 


sin2A te 


=> AABC 1s an isosceles A. 


a’ a’ 2 


sin2B ae =e sin2C =0 


Cc? 
2 


_ B32 
: or = [2sin A cos A] 


Consider 


ao b* +c*—a° k 2 2742 2 2 
= a poe ol bo +c -a )| 


sina =* 6 c*)(b* +¢7 —a’) =0 


>> 
= cue -<e' 
abe 
(b) In AABC, to prove 
Gi) asin(B—C)+bsin(C —A)+c sin(A-—B)=0 
LHS = )asin(B-C) 
= }'a[sin BeosC — cos BsinC] 


7 s (2 = ~*~ a b ] 
: hb 
- = D206" —c*)=kX(b> -c’?)=0 RHS 

a’ sin(B - C) _ 


(ii) 2 ae sinB+sinC 


LUS- ome) 
ao sinB+sinC 


—Ya*b* + Xa’c’ _ «© =0 
0) 


abc 
(a*>+b* +c *) F(a +e 8] 


a’(sin BcosC —cosBsinC) 
sinB+sinC 


2 ae: 2 2 22 
2 (SoH) ef eter) 
2ac 


C [2 +b* 
2ab 
d kb+ke 
kal (a +b* —c*)-(a? +e? -b*)| 
k(b+c) 


(b+c) 
= 2Xa(b-—c) =22X(ab-—ac)=0 


(iii) ee Sin —) 


Livs= > 
7 
i yas: =<. Cc [ 
k 2a 
rod 


= Yka =sinA+sinB+sinC =R.HS 


=sinA+sinB+sinC 


“2 =e 


bk(a’ +b* —c’) s me +e’ —b’) 
2ab 2ac 


a in =e) 


—c’)=kXa 


a ginBoose- ae 


3 


7. cosA + cosB + cosC = — 


YUUYY JY 


YW UY y 


y 


YUYNY 


an, 


b) 


y 


2 


2be 2 
X(ab* +.ac* — a*) =3abe 
ab? + ac? + bce? + ba? + ca? + cb? — a? — b? — c? = 3abc 
ab? + ac? + bc? + ba? + ca? + cb? — 3abe = a+ b* + c3 
ab? + ac?+ be? + ba?+ ca?+ cb? — 6abe =a? + b?+ c¢?—3abe 


b>+c’-a’ 3 
be = 


a(b? + ac? — 2bc) + b (c? + a? — Zac) + c (a* + b? — Zab) 
=(a+b-+c) (a’+ b? + c?— ab — be — ca) 

(a+b+c) 
a(b —c)? + b (c-— a)? + ¢(a—b)? = =. [(a — b)? 


+ (b—c)’ + (c—a)’] 

(a—b)?[ 2c -(a+b+c)]+(b—c)[2a—-(at+ b+c)] + 
(c—a)?[2b-—(a+b+c)]=0 

(a —b)? [a+ b—c] + (b-—c)? (b+c-—a)+(c—ay(at 
c—b)=0 

In a triangle sum of two sides is greater than the third 
side, a + b —c etc. are positive. 

(a — by =(b—c)? =(c-— a)? = 

a=b=c 

A is an equilateral triangle. 


A is an angle of A 


A € (0, 2) => sinA>0QO 

Using A.M. = G.M. for 1, sin A and sin? A, we get 
sin 2A+sin A- +1 > Hein? Asin Al 

3 
sin? A+sin A+] 
————— 23 Hence proved. 
sin A 
2cos A , 2088 4, 2008 _ ab 
Given, Pa 
b c ©—0 bese 
2(b? +c” -a’) 2: (a’ +c’ —b’) 5 (a + b* —c’) 
2bca 2acb 2abec 

2 a’ +b? 

abe 

2(b? + c? — a’) + (a? +c? —b’) + 2 (a? + b?-— cc’) = 2a? + 2b? 
-a’? + b?+0¢?=0 

b2 + ¢2 =a? 

ZA = 90° 

Given D is mid point of BC 

BD = DC = a/2. Also AD LAC as shown in figure given 
below 


10. 


Produce CA and draw perpendicular BE to CA produced. 
Clearly AADC and AEBC are similar 


=> 


=> 


=> 


WY UY y 


y 


CD CA AD 
BC CE EB 
CE = 2CA and EB = 2AD 
CE = 2b and EB = 2 (DC? - AC?)!? =2 


AE=b, EB = 2,|——— 6? 


a ee 
2 CE EB 


2 1/2 
4 


AE 
Now cos(z — A) =—— 
ORE) ap 
ey mea igen) 
AB Cc 
AC b 2b ‘3 
Also cosC =—— = Shee ae (ii) 
DC a/2 a 
From (1) and (2) cos A. cosC=———__.... (iii) 
ac 
Now in right Zd A ACD, CD*?= AD? + AC? 
ee = AD? +h? sales (iv) 
And in right Zd A EAB, AB? = AE?+ BE? 
C=P+4AD> 2 2 © sees (v) 
2 
From (iv) and (v), we get, c’ =b° a(S -*'| 
c?= b? + a? — 4b? => c=a’- 3b’ 
ee 
yae = oo (vi) 
2 
From (iii) and (vi), we get; cos A cosC = “at —¢’) 
ac 
2(c? — a’) 
cosA. cosC = ———— Hence proved. 
3ac 
a = as a tanC aj) 


In a A, tanA + tanB + tanC = tanA. tanB. tanC 
6k=6kK> = 6k(k?-1) > k=Oork=+1 
But, if k = —1, then, each of A, B, C would be obtuse 
angles, so k = 1 
tanA = 1, tanB = 2, tanC = 3 
secA = V2, secB = V5, sec = V10 
sinA = 1/V2, sin B = 2V5, sinC = 3V10 
ab ce 
2 = 25 = 3710 (By sine rule) 


fia = ioe: 


ccos(A — 8) + acos (C + 8) =c cosA cos8 + ¢ sinA sinO + a 
cosC cos8 — a sinC sinO 


bo +c? -a’ , 
= ccos@ ae +sin@(asinC) + 


Cc 


2ab 


2 2 2 
a t+b°-c 
econo 2) asincsing 


cos@ 


(.. By sine rule, a sinC = csinA) 


i (bh? +c? -a’ +a’ +b’ -c’)=bcosO =LHS. 


11. 


12. 


13. 
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bcos?C/2 + ccos?B/2 


[-t280) (+2088) 
Be feces sc 
2 2 


= ° S Fea | Per + cCosB) 
2 2 
b+e 1 


= ——+—(a) (By projection formula) 


a: 


1 k 
= 5 (4 +b+c)= A ; where k = perimeter of AABC. 


By sine formula, “= 


b Cc 


snB sinC 


Also sinB, cosB are rationals 


=> 
=> 
=> 


(a) 


(b) 


tanB is rational 
b/c is rational 
b is rational as C 1s rational (given) 


—1*#_____—_ 
B ; A 


b = rational 


From (1) @= = rational . This a and b 


sinB rational 


are rational numbers. 


sinA +sinB+sinC 


(a+b+e)=6f 3 


(Given) 


But given a = 1 


1+b+c=2(sinA + sinB + sin C) 
snB sinc 
Le —— =2/(sinA + sinB + sinC) 
sinA sind 
(*. sinA + sinB + sinC > 0 ina AABC) 
a Z => sin — 
sin A 
A= = gee 
6 6 
Given B =2C ae 
3 4 
_3n 
12 
Given BD: DC = 1: 3 
BD= 4 and DC = GA 
4 4 
A 
[> 
om D ote 
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; AD BD 
By sine formula, in AABD, ——; = ———— 
sin60° sin ZBAD 


AD _ a/4 
J3/2 sin ZBAD 


V3 


=> sin ZBAD = ais / AD (1) 


cee coe 


oe ; AD DC 
Similarly, in ACD, ———— = ————— 
sin45° sin ZCAD 


=> sinZCAD= By i | 2 ne eee (11) 
sin ZBAD — J3/8 _ 
sinZCAD 3/42 

(c) A>B;A, B are roots of equation 3 sinx — 4sin? x — k = 
0; k € (O, 1) 

=> sin3x =k Ee (0, 1) 

> 3x=nn+(Clysintk;ne Z 

ee ee 
dhe nx +( . sin ey 
Since A, B is angles of AABC 
=> A,Be (0,7) 
n=O 


sink z—sin 'k 
x= and n =1 >x = —————_ 


x (Dividing (i) by (ii) 


Clearly k € (0, 1) => sin'k e (0, 2/2) 


a | ein _ 
sin e(0.= | = sin Fe(=.0| 
3 6 3 6 


(. A>B given) 


= A=-~-B=>A+B=— 
3 3 


5 Cag 22 
3 3 


(d) Given BD: DC = 1:3 
=> Bps4 and DCz24 
4 4 


A 
[bp 


; snB sinz/4 
By sine formula, in AABD, = 
AD BD 


=> sinB =. ADI 20 


qo 
3 sinB ade 


: 3 
Simillarly sinC = ap) ao => 


14. cotA, cotB, cotC are inA.P. 


15. 


16. 


=> 


=> 
=> 
=> 


2 cot B= cotA + cotC 
7 cosB _ cos A e cosC 


snB sinA_ sinC 
2cosB _ cos A é cosC 


b a c 


2 a’t+ce?-b’ 5 b? +c? -a’ 
b 2ac a 2be 


(a? + ¢? — b*?) =b? +c? -a2 +a? + b?- ec? 


2a? + 2c? — 2b? = 2b? 


a? + ¢? = 2b? => abc? areinAP 


Let p, q > 0 be given positive numbers 


=> 


a= mb and cos A = —— 


Now, cos A = eS 
2 


Now, 


_pta 
2 


2 2 
3 3 
P P 


a 


es 


m+1 {l-—m? 


m 


m+1) /l-—m? 


m 


b?+c?-a@’ -(* 7 l-m’ 
2be Z 


m 


2 


b> +c? -m’b’ _ (* | l-m’ 


2be 


sin? B+sin°C 7 be+e 


sinA.sinB.sinC abe 
5 P 


; p, b, c, q are in GP. 


m 


b’(1 — m2) + ¢? = (be) (m + 1) -— 
m 


1-m’ 


c?— b(m + 1) ct+b(l 


m 
Le 


2 
m 


c, +c, = bim +1) a 


2 
l-m 


(c, + ¢,)’=b’ (m+ 1) ( 


m 


(c, te,)° _ (m +1)’ 


Cc. m 
2 2 2 

C, +e, m +1 

——_—+2 = 2 
CC, m 


CC, m 


5) 2 2 = 
mc, +mc, —m’c,c, —¢,c, =0 


—m’*)=0 


5c, ¢, = b’(1 — m’) 


Jee b? (1 — m)? 


lfa’?+b*-c’ 
+ — — 
Cc 2ab 


| 


17. 


me, (c, —me,) + c, (mc, —c,) = 0 
(me, )(c, — mc,) — ¢, (c, — mc,) = 0 
(c, —me,) (me, —c,) = 0 

c,= mc, or c, = me, 


(2 cy 
cos— =—| —+— 
2 2e db 
ee 
=> 2cos*A/2 = 
2be 
2 2 
= l+cosA= ie 
2bhe 
m ote’ _ bi +e! 
2be 2be 
2 
ey eae 
2be 
= a2 =2be = —a’ =be 


= Area of the square described with side ‘a’ as diagonal is 
equal to the area of rectangle having its two sides equal to 
other two sides ‘b’ and ‘c’. 


TEXTUAL EXERCISE-1 (OBJECTIVE) 


(b) a=5,b=7, sinA = 3/4 


bE 


=> cosd = = 
16 4 Soe 
b°+c°-a 
By cosine formula, cos A = —————— 
2be 
V7 _49+c? -25 V7 2440? 


=> 


—— => 
4 27)c 2 c 


=> 2c?+48-—7V7e=0 = Disc. = 343 —384 <0 
= No triangle is possible 

(b) since A, B, C are in A.P. 

=> 2B=-A+C=2-B => B23 
=> cosB= os 
2 

at+ce-b’ 1 

= 

2ac 2 


=> b?=a’*+c’?—ac 


=> a’*+c?—-b?=ac 


snB  — sinB © 5 
sin(4+B) sinC c¢ 


sin(A-B) _ sin(A-B) 


4. (a) — =— 
sin(A + B) sinC 
a(a’ +c’ —b’) 5 (b* +c* -—a’) 
_ 2ac 2be 
7 c 
y 40 
= fa? +c°-b’—b’-c’? +a’] = : 2 
2c C 


10. 


11. 


12. 


Properties and Solution of Triangle < 3.85 


(c) c* + a*— b’* =ac 
ct+a’-bh* 1 a 
— se = cosB =cos— 
2ac 2 3 
a 
= ZB=— 
3 


(a) b? cos2A — a?cos2B = b?(1 — 2sin?A) — a?(1 — 2sin’B) 
= (b*— a”) + 2 [a? sin’B — b’sin*A] = (b?— a”) + 2 (0) = 
b?—a?(°. asin B= b sinA by sine formula) 


> asin(B-C) = >) a(sinBeosC —cosBsinC) 
_ ya kb a’ +b’ —¢? y a+ce’ —b’ 

2ab 2ac 
= AG +b*-¢? -a’-c’ +b’) = ke —c’) 


= k>b?-k> ce? =0 


(c) cosec A (sin B cos C + cosB sin C) 


(a) 


sin(B +C) = une =| 


sin A sin A 
(c) a=3,b=4,c=5 
sin2B = 2 sinB cosB = 2V1-—cos’*B.cosB 


=> 


a+c?-b? 9425-16 3 
Now, as cos B = ——————. = —————_ = — 
2ac 2(3)(5) 5 


9 (3 24 
=> sin2B= 2,/l1-—]| -—|=— 
25\5 25 


sin3B  3sinB-4sin’ B 
sinB sinB 


= 3 — 4sin? B = 3 — 4(1 — cos’B) 


2 2 
a’ +c’ —-b’ 4 {( b° 
= 4cos?B — 1 = 4 —————_-| -1=— | —| -l 
ee [ 2ac 4 (= 


(d) 


b* l 2. gn oN | 
=—,- I= a +c") -l= ne 
ace Aa’c* ( Aa’c* ( 
Pag) 
-( 2ac 
(b) Let A= k, B = 2k, C = 3k 
=> 6k= 180° => k=30° 
~ A= 30°; B= 60°, C = 90° 
| bet tation eS 
By sine formula, a: b: c = sinA: sinB: sinC = x a 


=1:V3:2 


(a, b, c) Since angles A, B, C are in A.P. 
=> B=60° 
. LetA=60°— d and C = 60° + d; where d is the common 
difference of A.P. 
Now a, b, c are in G.P. Let r be the common ratio 
=> a=a,b=ar,c=ar’ 
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13. 


14. 


15. 


16. 


17. 


18. 


2 2 2 
a +c’ —-b 
By cosine formula, cos 8B =——_—_—_— 
2ac 
1 a@ta’r’-a’r’ : ae 
a te 2.2 SS: eS ee at 
2 2a’r 
=> r—2r+1=0 
=> (r’-l1y=0 > r=] 
=>. P=] 


2. a=a,b=a,c=a 
=> a’, b*,c’?areinA.P, GP. as well in HP. 


(c) a”, b’, c? are in A.P. 


= 2b? =a +e 
2 


= cosB= ‘ 
2ac 


(By cosine formula) 


sin’ B 

~ 2sin AsinC 
= 2sinA sinC cosB = sin’B 

snB  — sin(A+C) 
sinAsinC sin AsinC 
sin A.cosC +cosA.sinC 
sin A.sinC 

=> 2cotB = cotC + cotA 
=> cotA, cot B, cotC are inA.P. 


(By sine formula) 


= 2cotB= 


= 2cotB= 


b+ce _cta_at+b_ 2Aatb+c) 


b 
(6) 11 12 13 36 
ze Da 


=> a=7k; b=6k;c=5k 
a’ +b? -c? APSO). 3D 
2ab 2(7)(6) 7 
(b) b = 20, c = 21 and sin A = 3/5 
4 (20)° +(21)* - a’ 


=> cosA = 4/5 = i 
5 2(20)(21) 


=> a’= 841-672-169 > a=13 
(a) a=6,b=10,c=14 
“a? + b?-c? = 364+ 100-196 <0 


cosC < 0 
C is obtuse angle A is obtuse angled A. 


=> cosC = 


=> 
=> 
(b) a cosB = b cosA 

sinA cosB = sinB cosA 

sinA cosB — cosA sinB = 0 
sin(A — B) = 0 => A=B 


Ais an isosceles A. 


(Using sine formula) 


(c) 2cosA = sinB cosec C 
=> 2 sinC cosA = sinB = sin(A + C) = sinA cosC + cosA 


sinC 
= sinC cosA = sinA cosC 
=> sin(A—C)=0 => A=C 
=> sinA= sinC =a 


A 
1. By Napier’s analogy, tan( 


TEXTUAL EXERCISE—2 (SUBJECTIVE) 


7) 2. C 
2 a+b 2 


at+b (+3 x oa 
= = cot .cot| — —| ———_ 
b 2 es 


at+b [4 3) (+) 
Thus = tan cot] ——— 
a-—b 2 2 


2. (i) > (11) 1.e., given a, b, c and area of A are rational. To 


prove: a, tan B/2, tan C/2 are rational. 


B (s-—a)(s—c) A rational ; 
tan— = | -—_—_— = = — = rational 
2 s(s —b) [s(s—)] rational 


as, a,b,c as rationals 
= s,s—b are also rationals 


C 
=> Similarly curs is also rational. 
. ae Bone 
(11) — (iil) 1.e., given En en are rationals. 


B 
2 tan — B 
=> snB= , which is rational as tan > is rational 
1+tan? = 


= Similarly sinC is rational 


Now, tan( = = wn( -(S*9)) =cot( 4 xo) 
Zz 2 a) 5 : 


1- tan Pane 
2 Zz 


B C 
tan — + tan — y 
2 2 tan — 

= sinA is rational as sin A = 7 
1+ tan’ 


(111) > (4) 1.e., given a, sinA, sinB, sinC are rational 
To prove: a, b, c and area of A are rational 
2. 2 
sinA sinB sinC 
_ asinC 


and c = — 
sin A sin A 


By sine formula, 


jis asinB 


= band care rational 
Now area of A = 1/2 be sinA, which 1s clearly rational 
as b, c and sinA are rationals 
Thus (iii) —> (i) 
Remark: The above implications conclude that all the 
above statements are equivalent. 


A B Be iG, Cw 
. (a) cot—cot—=c;, cot—cot—=a and eae 


2 2 2 2 Z 
| s(s—a@) | s(s —b) 
=> x _ {/—_~_*__ =¢ 
(s —b)(s -—c) (s-—a)(s—c) 
Ky 1 Cc 
=> = € — = 
S—C S-c Ss 


Properties and Solution of Triangle < 3.87 


Sind and aed e enn Cae 
S-a Ss s-b ss 2 2 2 
Bip at si ee haya ap _ (s~a)+(s—5) +0) _, Gi) 
s-a stb s-c s RY Ss 
= = = = @ 
(b) a= 18, b=24,c=305 3s =36 naa, S+f4¥-2 
eo 2A 2,/s(s-—a)(s —b)(s —c) > 
Sin SS ES 
be be => es ee a 
2° 2: 2. 2 
_ 2V36x18x12x6 _2x6x6x6 3 0 ¢ 
24 x30 24x30. = tan( 2 +£) cot 
— 2A 2x6x6x6 4 
Similarly sin B =— =—W— =— and QO yp 
ac 18x30 5 — >> tan fans 1000 ett (ii) 
2A 2x6x6x6 2 2 
1 S—. = ——____——= 
ab 18x24 


2 
Also [tan e + ae + tan ) 
4. Given A= a?—(b—c)’; 2 2 2 


= [a—(b—c)] [a + (b—c)] = (ate—b) (at b-c) 7 29.» Ow. 7 
> A=2(s—b) .2(s—c) =4(s—b) (sc) 0) = Dian" +2) tan tan = 1+ 2(1)=3 
li, _ 2A Bio 2 
Now A=—besinA => sin A = — a ia a= ~ 
ow 5 he => a ee V3 Weihaon nite Sau MLL) 
8(s — b)\(s - 
2 ae (using (i)) OY e(0.5 
° 222 2 
; A (s—b)(s—c) 
= sinA = 8. sin? A/2 sin a a Now, Stan? S = Y tan tan¥ =1-1=0 
ee, er 1 6 oy 
= 2sin—cos—-—8sin*— =0 zs scien een 
5S Z => 3 DS wn) 0 
A A A 
in— ~_4Asin— |= 0 1 
ad 2sin {cos asin“ => tan = tan£ = tan = (*." of (i11)) 
=> a 0 Ga : : 
—=0 or tan—=— 
2 ao ~ tan. tan tan = (7) = 
i de 4 in ci? ace mee ce 
But sin—=0 is impossible, tan— = — a O° ies ae ee: C 
2 z 4 7. (a) ( Joos co al JoosrS 
tan 4 = zen /2_ _20/4)_ 1/2 8 2 2\ 6 
~d-tan?A/2 =, ~+1 «15/16 15 b-c A (b-c)[ s(s—a) 
seas = cos’ = $+] —_— 
16 >( —*) Z 2d a be 
5. Given3a=b+e => 4a=2s s 5 (b-c)+(b+c-a) 
> s=2a0 0 (i) Pe a re ee 2 
Soe. Sep _ s(s-b) sts) = S b? 2 b 
2 2 N(s—aXs—c) (s—as—b) a ee a)) 
(Using half angle formula) _ Ss b2 — 2 7 b)=0 
. », (Se - Det + Lae- Lat) 


rae ==——=2 (using (i)) 


(b) (b + c—a) [cot + cot S) 
1-tan’?@/2 a 2 


6. cosd=— => —.—-— = 
b+e 1l+tan°@/2 bte ao s(s —b) , | ss=e) s(s—c) | 
=(b+c-—a) 
a 2 _ 2s (s—a)(s— a (s—a)(s—b) 


—2tan?@/2 -2(s—a) 256% Vs(s—b)+Vs(s-c) _ 2Vs.aVs—a 
S—a i(s — a)(s — b)\(s -—c) f J(s — b)(s —c) 
Ky 


on eee = 2a Ce ae =2a sate 
Similarly tan” — = ; and tan pe "y (s —b)(s —c) 2 


=> Gee = 
2 


3.88 > Trigonometrry 


8. Given a, 2b, c are in AP 
= AD asc => 5b=2s (4) 


Now, a cos” C/2 + ¢ cos? A/2 = (2-9) +f 9) = | 


a be 
= ane ae 8 [2s —(a+c)] = [2s (2s -5)] 


2) ae 
xb= = (using (1)) 


9. In a A, the sum of two sides is greater than the third side, 
at+b—c>Oete. 
=> 2s—c)>0 => s-—c>Oete. 
(a) Using A.M = G.M. for (s — a), (s — b) and (s — c), we 


have Goose. > 3(s —a)(s —b)\(s—c) 
= ; > 3(s —as—b\s—c) 


3 4 
=> 57 2(s~ alls bs -0) = 2 A? 


2 
S 
=> As<—-=; Here equality holds when a= b =ci.e., Ais 
33 quality 


an equilateral A. 


(b) Using A.M. = G.M. for s, (s — a), (s — b) and (s — c), we 
have 


ene en > 4Is(s —a)(s —b\(s —c) 
=> nS ‘/s(s — a)(s — b)(s —c) 


2 


2 

ey ee ee 

16 4 

Here equality holds when S = (s — a) = (s— b) = (S—). 
=> a=b=c=0. Which is never possible. 


2 2 
Ae Ss Ae. 
4 
10. Given: a, b, c are in H.P. 
111 2ac 
—,—,— areinAP and b5=——~)__"=»=".... (i) 
abe ate 


5G nih SH Dee. |. 
Now sin xo me a be in H.P. 


sae we 
2 2 


an = se 
sin” — +sin* — 
Z 
2(s-—b\(s—c) (s-—a)(s—b) 
(s-as-c)_ be ab 
ac (s—b)\(s—c) , (s—ay(s—6) 
be ab 
(s —a)(s—c) 
ac 
_ 2s—all(s— b)*(s —c) ¥ abc 


(s —b)[a(s —c)+c(s-a)] 


2 
abc 


b (s—b) b 


i OS ee 
2ac [a(s —c)+c(s—a)| Dac [s(a +c) —2ac] 


(22) 
en 
ate 


A (s — b) _ 
(a+c) 7 [s(a+c)-2ac)| 7 [s(a +c) —2ac] 
(using (i)) 
1 1 


, which is true 


A 5 B 12 
11. tan— =—;tan— = — 
2 36 2 5 
(s—b\s-—c) 5 
ae ea (i) 
s(s —a) 36 
(s-—a)(s—c) 12 - 
as eee es ... {i) 
s(s—b) 5 


From equation (1) x (11), we get 


(s= bse) (s-aXs-c)_ 5 12 1 
s(S—a@) s(s —b) —360«5 3 


=> 3s—3c=s 


=> a+bt+c=3c 
=> a,c,bareinA.P. 


1 1 1_a_,b6 Cc 
p. “2h 24h 2A 


_ 4s-c) s-c 2s(s-c) 

2A A (ath tea 

= 2ab {= - 2) _ 2ab ara C 
(a+b+c) ab (at+b+c)A 2 


13. Clearly PL and PM being medians intersect each other at 
centroid G. Further PL = 6 cm 


— PG= =PL = =(6) = Acm. and GL = +6) =2em 


ApOGin = 
" ee. Be 


Properties and Solution of Triangle < 3.89 


A 
A 120 30° 7. 
Area of APQR = 2ar APQL B mk D nk C 
-2[ $PL x06 ]=6x— = 85 om’ ; 
2 3 => (m+n)(C cot 60°)=n (—}-m( 3) 
Alternatively area of APQR = 3ar APQR = 3 V3 
1 3 4 1 n—-3m 
pe wOG |S sae Saiaiea 2 Maes [-—.|="=3" 
c O ; ao cm ( ) B B 
14. L.H.S.=asinA+b sinB+c sinC =k (a? + b* + c?); > mt+n=3m—-n > m=n 
[. a _ 5 _¢ -7) => m:n1: 1 (dowest form) 
snd sinB sinc => (mt+n)=2 
R.HS = Va’ +b’? +c? =vVsin* A +sin’?B+sin’C : 
-] ; 7 
=V@4bPteVvak +b ke +c7k? = k(a? + b? +c?) 17. a= tan (2 ).ct = 40m 
LHS. = RIALS. By m — n theorem, (LB + AB) = LB cotB — ABcota 
h Se 
is: PS: Sysal ae Sage => h = Reot p-24(2] 
2 2 4A 4 \3 
= asin A+B+B = asin a-C+B — 2 papa eee Sp te 
D) 4 4 4 4 
am fees 
= asin| —- 
5 


(<>5) cae A 
—_ = acos 
2 2 
| C B .C.B 

= a} cos—cos— +sS1n —siIn — 
rae, 2 2 


4) eS) OUTS Oe =! 20 
ab.ac ab.ac 
B 
=(s+s—a) Sauk) =(b cvs 
7 : Tr 1/4h 


c— 
16. (i) By m-—n theorem, (1 + 2) cotO = 2 cot45° — 1 cot60° <——_ 40m ——__> L 
A AQ 160 
=> cotB=9 => Fo oe a m 


18. ZA = 60°, b =3, C = 2v3 
Since AD 1s angle bisector of ZA 
=> o= 6p =30° 


oe 93 A 


=> cot0 = ———= 
3 33 
(ii) « BD: DC = mk: nk =m: n 
By m-n theorem, (m + n) cot 120° = n cot 60°— m cot 
30° 


3.90 > Trigonometrry 


By angle bisector theorem, m: n = 2 V3:3 = 2:V3 
By mn, theorem (2 +/3)cot@ =2 cotB — V3 cota = 


2cot30° — V3cot30° = 2V3 — V3. V3 
=> soto = 283-3 = = cot” 2V3 3 
2+ 3 2+3 
2b A 
= Further length at angle bisector is given by © cos 
b+e 2 
_ 2(3)2(V3)_ gg -'12V3 V3 63 
= —— —c0s30° = units 
3424/3: Waa) 2 24a 
: tee. vB 
19. Area of AABC = 1/2 be sin 30° = 1/4 be = a? (given) 
A 
30° 
C b 
B C 
=> be = v3 a? = sinB sinC = V3sin?A 


1 3 
=> sinB sinC = v3.7 = 2sinB sinC = ss 


=> cos(B—C)-—cos(B+C) = rp 
8 


=> cos(B-C)+— 


ate Sie => B-C+47/2 
B-C=nx/20rC-B=7/2 
But B+ C = 52/6 


=> B=2n/3 or C = 2n/3 
=> When B = 27/3, C = 2/6 and when C = 27/3, B= 27/6 
=> C=4BorB=4C 
20. PM = nea OR =? 
By m-—n hee 2 cot® = cot45°— cot30° 
=> 2cot@ = 1 - V3 
= ree ah Derr : 
a 4-3 


MR PM PM 
In APMR, by sine formula, ———~ =— => 2MR = — 
sin30° sinf sin B 
PM _ PM PM 
=> QR= a 
sinB ~ sinfl 80°-(8+30°)]  sin(@+30°) 
("5 2MR = QM) 
ee ee ee 
sin 9.3 +cos p* (V3siné ese) 
p 2 
2 2(PM ) _ 2(PM) 
sin 6.3 +cos6) aay 1- oe 
4- =. 
7 —_ ) _ 2PM) _ a ) 
pi V3 +1 (V3 +1)(4 +v3) 
{-8. 4 
7 +53 
2PM) Fey: 
7 +53 7 +53 
13 13 
21. Let a and b be two sides of AABC, given by roots of qua- 
dratic equation x?— 2V3 x + 2 =0 
+ 
ab = 2B tVI2-8 2/3 +12 -8 eae 
Let a = V3 + 1 and b = V3 — 1 angle between sides ‘a’ 
and ‘b’ is 7/3. 
= Le = T5 
a+b —¢ 
By cosine formula, cosC = ——__—_— 
2ab 
1 8-c? 
2 22). cee 


Perimeter of A=a+b +c =2vV3 + V6 


TEXTUAL EXERCISE—2 (OBJECTIVE) 


1 (a) (s—a)(s—b), 


ae ele C2 
2 S(S—C) 


=> C=90° 
2. (a) 2S =a+b+c; (s—b) (s -c) =x sin’A/2; x =? 
SOD is ae 
Z be 
3. (c) X(b+c)cosA =(b+c)cosA + (c +a) cosB + (a+ b) cosC 
= (b cosA + acosB) + (c cosA + a cos C) + (c cosB + b cosB) 
=(c + b + a) (By using projection formula) 


4. (a) a= 16,b=24,c=20 
ae ee 
Pes hog B= 1+ ind aa Ss 
2 2ac 
256 + 400 — 576 80 B 
Sr Ps | eal ~ 


——— > cos—= a 
2(16)(20) 2x16x 20 4 


10. 


11. 


. (a) ia a = ]- (s— bse) | (s— als ~c) 
2 2 S(S —@) s(s—b) 
Ky 


A 
is (d) er — 


XY 


1 
2° D 
=> 2s—2b=s => atb+c=4b 
=> a,b,c arenonofA.P.,G.P. and HP. 


sin sin ee ae” 
(b) = Cc - - a 
sin? (s-a)(s=e) 
2 ac 
ep (ia) aC ee 
_s-b_ate-b 
b 2b 
_2b-b_ 6b 1 
2b 2b 2 
B-C A 
(c) tan = xcot— 
2 p) 
b-c 
= es (By Napier’s Analogy) 
bte 
2 ,A 3b 
(a) acos° —+ccos° — = — 
2 2 ‘2 


(==) Ca 3b 
a| —— | +c| — — | =— 
ab be 9 


s(s—c) | s(s—a) _ 36 
b b 2 


S 3b 
=> zl2s-ta bd haere 


RY 3b 
bal f 5 pea 

nd 515] 2 

=> at+bt+c= 3b 


=> a,b,careinA.P. 


=> 2s=3b 


=>. atc=2b 


; A-B a-b C 
(b) By Napier’s analogy, tan = = 


2 
a-b a (= a-—b (=) 
cot] —— = tan 
a+b 2 2 a+b 2 
=> cot tan} ——— |= 
2 2 a+b 


C-B 
(b) A = 30°; b=2,c¢=V3 +1, soe 


cot15° 


C-B) c-b A  vB-1 
tan = cot— = 
C+b:° 2. 4/343 


= —*~____cot(45° - 30°) 


V3 (3 +1) 


12. 


13. 


14. 


15. 


16. 


17. 


Properties and Solution of Triangle < 3.91 


_ J3-1 boone ee ae 1 
+1) 


V3(V3 +1)Leot30°-1] 3 (V3 +1) B-1| 2B 
=> C-B _ FZ _ 490 
Z 6 
t t sin( 4 
an — — tan — ea ee 
2; .2 
(b) 


sin 25 Jsin( 24 | sin? 4 — sin? > 
n'( 2 4 2 
sin’ | — +— COS —_ 
2. 2 
(s-bXs-c) _(s-aXs-c) 
7 be ac 
S(S—C) 
ab 
- Sao sen en), ab _a-b 
Cc ab s(s c) Cc 


(b) 2aesin( AFC) _ 2acsin| = —B | = 2accosB 


ee, eee 
_ $ +c°—b Jee sete 
2ac 
(b) i ae D ie eatin Sarena 
be bc S 2 
c+b A (<=) A A 
(a) tan— =cot cot —. tan — 
c-b 2 -) 9) 
(By Napier’s Analogy) 
C=B x (A+B\ B 
= cot = cot] —- = 
2 2 2 
= ot ee tan( 2+) 
2 
A- C atb, C C atb 
(a) cot .cot— = tan —.cot — = 
2 a 2 a-—b 
C ,A4 1-cosA 
(a) Here cosA=— => tan’— = 
b 2 1+cosA 
_ l-c/b _ b-c 
l+c/b b+e 
A 
b 
C 
B a C 


3.92 > Trigonometrry 


18. 


19. 


20. 


21. 


22. 


23. 


(b) a= (V3 +1); ZB =30°, ZC = 45° 
= A= 180° — 75° = 105° 


; a b Cc 
By sine formula, ———- = ——- = ——— 
snA sinB  sin45° 
= 3 +] _ b _ c 
sinl05° sin30° sin 45° 
(3 +1)sin30° (V3 +1) 
=> b=——— = —— = /2 
sinl05° 2sin (45° +60°) 
1 . 1 | 
Area of A= ae sinC = 5(v3 +1)(V2)— 
Yes ae 
= 5 cm 


(c) Area of AABC = A, Now, a’ sin2B + b? sin2A = 2a’ sinB 
cosB + 2b’ sinA cosA 
2a°b ‘ 2b’a 


= cosB+ cos A 
2R 

_ab Ge =p" ba be ag 
R- 2ac R 2be 


= ra +c*—b’) +e +c*—a’) 


= 5 pea +be? —b? + bc? — ba’) 
Cc 


= _* (2be?) = abe =4A 
2cR R 
cosA cosB  cosC 
(d) Let = = = k (say) (given) and 
a b Cc 
snA sinB sin ,, 
= =—— =k" (say) (by sine formula) 
a b C 
=> u = 2 = a => tan A = a 
a cosA_ sind k 


Similarly tan B = — and tanC = — 


= tanA = tanB = tanC 


(a 
= AaB CG 


= Area of AABC = 


V3 
A 
(d) c?=a?+ b?,2s=a+b-+c,4s (s—a) (s—b)(s—c) 
= 4A? = 4 [1/2ab]? = a*b? 
(°c? =a? + b* => Ais nght Zd A = area of A= 1/2 ab) 


(a*) = V3 (« a = 2 given) 


1 ; 1 b 
(c) A= ri sinC = 5° (= =~" (By sine formula) 


2R 4R 
_ abe 
4A 
(c) By sine formula ——— = = = = .. (A) 
2sin@ sinB = sina 
a x b eo 
... (1) 


d.° Kl — S—— 
2sin(A-@) sinC sing 


From (1) a sin & = (sin8) (2c) and from (11) a sine = [sin 
(A — 9)] (2b) 
=> sin (A -— 69) =c/b (sin®) 


A 
24. (a) In AABD, x -9 =x - (2-2) 


=> sin® = sin{B 4) 


ca 
ctb 


= sin p+_(F56) = si 
2 2 


TEXTUAL EXERCISE—3 (SUBJECTIVE) 


. (a) () ZA=105°, ZC = 60°, b =4; clearly ZB = 15° 


a 4 é 
By sine formula, ———— = —_~ =. 
sinlQ5°  sinl5° = sin60° 
4sin105° 
> a=———=4 cotl5° =4 (2 + V3) 
sin 15° 
4sin 60° 
and c =— = 2V6 (V3 +1) 
sin 15° 
(ii) ZC = 60°, b = 4, ¢ = 43 


5 b _ ¢ 

snA sinB sinC 
a 4. 43 

=> ——=—_=——=3 
sind sinB New 

=> sinB=1/2 

=> ZB=30°and hence ZA = 90° 

=> a=8; sin90°=8 

(iii) a= 2, b= 4, Z C = 60° 


By, sine formula 


1 
By cosine formula, 5 


_ 4416-¢? 
2(2 x 4) 


=> ¢? =12 >c¢ =2V3 


4 _ 23 _, 


2 
sinA sinB 1372 7 


By sine formula, 


=> sinA = 1/2; sinB= 1 
> A=7/6;B=7/2 
6 +2 
(b) 2-08, b= Wand = 222? 
5,{8+2v12)_, 
r b? +c -a’ + 
cos. A = ———q— oe 
2be Jb deaf 
i Ee eam 
a) 
2+(2+V3)-3 148 1 
Riper, Diaby 2 
> A=7/3 


V3 v2 _ V¥o+ 2/2 


Now by sine formula, 


J3/2  sinB 7 sinC 
=> ginB = 1/v2 => B=n/4 
=> C=52n/12 
(c) ZA = 60°, a =5, b = 2V3, ZB=? 
b c 
By sine fe la, ——= = 
Dene cent sinA sinB  sinC 
5 3 D3. As 3 
> - =— sin B = — x — =— 
sin60° sinB 5 2 5 


3 3 
=> Be=sin! (2) or 180° - sins (obtuse angle) 


Buta =5,b=2V3 => a>b 
=> ZA> ZB 
equ 
= ZB must be acute /7B= sin” = 


. a= 2b and |A-B|=7/3, ZC =? 
i 4 C 
= cot — 
2 a+b 2 


=> tn( +2 ate => ede ieee 
6 3b 2 


By Napier’s analogy, tan 


2 
a a , 
= of => C= = a. (impossible) 


=> C=n2/3 


. cos3A + cos3B + cos3C = 1 


=> 2005] XA*F) loos] XA=F) +cos3C =1 


= 2cos 3] =—S| cos (57) +cos3C =1 
2° 2 2 
= -—2sin = os 3 (457)} +cos3C =1 


=> asin cos =) - 2sin? == = (0 


(an 


y 


6. 


7 


Properties and Solution of Triangle < 3.93 


[ na) a (3x a) 
= | 2sin— || cos +sin| —-— =0 
2 2 2 2 


=> pi bane =0 
2 2 2 


; 3A 
=> Atleast one of A, B or C is 22/3 ae =f >A>— 


21 
Obtuse angle is = = 120° 


sin (2A + B) = sin (C —A) =— sin (B + 2C) = 1/2; A, B, C 
are in A.P. 


A,B,CareinA.P > ZB=7/3 
, ; ee eS 1 
sin (2A + 2/3) = sin (C —A) = -sin{ = +26) = 5 
=> AlsoC+A=22n/3 ee) 
And (C —A) € (4, 2) and sin (C —A) = 1/2 
=> C-A=w6o0r5st/ (11) 


- 5x 3x 
from (i) and (ii), C = aa C= a (Impossible as ZA 


becomes — 15°) 
=> LZA=n/4, ZB= 2/3, ZC = 52/12 

1e., ZA = 45°, ZB = 60°, ZC = 75° 
ZA = 45°; ZC = 60° 
To prove: a + ¢ V2 = 2b. Clearly ZB = 75° 
=> a=ksinA; b=k sinB; c =k sinC 


Sepia Neg UN oe 8 
=> a-knesb-k |e tei ferky 
yf 8] 8 +) 
ote oH] Fea] 
; k(V3 +1) 
and 2 =o 
atc v2=2b 


a=3,b=8 sinA = 5/13 
b?+c?-a 
2be 
=> C’*-(2bcosA)c + (b? — a”) = 0 
ie 2bcos A +./4b’ cos’ A — 4(b* - a’) 
2 
=> Cz=bcosAt+vb'cos’A-b’ +a’ 
=> Cz=hbcosAtva’*—b’sin’ A 


Now a’ —b’sin’? A =9 -64{ =) 
169 


cos A = 


_ 1521-1600 Z 
169 


0 


= Chas imaginary values 
= No triangle is possible 


Given: D is mid point of AC; ZC = 2/2 
To find: cot ZDBC = cotO = ? 


3.94 > Trigonometrry 


A 


By m-n theorem, (1 + 1) cot (90° — 8) = 1 cot45° — 1 cot90° 


=> 2tand=1 => cot0=2 


8. a*+ b*+ ct = 2c?(a’?+ b’) 
a+b?-¢ 

2ab 
a*+b*+c¢*4+2a’*b* -2b’c? -2a’c’ 
7 2Qa’c? +2b’c* +2a°b’ —2b*c” -2a’ec’ 


K 32x 
> cosC = tt ic iZ 5 3% 


/2 4 4 


31 
9. a=5,b=4 cos (A- B= a5 7! 


A-B 
1-tan’ 
Ges ) af) or 


1+tan?( 422) 32 


cosC = 
2 
= cos'C= 


(using (1)) 


cos(A — B) = 


2 -] (4) 1 
———SSS ea => tan’ | —— |=— 


=> 
2 63 2 63 
= tn “5-2 —paeAen = — 
ut cos = — 
2 ec i 32 
A-B 1 
=> A-Bis acute => tan| —— |=—— 
2 36/7 
By Napier’ | Oar ee l 
apier’s analogy, ———cot— =—— 
ten pe 3/7 
=> De oe I => cot— = 2 => cos—= 
2 37 2-7. 2 
3) 1 
=> cosC =2]—| -l=- 
4 8 
8 48 
5 B 20 
10 tan — = ta —>S = —— 
6 2 27 
G x Gar 
Ina AABC, tan—= tan} —-| —+— 
2 E 
A B i= a ul eau 5) 
- cot $45] - 9D, oe Bat ee 
B 5 20 5 
2 2 tan — + tan — pues 6 ae 
ie) 6 "37 


A 
5° € (0, n/2) and tan@ is increasing function 


N | & 
Sie 


5 28 2 
function in (0, 2/2) and —>—->— 
6 37° 5 


A B 
=> tan— > tan— > tan— 
2 2 2 


=> A>B>C => a> b> '¢ 

(at+tb+c)(b+c-ayet+ta-—b\at+b-c) 
Ab*c? 

_ (2s)(2s —2a)(2s —2b)\(2s — 2c) 2 AA? 

7 Ab*c? be? 


_ a’b’*c? 7 a’ -(4) [. _ abe 
Ab’c?R? } 4R? 2R AR 


= sin’A (By sine formula) 


11. 


TEXTUAL EXERCISE—3 (OBJECITIVE) 


1. (d) AB=2BC Sc =2a 


C-A) c-a_ .B 
By Napier’s analogy, tan = cot — 
cta 2 
B 
tan — 
(<4) 3a 3 
cot]; ——— 
2 
2. (c) Let ZA = 3x, ZB = 5x, ZC = 4x 
=> 12x = 180° = k= 15% 
=> LA=45°, 2B =16°,2C =60° 
By sine f I a b Cc 
sine formula, ——= 
J 1/2 ee) “ABD 
2/2 
=> 2 _ 2v26 = eo pea, 
V3+1 v3 
k (V3 +1)k vi 
=> a=, = C= —— 
V2 2/2 2 
l (V3 +1) 3 
+b+2)= k| + +—= 
: We NB 
- aR B78 
= 3+3V3 1+%3 
el 3]-= sR + 8l- 
3» (a) Let ZA = 4x; 2b =x, 2C =x 
=> 6x = 180° = x= 30° 
= LA 120°, ZB = 30°, ZC = 30" 
3 k k 
By come b=—; c= — 
2 2 2 
3/2 3 
Longest side: Perimeter = 3/2 = v3 
(3 V3 +2 
oat 


- © = 


4. (b) Clearly ZA = 90°, ZB = 30°, ZC = 60° 


By sine formula, a7: b?:c?=1: =4:1:3 


a’ —b’ _ sin(A-B) 


5 ° . Using componendo and divi- 
a+b sin(A+B) 
dendo. 

2a° _ 2sinAcosB ae sin AcosB 

—2b* -2cosAsinB b* cosAsinB 
a eose => an Z — zee =>sin2A =sin2B 
b cosdA sinB  cosA 


2A = nx+ (-1)°2B; ne Z 

2A =2Bor2A+2B=xz > 

A is isosceles or right angled 

(Note: It is intersecting to notice that option (a), (b) 
(c) and (d) are false as their negations does ot imply the 
negation of given statement (p > q @ ~q >~ p)) 
a’t+c’-b’ 


2ac 


YU 


. (a) b,candsinB, ZBisacute,b<csinB; cos B = 


a? — (2 c cosB)a + (c? — b*) = 0 

Disc. = 4 c?cos?B — 4 (c? — b*) = 4 (b?— ¢ sin? B) <0 as 
b<c sinB 

=> ais imaginarily 


Y y 


=> No triangle is possible 


. (c) Sides are 3x + 4y, 4x + 3y and 5x + 5y units, x, y > 0 
a* = (3x + 4y)* = 9x? + Oy? + 24xy 
b? = (4x + 3y)? = 16x” + 9y? + 24xy 
c= (3x Sy)? = 25x* + 25y* + SOxy 
a? + b?-c =-2xy <Oasx>0,y>0 
=> cosC <0 => C must be obtuse angle 
b* +c? -a’ 
2be 
=> b’*-—(2c cosA) b+ (c?— a’) =0 
Its roots are b,, b, 
= b, +b, =2 ccosA; b,b, = (c’ — a’) 
2ccosA 


. (b) cosA= 


2 2 2 
-2D, =¢: =a 


Also givenb,=2b, => = 


4c’ cos’ A 
=> 2 ——— =¢?— a? 


28 ee 
=> sind= 1-2] a tae 
8 Cc 


10. (a) 2B=90 > A+C=n2 => 


Properties and Solution of Triangle < 3.95 


9, (a) ° a,b,c areinA.P. 


=> 2b=at+c => 2sinB = sinA+ sin C 

_B B _ {AFC A-C 

= 4sin—cos— =2sin cos| ——— 
2 2 2 


2 


. B ar. oe , 
=> sin—=2sin—sin— pel) 
2 2 2 


Now cosA + 2cosB + cosC = (cos A + cos C) + cosB + 
cosB 
A+C 


= 2cos cos $C +(1-2sin?Z | +c053 


= aes agi acaeR +] 
2 2 


2 
= ain cos ce — cos LeuSe +cosB +1 
2 2 2 i) 


= 4 sin A/2 sin B/2 sin C/2 + cos B + 1 (using (i)) 


= pie eee =2 
2 2 


A C 
tan — + tan — 
= —4,—4=1 a) 
1 -— tan —. tan — 
Z 2 


B-C b-c A 
Now, by Napier’s analogy, tan = cot — 
bt+e 2 
‘ B ‘ C 
b-c A, (B-C Ay ae eC 
=> = tan—.tan = tan— PE 
b+e 2 1+ tan —.tan — 
pi) Z 
1- tan — 
= tan— —4 (°° B/2 = 2/4) 
1+ tan — 
2 
tan (1 Pepe 


ee OR = ; ; 
an ; ( 3 (By using (1)) 
1+ tan — 


= tan? A/2 =" 
b+ec 2 


3 21 
11. (b) a= 35,b—7,snA=7, bsinA= 7 >a 


=> a<bsinA 
= No triangle is possible 


3.96 > 


Trigonometrry 


12. (c) a= 13 cm, b = 12cm, c = 5cm 


=> 


Clearly A is right angled A with ZA = 90° 


1 1 1 1 
MBC) = seb => 5h(13)=5(5)112) 


_ 60 


jana 
13 


13. (b) Leta=n-1,b=n,c=n+1;neEN andn2=2 


=> 
=> 


14. (d) 


Largest angle = C and smallest angle =A 


A.T.Q, C = 2A 
sinC = sin2A 
sin C =2 sinA cosA 
De cP 4 2 
ieee ee 
2a 2be 2a 
(n’\(n+1yY -—(n-1)y _ ntti 
(n)(n +1) 2(n — 1) 
n=5 > a=4,b=5,c=6 
sinA + sinB + sinC = 14+./2 ... (4) 
cosA + cosB + cosC = v2 .. (il) 
From (i), iene eee Le ed =14+ 2 _ (iii) 
p 2 2 
Avs Bee, 36 
From (ii Asin —sin—sin —+1=~J2 
(1) 2 2 2 
A Be |. EE 
Asin—sin—sin—— = /2 -1 6 
2 2. 2 ~ 


(111)x(iv) gives, 2sin Asin BsinC =1 


sind sin B sin C = 1/2 
Obviously the above equation is invalid for equilateral 
A's as well as for general isosceles A. e.g., if ZA = 30°, 


V3 1 


ZB = 30°, ZC = 120°, the sinA. sinB.sinC = ca x. 


2 
Also it is not valid for nght angled A, e.g., if ZA = 90°, 
ZB = 60°, ZC = 30°, the sinA. sinB. sinC = 3 ae 
But it is true for nght angled isosceles A. 7 
b 
15. (b) 2 cosA sin C = sinB => 2cosA= — 
Cc 
b> +c?-a’ b 
SE 
be c 
= 06e= a" => Ais isosceles 
16. (a) cosB. cosC + sinB sinC. sin? A= 1 


— 
— 
=> 


=> 
=> 
=> 


17. (c) 


=> 


cosB cosC + sinB sinC (1 — cos?A) = 1 

cosB cosC + sinB sinC = 1 + sinB sinC cos’A 

cos (B— C) = 1 + sinB sin C cos?A (i) 
Clearly for a A, R.H.S = 1, but L.H.S < 1 

(1) must hold when both sides are equal to 1 
B=CandA=2/2 

A 1s isosceles right angled. 


V3 cosO + sin® =k, |k| <2 
2 sin [0 +3) =k 
3 


18. 


y 


Yuu y 


sin{ 0 +2) =F ey civ) 


Now A and B are two different values of 0 satisfying (1) 


sin{ +4) = in{B +4) age 
3 3 2 


Axe 2 nz +(—-1) [5+2| 
3 3 


A+—=B+— atn=0or At+t—=2-B-— atn=1 
3 3 3 3 


A=BorA+B=7/3. But A and B are different. 


A+B=7n7x/3 => C=2n/3 
A is obtuse angled. 
cos*— cos’ — sae 
(b) ——*+ +—_4 
a b Cc 
_ (1+cos A) , tcosB) , LteosC 
2a 2b 2c 
(2 1 " |= cosB a 
= —| —+—+— | +—| — +——_ + — 
2\a b c} 2, a b C 
2 | 
= —| —————_|+ 
2 abc 
Ll ete -@t+@t+e-b +a’ +h -c’ 
2 2abec 
_(atbte)y 45° _ 
A4abe 4abce abc 


TEXTUAL EXERCISE—4 (SUBJECTIVE) 


. a= 13,b=4, cosC = —5/13 


‘ a’ + p? ay 
By cosine formula, cosC =——_—__— 
2ab 

-5 1694+16-c’ 
ee 

13 2(13)(14) 
=> -40= 185 -¢c? 
=. = 225 
=> c=15 


1 1 12 
A=—absinC = —(13)(4)] — | =24 s uints 
2 2 13 


abe _ (13)(4)5) _ 65 


Now R= 
4A 4(24) 8 
oh 24x2 _ 48 2 
s atb+c 134+4415 2 
A 2A 48 
f= 


= i Os—= OB 
s-a (b+c-a) 4415-13 


A 2A 48 


1, = — = — = ——_ = 2 
s-b ate-b 134+15-4 
p24. 24. 48 yy 
s-c atb-ec 13+4-15 


aA? 


2 


A A A A. A 
2. (a) rt s,.1, =— =—$ = 
S 


(b) rr,+ 81,7 1,1, 
A’ A’ A’ 
(s—ays—b) (s—b\is—c) (s—cl(s—a) 


: (s—c)+(s-—a)+(s—b) Kas sh’ ue 
(s—a\s —b)(s—c) 7 


A’/s 


(c) (G-rn-rn-r -( A 3] 
S 


= a = abcA’ 
s(S —a) ~ §3(s—a)(s—b)(s—c) 
_ RAYA‘) _ 4RA* _ 


2 
7S) = ; 4Rr 
s A Ss” 


(d) A= 2R? sinA. sinB. sinC 
R.H.S. = 2R? sinA. sinB. sinC 


= r= \(>)5| _ abe _ A 
2R)\2R)/\2R 4R 


1 1 1 atb+c 2s 
@) —+—+— =O 
be ca ab abc abc 


Ere ME! 
r) abe r(abe) 4R  2Rr 
A B C 
(f) OG = stan—,r, = stan—,r, = stan—, 
Z 2 


r=(s- aytan= =(s - bytan= =(s - )tan 


r r 
tan” | tan & 
AndRHS.= PP ce le las ae 2 2 
y S(s — a) 
, r 
a 
tan— | tan— 
2 
_ r tand/2 _r ais _"% tus 
r, tanB/2 4r4,/s_ nr, 
(g) 1° cot? A/2.cot? B/2.cot? C/2 = ee 
From last part (f) 
1,V; ,B nr, 5G FE 
cot?A/2 = ++; cot°— = —+;cot* — =-+ 
rr, rT, 2 1%, 


DY 22> 252 
=> eee sr aig a te UESEE! 
Z 2 2 1 KnD,N, r° 
3 ,A ,B ru és 
=> r cot a Pa rig 


Properties and Solution of Triangle < 3.97 


(h) rr, cotA/2 =A 


A A A 
or rm,= Atan—or 7, =—ttan— 
: 2 r 2 


A 
or 1S= oe which is standard result. 


2 © . ©. ods. tb 1 1 J] 
(a) OF = — LS a 
ry r, r, r r r, r; 
s-a s—-b s-c s 1 
= - + == = RES 
A A A A fr 
. b-c ec-a a-b 1 
(ii) te = =— [(b — c) (8 — a) + (€ - a) 
r, r, r, A 


(s —b) + (a—b) (s -c)] 
= 1/A=[s(b—c+ce-—at+a—b)+(Cab+ca—cb+ ab 


—ac + be)] = 0 
(iii) a(rr, +1, 1,) = @ ae a 
: s s-a_ (s—b) (s-c) A 
- 7 [(s —b\(s—c)+s(s- a)| 


=al[(s — b) (s—c)+s(s—a)] =al[2s?-s(at+b+c)+be 
= a[2s?— 2s? + be] = abe 
Similarly b (rr, + r,r,) = e(rr, + r,r,) = abe 
(iv) R.H.S. = acosA + b cosB + ¢ cosC 
= 2R sinA cosA + 2R sinB cosB + 2R sinC cosC = R[sin 
2A + sin 2B + sin 2C] 
=R [2sin (A + B) cos (A — B) + 2sinC cosC] 
= 2R sinC [cos (A — B) — cos (A + B)] = 4R sinA sinB 
sinC = L.HS. 
1 1 
(v) A= aoe sinC = rs (2R sinA) (2R sinB) sinC = 2R? 


sinA sinB sinC 
_A A _&B C me © C 
= 2R? 2sin —cos— |} 2sin—cos— || 2sin—cos— } _ 
2 2 2 2 2 2 
3; CA ie BP A B C 
16R2| Sin—sin—sin — || cos—cos—cos — 
2 2 2 2 2 2 
r A B C 
= 16R?2 —.cos—.cos—.cos— 
4R Z 2 2 
r aRsin sin sin 
2 2 Z 
A B C 
=4Rr cos—.cos—cos— 
Z 2 2 


(b) (rt, -1,) G, -1) = 21,1, 


> (5-4)4-4)-(4)4) 


(b-a)x(c-a) | 2 
ov ea eabN Gea) hese) 
(b—a)(c —a) 
> ——=2 
(s—a)’ 
b+e-ay 
— (ba) (e-a)=2 (274) 


=> ib Cea" => Aisaright Zd A. 


3.98 > Trigonometrry 


(c) To prover+2R=sinart. Zd A 


A 
b=2R 
im 
B 3. 
Here, r + 2R = Pp te OO RETO) 
. 2s (a+b+c) 
_ act(batb' tbe) _ 2b" +2ab+2be +2ca 
(a+b+c) 2(atb+tc) 
b? +(b?) +2ab +2be +2a 
ae (. b?=a?+ 0?) 
2(a+b+c) 


_ (a+b+c)y _atbte 25 
2(a+b+c) Zz 


aN 
[> 
II 


1 l 1 
a (base) x (altitude) = ae x AD = ae sinC) 


= 5a6(2sin cos =nh Saks e) pie) 
2 2 2 ab ab 
= /s(s—a)(s—b)(s —c) 
C 


Again Ke GA Fab = a : 
Z Z 2R 


by = = Ke = = =2R 
snd sinB sinC 


Further A = absinC -5K sin Asin BsinC 


2 
+ = sin Asin BsinC 
2\ sin A 


a’ sinBsinC 


2sin A 
Now, A = ae = A2CO0E. , | vA= ane =>abc=4RA 
4R  AR(4RA) 4R 


Rabe a b ec _ Rabe 


2A 2R 2R 2R 2rs 


sin A.sin B.sinC 


(. A=rs and —- = sin Act. 
2R 


b A B 
Rabc.sin A.sinB.sinC aaah iar paar | 


2.8 Apa Ga aa 8 
2 Z 2 


4ARA AB 
= cos—cos—cos— 
2 2 2 


Ay... “B32 
= 4Rscos—cos—cos— (using r = A/s) 
2 2 2 


. (a) Givenr, +r, +1,+ 1, To Prove: A is right angled 


A A A A 


=> = + += 
s-a s-b sg-c 5 
1 1 1 1 
=> = + += 
s-a s-b sg-c 5 
2 2 2 2 
=> = 4 
b+c-a atc-b at+b-c atbte 
1 1 1 1 
=> 


SS ee 
(b+c)-a (b+c)+a at+e-b atb-c 
=> b’*+c? =a? (on simplification) 
=> Ajs aright angled 

B Cc 
(b) L.H.S. =rcot—.cot—=r 

2 2 


s(s —b) . s(S—C) 
(s-a)(s—c) (s—a)(s—5) 


S rs 
(s—a) (s—a) (sa) 
ieee ee BOI Ord 

eae Ie A? Ie Ie Ie 

[s* + (s—a)’ + (s—b)’ + (s—c)’] 


2 —[as* +s(-2a-2b-2c) +a? +B? +07] 


mane A 


r =RHS. 


at+bh?4+e? _ 
ey Cee 


= A 4s? —4s° +a°+b’? +c7]= R.HS. 
A 
_A B Cc A.B C 
d) LHS. = 4R sin—cos—cos— + 4Rcos—sin—cos— 
(2) 2 2 2 ip) 2 2 
$ARias s6s in a 
2 y) 2 2 2 2 


- sx (on( 42) en (on(42)) 


7 aR eos? C sin? =4R=RHS. 


. rir.,r, arein HP. 


1? 2? 3 


\ es ees a | 
=——— ae nA => —=—S—-— 
no", 2%; es Le 
(s—b) (s-a) _ (s-c) (s—b) 

A A A A 
s—b-—sta=s-—c-—s+tb 


a—b=b-c => at+c=2b 


a, b,c are in A.P. 


Yuu Y 


. By sine formula in a AABC, 


a 


“=2R>==2sinA (i) 
sin A R 


Similarly in AOBC,  =2sin ZBOC; In AOCA, 


b . _ c ; 
— =2sin ZCOA; and in AOAB, — = 2sin ZAOB,; 
R, R, 


b 
LHS. =—+—+—=2[sin ZBOC + sinZCOA + 
R, R, R, 


sin ZAOB] 


= 2[sin2A + sin2B + sin2C] = 2[4 sinA sinB sinC] (on 
simplification) 


- (A) 15) = ame =R.HS. 
2R)\2R)\2R R 


8. In right Zd AABD, AD = ABsinB = c sinB = 2R sinC sinB 
(by sine formula) 
But AD is the diameter of circum circle (=2R’, say) of AAPQ 


=> 2R’=2RsinC sinB 2 ————— nn, (i) 


P 
By using sine formula to AAPQ, we have, —< =2 
sin 


=> PQ=2R’ sinA = 2R sinA sinB sinC (from (i)) 
_ aR = \(5)(5)- abe _abc/4R_ A 
2R)J\2R)\2R 4R’ R R- 


Thus PQ = 2R sinA sinB sinC = R 


> 


; kL sr 
9. In right Zd A AIL, sin ZIAL =—- =—~> AI =r/sin 
AI Al 


ZIAL 


C 


=> Al=rsin(A/2)(. Al is internal angle bisector of ZA) 
= Al=rcosec (A/2) 
Similarly BI = r cosec (B/2) and CI = r cosec (C/2) 


A B C 
AIL: BI: CJ = cosec—: cosec—: cosec— 
2 2 2 


A B 

tan — + tan — 
A B ) y) 

10. Ina AABC, tan] —+— | = ——=_——+ 
oD A B 

ae es 


Properties and Solution of Triangle < 3.99 


A B A C B C 
=> 1l-tan—.tan— = tan—.tan— + tan—.tan— 
Z 2 2 2 2 2 


r, 7 A 
1.342.242 ‘n= stan—etc. 
Ss Ss Ss 2 

2 


s 
oe A i A? 
s’|(s-a\s—c) (s—b)\(s—c) 


ee 
R= etc. 
(s—a) 


_ AY} _(s-8)+s-a) J AP 
>| (s —ay(s —b)(s—c) ? (s—a)(s—b)(s —c) 


TEXTUAL EXERCISE—4 (OBJECTIVE) 
1. (c) 2R’sinA sinB sinC =1/2 (2RsinA) (2R sinB) sinC = 1/2 
ab sinC = A 
2 (c) b=6,c=8, ZA=90°. Ina nght 2d A, 2R hypotenuous 


= IR-=a= Vb? +c? = 100 =10 
=> R=5 
3. (b) a= 3k, b = 7k, c = 8k 


r= 4R sinA/2, sinB/2, sinC/2 
R 1 


b AL 4 OBE 
4sin — sin —sin — 
ie) 2 2 

1 


4 i(s-bY(s—e) | (s-ays~e) , (s-ays~b) 
be ac ab 


abc _ Gk YTKYBK) _7 


A(s—ays—b)\s—c) 4(6k)\(2k)\(k) 5 
Ret 172 


4. (c) Givena= 13,b= 14,c=15 > s = 42/5 = 21 


A 


(s-—a)(s—b)(s —c) 


S 


a 4/s(s —a)(s —b)\(s —c) _ 
aa KY 


_ a) za 
21 


3.100 > Trigonometrry 


5. 


10. 


11. 


12. 


(a) a=3;,b-5,¢-6>s3-7 


AL [e=ae=BKs=9 — [H@D _ a 
Ky Ky 7 7 


(c) a=b=c;r=1;,R=? 


_A. B.C 
r=4R sin—sin—sin— 
p 2 Z 


= ih= ARsin—sin—sin— 
6 6 6 


1)\)(1)\f1 

=> 1-= ar{ E | 
2g 2j\2 

(b) From the above question 6. 


r=R/2 
(a) a= 5k, b = 6k, c = 5k, r=6, k =? 


sada peste (s— as — bs ~c) 
s Ss 


(3k) (2k)(3k) 
8k 


Ko 


— Eo 6= 3/2k 


> k=4 


(c) b= 2, B = 30°. To find area of circumcircle of AABC 


b 2 
R=- =—\-=4 >R=2 
sinB  sin30° 
Area of circumcentre = 1R? = 41 


(b) a= 13,b=12,c=5;s=15 


paste 
AA 
pe (13)(12)(5) 7 195 
4./s(s—a\(s—b\s—c) — ,f15(2)(3)(10) 
_ 195 13 
36. 19. 


(b) Given r,, r, and r, are in A.P. 


C 
=> stan—,stan—,stan— are inA.P 
Zz Zz 2 
A B € 
=> tan—,tan—,tan— areinAP. 
Z 2 2 
A B C , 
=> cot—,cot—,cot— are in HP. 
2 Z Zz 


(b) Given r, = 2r, = 3r,. 


A B C 
=> stan—=2stan— = 3stan— 
2 2 2 


A B C 
=> tan—=2tan—=3tan— =k(say) 
Z 2 2 


(:.. tan A/2 etc are +ve) 


13. 


14. 


15. 


16. 


A Bol C ) 
tan— = 1, tan— = —, tan— =— 
2 2 2 2. 3 
= A— 72 = R=a/?2 
2 tan = 
Z 1 Aa 
b = 2R sinB = a| ———~— =a ea and 
1+tan?( 3) ae 
2 4 
2tan( S| 20 : 
c =2R sinC = a| ————~~ | = 3 wee 


o) ] 
1+tan?(S) 1+ — 
2 9 


4a 3a 12a 12/5 12/5 
(a+ b+c)= at+—+— =— = —|—b)|=—] =e 
> 5 5 5 


12 
So Deo) = —o = 3b =4c 


(d) 2r (sinA+ sinB + sinC) 
= 2r Bi 2 ae. 
2R 2R 2R 

(*. 2s = A) 


)- pate +) =7 (2s) =2AN/R 


A B C 
2 cot—cot —cot — 
Og 


s(s —b) : 
(s—b)\(s—c) (s-a)(s—c) (s—a)(s—b) 


ee ee s(s—c) 


5 Ky rs’ 
= 1° .§ = |——|!_—_ _ = —_ =— =A 
\ (s—a)(s — bs —c) A A 


(b) In a right angled A,r +2R=s 


S—Tr 


=> R= 


A 
(c) In an equilateral A; 4 = oan 


“BD Sa 
A 


r =(s—a)tan— =—— 
2 23 


Bs _N3a CL 
Z 2 


a stan 


=> Pil rok 
TEXTUAL EXERCISE-5 (SUBJECTIVE) 


a ya a ya 
R=—cossec—;r =—cot — 
Z n Z n 


| XK = “| 1 
R+r= a cosec— +cot— | =— 


n n 2| sinz/n  sinz/n 


cos ae 
+ 


2 <|t Peed _a@ 
sin z/n 2 


2cos’ z/2n a [ X 
_____—_—_—__—— ot 


2 zi 2 


_ 
2sin —.cos 


. Let the radius of circle be r, then A, = 7 1’ (i) 


Also area of regular pentagon is given by 


Properties and Solution of Triangle < 3.101 


x LC fr 
A,=n [Frsin2= ).n=5 5. In nght Zd A OLC, Pena ae 
5 21 - x 2r 
=p ee . 2. ‘OC =p see == 
= A, 5" in{ =) ... (ii) oe B 
A mr? 1 (on/5) 
a =— cosec (27 
i 51? sin( 2) ? 


3. Letr be the radius of circle. 
*. Perimeter of circle = circumference = 2zr 


Perimeter of regular polygon = 2zr 
= Each side of regular polygon 271r/n = a(say) 


Area of regular polygon of n-sides 


A rea of circle ar 
Area of regular polygon n-sides =r” a [ x 


n I\ 2 
= = | tan— |:— 
1 
cot — ay Mt 


a x 
4. AB=BC=AC=a> a a 
n 


A 


A 
= gifs tls + £3) > 2s = hts 3/28 


; 3 
a «x a fi 1.€., pas 758 bieiell) 
=> 1 S—> = 
2° 3. ON ; 
Also AD <AB+BD => ons 
Now, 


Similarly 0,<a + b/2 and £,<b+c/2 
a, 3 
=> Zin Gaba 3s 
=. > 6 :<3s ... (it) 


3 
From (i) and (ii), = <>)e, <3s 


: 2 A 2 B 2 & “4c 
a 7. since tan pigs es 5 are positive for AABC 


By A.M. >G.M. 


Area of square inscribed in a circle of radius ’r’ is given ,A cA 3B. 5€ 
> tan 5 23 tan tan tan > 


2 
1 2 
A= —(2r)’ = or) = square units. 3 
2 2/3 6 and the minimum value exists for 


3.102 > Trigonometrry 


2 
it 
Dan’ oa 3.3 l— = 1 
27 
Minimum value of >> tan’ a =] 


8. We have >) >\(a,-a,)° 20 


lsi< j<(n-]l) 


=> (n-2)| a +a, +a} t....... +4,,’|2>2>> 4,4, 


lsi<j<n-l 


n-1 n-1 


> (n- nya ees ae +2) >. aa, 


lsisjsn-l 


=. (n-1)(a; +a, +a; +t.. ta? ,)2 
(a, ta, +a, +....a,,)° >a, 
Ca eR a aaa 


a; taytapt...+a*, 1 
isl Senet eee 


a,” (n-1) 
9 Se — ts 24+V5_ 
Dein 2.sin30° 
R=2+5 
A 
B CG 


Now AH = 2R cosA 


=2(2 +5 ) cos30° = (2 + V5) V3 = (V4 +V5)v3 


k=4 
10. ZAOI,=z/n 
I, =2nxarea of AOA, J, 


va 


In AAIF, we have = te 
sin 90 ES Se 
= AI= — (By sine formula) 
sin — 
2 
4R ne aia Pane 
De. 22 
.A 
sin — 
2 


=> Al= 


oy Aor =nxsin x cos— at ee 
o) n n 2 n 


O, =2nx area of AOBO, =2nx - x BO, xO, 


I I 
=nxtan—x1l =ntan— 
n n 


g 1+ 1s 2 
\ n 


Now R.H.S. 
= aL +005 = So 2cos*=O, cos? = 


n n n 
a ae 6 2 

= ntan—cos? — = *sin-— =I, 
n n 2 n 


. Let IF be the in-radius of triangle ABC. 


= AR sin 2 ap = 
2 2 


Also ZSAB = 90° — ZASB, 
l 


= 90° - S ZASC 
= 90° -— ZB 
ZIAS = ZIAC —ZSAC 
A B-C 


S(O py a 
2S a: 


In AASI, 
(STD? = (AS)* + (AIT)? — 2(AS) (AID) cos ZIAS (by cosine 
formula) 
C 
(SI)? =R? + 16R? sin? = sin’ > —2R x 4R ie eas 
2 2 2 
B-C 
2 


COS 


Properties and Solution of Triangle < 3.103 


B.C B.C B-C 
= R?| 14+8sin—sin—| 2sin—sin—-— cos 
2 2 2 2 2 


= R? hoses ese ae 
2 2 2 


=R? | 1- St an 2 
2 2 2 


=R? | 1- oar ee D se 
R 2 2 2 


=> d’?=R’-2Rr 


12. Given, 

ake nq 24 

2 a : J(at+b+c) abc 
(at+b+c) 
Similarly, h, = ean h= nal 1/2 
b c - (5) f abc ) 

h+r oh,tr hjt+r at+b+c at+b+c 
a a, oi eh ee 


h-r h,-r h,-r 

14: 8 ZAROK = ZA OR > ispecies 
2h Kh. 2h ZA. KW : dn 
Pans Sa aa = Oh 


a = Se De Se 28 e 


2A A 2A A 2A A 


a s bb g e¢ 8s 


2s+a i 2s +b & 2st+e 
2s—a 2s-b 2s-c 


1} 4s 4s 4s 
= 3 |—¢——__ + ———_ 5 _—_ 
Bees 2s —b al 
3 


—3>3|2s-a 2s-—b 2s-c |-3 
As As 4c 


> 6 [Using A.M. > HM] 


13. Let I, 1, I, be the centres of the circles of radii a, b, c 


1? ~2? “3 
respectively which touch externally at points D, E and F. If 
the tangents at D, E, F meet at I, then ID = IE = IF also. ID 


LIJ,,1E LL, and IF LI, 


23? 


Given OP*=c, 


Let ZPOA, = 9, OM = a, 
lengths id “. MN=ON-OM = OP cos [= +6) —a 
n 
II,=bt+c,1I,=cet+aandII,=at+b 


Perimeter of AI II, = LI, + 1, +1, 


123 


Hence I is the incentre of the AI.LI,, whose sides are of 


MN = c cos (Z+0)-a 
n 


2s = 2(at+b+c) Similarly length of other perpendiculars are 
s=(a+b+c) C COS (= +.0)-a,c.0s (FF +0)-a sate 
ID = IE = IF = radius of inscribed circle of AI LI, : . 
sa Nis s(s—I,J,)(s-1,f, )(s -LJ,) .. sum of squares of the perpendicular P on the sides of 


s s polygon = 


3.104 > Trigonometrry 


pe ; 25 : bean gat Agi EB sin ae cos =A) 
= coos 0+= a a coos 049) 7 ri ae f i* mi 
2 a-A 
5x rcos 
+ ecos(o+==)-a| +... n terms _ 4 
u m-A z-B z-C 
COs ri COS A COS 7 
= na? — 2ac os( 0 4) +e0s( 0 +32) +...n term| 
n n 


+ ¢? cos (0 +2) +cos” [0 +34) +n erm 
n n 


2 
= na? — 2ac. 0 + 5 In + 0] = na? ¢7/2) 


15. Let the circle of radius r, touch the sides AB and AC at D 
and E, whereas the incircle touches these sides at D and E. 
Let O and O' be the centres of the inscribed and that of the 
circle with radius r,. O and O' lie on the bisector of angle A. 


Also, AO' = OD' cosec <- r, cosec “ 


AO = OD cosec “- r cosec “ 


Hence, OO' =r +r, =AO —-AO! 


_ A A 
eae ea | ert =i ae 


eet 


16. Here 


‘N |= 
II 
= 
> 
II 
= 
-_- 
9 
=) 
r) 
f= EN 
SS) 
| 
aN 
NY 


cosec—+]1 
2 


Similarly, r, = r tan? = 


4 
Hence, Jrirg + glo + VPM, 


x-A x-B x-B K-C 


= 2 
,f, 1 tan 


tan .tan + tan .tan ji + 
7 z—-C x—-A 
tan .tan 
- : i 7 = 
x-A x-B xK-C KY sS-—a 
cos cos . cos 
4 4 4 ae 
_«a-A. «a-B | "Pp s 
> sin sin 7 cos 7 
Also, tan es, tan ees 2S 
a ae Z 2 
one 4 => "=tan a tan e . (i) 
jus aa eee ee sye 4 . ; = 
A a 4 a A Let ZAP, B=a,, ZAPP, = a,, 
PP Ons a Pb ey 
: = : xr-C r—-A n n—2 n 
+sin sin COS | ae B A, és 
A 4 4 —-=tan —tan — ... (il) 
4 z 2 
r 


xr—-A Pinos tes a, baad 
—-=tan | ——— |tan — .. (ll 
COS ; P, [ 5 - (111) 


i TO Ob 5 C 
—=tan | ———— |. tan— 
2 2 2 
Multiplying all above equations, we get 
yr #, r, _,_B Cor 
—. = tan—. tan — = — 
| A 2 P 2 2 £& 


nr 


TEXTUAL EXERCISE—5 (OBJECTIVE) 


1. (b) c? = AM? + BM? 
b? = AM? + MC? 


a 


2 
c? — b? = BM? — MC*= Fa -]x+4 


ce -b? 
On simplification ==% 
hb? -¢? 2 _ p? 
=> DM= “ forb> cand DM =< 
2:2 
pM =< b 
2a 


2. (c) Circle through D, E, F is nine point circle having its 


.. (iv) 


.. (V) 


[using (i)] 


forc>b 


radius equal to half the circum radius of AABC 1s R/2. 


A 


B D 


3. (a, b, d) 


Properties and Solution of Triangle < 3.105 


(a) A= sae == avb =a = =avaR? =a" .. (i) 


By A.M. > G.M., we have, a? + (4R?- a’) 2 
2,J/a’.(4R* - a’) 
= 4R’?>2aN4R*-a => =aVAR =a? SR ... ii) 
From (i) and (ii), we get A <R’ 


Area of triangle with maximum area is R’ 
(a) is correct 


Now, for maximum area A, a*= 4R?— a? 
a? = 2R? => a-v2R 
c= V2R 


WVUs: we 38 


Thus a = J2R,b =2R,C =J2R 
=> LZA=2Z2C=7/4, ZB=7/2 
A 2R’ R 
Now, 7 =—=—=———. = —=— = (J2-1)R 
e's (QN24+2)R 2 +1 (v2-1) 
(b) is correct 


1 1 1 41 
(c) —+—+—=— (s—at+s—bts-c) 
a Ae A 


s 11 v24l 
A r (2-1)R- R 
= (c) is incorrect 

(d) s=1/2(at+b+c)=1/2 QR + 2V2 R)= (1+ V2)R 


= (d) is correct 


4. (b) Inright Zd AAQC, AQ = (OC)? +(ACY? = 13cm 


Length of each shing = 13cm 


Now PQRSP is a rhombus inscribed in a circle of radius 
R = 5 with each side ‘a’ 
a a 


=> R= > 5=—= 
2sin = V2 
=> a=5\2cm => PQ=5\2cem 
(AP)* +(AQ)* -(PQ)’ 


In AAPQ, cos@ = (APY AO) 


cog = 3 £013)" = G2)’ 
2(13)(13) 


3.106 > Trigonometrry 


5. (b) Since no gap is left at common vertex 
= Sum of interior angles of polygons must be 21 
=> a ta,t+a,t.... ta, =27 


kin,-2 x 2 
=), i129 
| n; I "> | 3 


‘1 ‘1 (k-2) 
= k-2)> —=2 = —= 
7a ra Z 
6. (a, b) Area of PQRS = 4V3 ...(i) 


= =(ad +be)sinP = 4V3 


= (2d + be) sinP = 8V3 ... i) 


2V3 

In APQS, by sine formula, . =2R;R = radius of 
sin 

circumcircle APQR which is same as that for APQR = 2 


(given) 
=> sinP = ¥3/2 => cosP =+1/2 ... (aii) 
2 — 
S, fe 42d = 2-8 
2 2(2)(d) 
=> @?F2d-8=0 
=> d=2ord=4 ... (iv) 


“. From (1) and (11) and (iv); be = 16 — 2d = 12 or 8 
=> (QR).(SR) = 12 or 8 


Xu yi oa ‘ ; 
7. (c) cosy +) cos{ 0 +) cos 4 +5 = -siny, —sinO, 


—singd = —sin2A, — sin2B, —sin2C 


A 


Now, sin2A + sin2B + sin2C = 4sinA sinB sinC 
Now, sinA, sinB, sinC > 0 for AABC 


: : ;, sin A +sinB+sinC 
= sin A.sinB.sinC < ——————— 


3 


And maximum value exists for sinA = sinB = sinC = 


V3/2 
8) _ 33 


=> sinA. sinB. sinC < 
2 8 


3/3 
= 4sinA. sinB .sinC < oF 


33 
2 


=> —4sinA .sinB sinC => 


23/3 


=> -sin2A — sin2B — sin2C > 


2 
~sin2A -sin2B-sin2C _ V3 
a 
3 2 
=> A.M ofcos yee ,COS ge cos( 6+ Sal 
2 2 2 2 


=> Minimum value of 


cosy +) cos{ 0 +) 00s C +2) is —V3/2 


.(@r = Scot R = cosec— 


n n n 
cot 2 a 
—< 7H = cos—jn 23 and — >0 
cosec — e n 
n 
r x 1 
For n= 3, —=cos—=— => (b)is true 
R a 2 
Renet sce == 
or n= 4, —cos— = —= c) is true 
R 4 2 


For n= 5, r/R = cosn/5 
For n = 6, r/R = cosn/6 = V3/2 
=> (a) is true 
In [0, 2], cosx 1s a decreasing function. 


ya ya ya ya 
=> cos— <cos— < cos— < cos— 
3 4 5 6 
=> 0.5 <0.707 <cosz/5 < 0.867 
and De 0.67 ¢€ cos—,cos— 
3 3 4 


And hence it can’t be attained by cosz/n for any natural 
number n. 


. (a,b,c,d) A=a2r,r=A/s; 


2, a= 
; A, = 27, 2h = 


s-a s—b’ 


— 2. — 


(s—c) 
. 4 +4, + JA, =v, +4 +7) 
=> (a) is true 


Also racic ia 2 =1r+ 4R is true 


= JA +4, + JA, =V2(4R +r) 
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= (b) is also true 
ja il 1 1 

a* =— ax +— by +— cz 
2 2 2 


XY 2) — 2 


12. (a) r, =s tan A/2, 


=> (c) 18 also true Given 2s tan A/2 = 2s, tan A/2 = 1, A = 7/2. 
1 1 11 #d/71 11 
Also == +——= + = = SE | - H+ YH You can not say about nght angled triangle. 
V4, V4, VA; a? BA 4%, 


13. (a) Let AB=1 be one of the sides of the polygon. 
3% +H; a 


i), 


eg 
pale b)(s —c) Ge aXis—c) (s-a)(s- =| Vy; (el B 
- a)+(s—b)+(s- 2 1 a 


— 


Va (s-ays—b\s—e) totais Then AB subtends an angle of 27/9 at the centre O 
A? s 1 1 s of the circle. Let OL_LAB . 
7 ate —a\s —b\s- shoe Vx nny, Radius of the circle =OA = ALcosec(z /9) 
cosec(z/9) 


= (d) is correct 
90-C 90-B 14. (b) Let O be th foot the tower of height h and « be the angle 


10. (b) ZBIC = 180 —- ——— —- ——— of elevation. 
Hence OA =OB=OC =hcota 
Therefore ABC has O as a point of circumcentre 


15. (b) « 4R ec 


=> K:=2 
ok = 2reZ 
—— oe | 


16. (a,d) We have r(r,r, + rr, + rr) 
A} 
= ———————_ and 
(s—a)(s—b)(s—c) 
i? 

Itt, ~ 

(s—a)(s—b)(s—c) 
X°—r(rr, +4, + 1,1)x +111, — 1 =0is satisfied byx=1. 

So, one root is x = 1 and other root is therefore r,r,r, — 1. 


11. (c) Givena=b=c 


‘ SECTION-III (ONLY ONE CORRECT ANSWER) 
1. (b) C= 2b, ZC = ZB+ 2/3 = ZA=? 
Cc F b B ‘ fj | a o b _ 2b 
5 as snA sinB sinc 
= 2sinB=sinC = sin{B +3) 
; X 
=> 2sinB = sinC = sin (s +4) 
B D C 
a 


| | v3 
2sinB = (sin B) 1/2 + (cos B) > 


AsinB = sinB + V3cosB 
tanB = 1/V3 > /B=n7/6 
ZC =n/2 => LA=n/3 


B 


Area of triangle ABC = — a? = area of triangle ABQ + area 
of triangle BQC + area of triangle CQA 


YU J 


- © = 
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2. (a) ZB= 7/8, ZC = 52/8: AD=h;h:a? 
x 5x) 
2 éa-n-(2452)-4 


8 868 


a b [si = | 
In AABC, ==> )= sin — 
, 1 8 
sin— sin— sin — 
8 4 
h b 
and in AACD, —— = ——_ 
. 32x . e 
sin—  sin— 
8 2 
=> =.Pasin— => ee ie a 
SI 8 a 8 8 2 
sin — 
8 
Thus h:a=1: 2. 
a b c 
. (d) By sine fe l =——_—_ =——_ =2R ...... 
eyesore: snA sinB sinC W) 


(a) Knowing a, sinA, sinB; b, sinC and C can be deter- 
mined and hence uniquely determine a AABC. 

(b) Clearly a, b, c, uniquely determine a AABC. 

(c) Knowing a and R gives sinA and hence ZA. Since sinB 
is given, ZC can be determined. Finally b and c can be 
determined. 

(d) Knowing a, sinA and R 1s not sufficient to determined 
the other components 1.¢., b, c and ZB, ZC. 


. @ s=15 
 >)(6+c)cos(B +C) 
= )°(b +c)cos(z-A)=-})(b+ce)cosA 


=—[(b +c) cosA + (a +c) cosB + (a + b) cosC] 
= — [(a cosB + b cosA) + (b cosC + ¢ cosB) + (c cosA 
+ acosC)] =—[c+a+b] =-—2s =— (30) 


a b 


cosA cosB 


= sinA cosB — cosA sinB = 0 

= sin(A—B)=0 => A=B 

> c=n-2A 

(a) 2sinA sinB sinC = 2sin’A sin2A = 4 sin’A cosA # 1 
(b) sin’?A + sin’B = 2sin*A ¥ sin’C as sin’C = sin?2A 
(c) 2sinA cosB = 2sinA cosA = sin2A = sinC 


6. (d) a? (sin?B — sin’?C) + b?(sin?C — sin?A) + c?(sin?A — sin?B) 


= Yasin’ B - sin’ C) 


10. 


1 
2 


aR | S.a°b? - Mee | = 0 


A-B\ 1 A+B 
(c) tan = —tan ; 5a: b=? 


ya (b —¢’)= 


2 3 
A-B 1 C 
=> tan = —cot— 
Zz 3 2 
A-B C | 
=> tan tan— =— 
2 2 3 
a-b 1 2a 4 a 2 
=> = —— a ae 
a+b 3 —2b -—2 b | 
> a:b=2:1 


B-A 1/B+A 
Had we taken tan =— 
2 3 2 
b 
Then —=2:l1>a:b=1:2 
a 


> a:b=1:2o0r2:1 


s(s—c) s(s— a) _ 36 
(a) Given ee }+({ 5 


Now, L.H.S. “(s —c) +s —a)= [2s —(a+c)]=3; 


R.H.S = ae 
2 


3b 


ag ae => a+btc=b 


= “ae = 2b 
=> a,b,careinA.P. 


acosA+bcosB+ccosC 


(c) 


atb+c 
_ Rsin2A+Rsin2B+Rsin2C ae Asin Asin BsinC 
~ Rsind+2RsinB+2RsinC 2 Oe ee 
Cy oe a 


~ 5[ sin sin sin tA. Bo Ce oF 

= —! 8sin—sin—sin — | = 4sin—sin —sin — = — 

2 2 = 2 2° 2. 2 oR 

(d) sinC + cosC + sin (2B + C) — cos(2B + C) = 22 

=> sinC + cosC + sin(B + x—A)-—cos (B+ 2—A) =2Vv2 

= sinC + cosC + sin(A — B) + cos (A — B) =2v2 

=> sin(A+B)-—cos(A + B) + sin (A — B) + cos(A — B) = 
2v2 

=> sin(A +B) + sin(A — B) + cos (A — B) — cos (A + B) = 

2v2 

2sinA cosB + 2sinA sinB = 2V2 

sinA (cosB + sinB) = V2 

=> sin {cos Be + sinB =| 


V2 V2 


Y ¥ 


11. 


12. 


13. 


14. 


= sinA.cos (B—- 72/4) = 1 

=> sinA=1;cos(B-7/4)= 1 

=> A=7/2;B=127/4,c=2/4 

=> AABC is isosceles and right angled. 
.(A-B+C _|A+C B 

(b) 2 acsin (An) = 2ac in| = 


= 2acsin( FB) = 2ac cosB = a?+ c? — b? 
(d) Given R= c =b; 

Qa R _ R : 
snA sinB  sinC 
ey 

3 


(a) c=b; ZA = 20°; a +b?=? > ZB= ZC = 80° 


2R 


By sine formula, 


=> sinB = sinC = 1/2 


In AABL, sin10° =— =— 
20 


=> a=2bsin 10° 


Gi) 


Now a*+ b* = 8b’ sin? 10° + b* = b* (8sin?10° + 1) 


Now sin30 = 3 sin® — 4 sin?0 
=> 4sin*0 = 3 sinO — sin30 
For 8 = 10° 
4sin°10° = 3sin10° — sin30° 
8sin?10° = 6 sinl0° — 1 
8sin?10° + 1 = 6sin10° 
Using (111) 1n (11), we get 


YUU: 


a’ + b3 = b’(6sin10°) = 65° & 
2b 


= 3ab? = 3ac? 


(c) cota = > h= 


1 


R 


= ] 


(cot 2 


ii) 


ii) 


.. (Using (1)) 


16. (b) InDABD 


B al2 D al2 


And in DACD 


Now from (i), 4D =— 


Using (iv) in (111) we get, sin (A — a) = 


Properties and Solution of Triangle < 3.109 


1 
Similarly h, = [22] and h, = [2] . Since cota, 


R R 
cotB, coty are in AP. 


cota cotB coty 


? ? 


R R R 


are in A.P. 


=> h,h,h, areinHP. 


eae aa 


15. (b) Let PM be the height hill with P as its foot. Then 
h h 


a) 


B C 


AP = BP=CP 

P is the circumcentre of AABC 
AP = BP = CP = R (circum radius) 
From (i), h = BP tana = R tana 


h= id tan @ 


—— tana = ———tana@ = — 
2sin A sin B sinc 


b 
h= tan a.cosecA = an a.cosecB = stan acosecC 


a AD 


2sina sinB 


A 


ay 


i) 


__@ (AD 
2sin(A-a@) sinC 
F Gsincs oe 
rom (11), sin(A — a > AD 
asinB 


2 sing 
S 


in 
sinB 
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17. (c) a? sin2B+ b? sin2A = 2a? sinB cosB + 2b’ sinA cosA = 
2a°b 2b° 


cosB + cos A 
2R 2R 


1 1 
= ra (a cosB + b cosA) = Pa, 


19. (d)a:b:c=4:5:6 
= sinA: sinB: sinC =4:5: 6 
Let sinA = 4k, sinB = 5k and sinC = 6k 


abc/4A abe 
Now, we are to evaluate R/r = ————— = —(s) 
A/s AN’ 
aes tb 
A4s(s—a)(s—b)\(s—c) 4(s-—a)(s—b)\(s-c) 
a 4x5x6 6 _i64 
7 5 3 39 
4x—x—x— 
2 
A Cc. 4 
20. (b) tan—.tan—=— 
2 2 3 
(s—b\s-—c) (s-a)s—b) 1 
— ——— OOOO DIK OOS 
S(S—a@) S(S—C) 3 
s-b | 
=> == =. a e= 2b 
Ky 3 


=> a,b,careinA.P. 


21. (a) ZC = 60°, ZA = 75°; ZB = 40° 


Given: area of ABAD = V3 (area of ABCD) 


= 2A 1 Dey 
2 2 
AD 3 . 
SS —S SS ne (1) 
DC 1 
AD sina - 
By sine formula, In AABD, —- =-— ... (il) 
DB sin75° 
DC — sin(45°-a@) sa 
And in ABCD, —- = ———_—- ... (iil) 
DB sin 60° 
re eeiee ese V3 sina sin60° 
From (1), (11), (111) we get, — =— —— 
1 = sin75° sin(45° - a) 


=> sina=2sin75° sin(45° —a)=cos (30° +a)—cos(120° —a) 


= sina = V3 cosa (on simplification) 
=> a=-n7/6 => ZABD = 30° 


22. (b) b+c=3a 
=> 2s=4a (i) 
Ky 2s _4a_, 


S-—a “ean De 


B C 
Now cot—.cot— = 
2 O} 


9/3 


23. (b) ZA = 2p/3; b—c = 3V3; Area of DABC = a 


9/3 1 (si 22 9/3 
=> nee ar = ———_ 


=> A tkés sin. A = —— 
2 2 2 


V3 


=> vo S| = 9\3 => be=18 


b? +e? -a’ 
2be 

= oe (b-—c)’ +2be-a’ 

2 2be 

=> -18 = (3V3)?+2 (18) - a? 

=> a=9 


24. (c) To finds ZC =? ; AC = 4p 


Now, cosA = 


P AB=BC cscs (i) 
=> AL+LC=4P 
=> pcotA+t pcotC =4p 
= cotA+cotC =4 
=> cot{ =—C] +001 =4 
1 4 
> ——_ =— 
2sinCcosC 2 
=> sin2C = 1/2 
x Sn 
=> 2C= a es (as 2C e€ (0, 27)) 
X aya 
=> =— or — 
{2 12 
It C = 2/12; A = 52/12 and if C = 52/12; A= 2/12 
But AB < BC = Cer 
= C= 7/12 
BD AD 
25. (b) In AABD, — =— (A) 
sing sin90° 
DC AD _ 
eee (11) 


. 
sin(45°-—a) sin45° 
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=> H.M. of sinA, sinB, sinC =A.M. of sinA, sinB, sinC 
=> sinA=sinB=sinCc > A=B=C=27/3 
=> AABC is an equilateral A. 


A 
NS A A A 
29. (a) 1, >1,>1,> > > 


45-c : (s-—a) (s-b) (s-c) 
2 2 2 
(b+c-a) (cta-b) (at+b-c) 


From (1) and (11), we get, sina = sin(45°— a). V2 


=> (b+c-—a)<ct+a—b<at+b-c 
45° => b<aandc<b 
El tS i 
B D “ web <4 
m ey ae sin “BAD _v2 30. (b) a= 3k, b = 4k, c = 5k 
sin(45° — @) sinZCAD 1- = La Als _A, A _ (s~a(s— es —b) 
4AR abe/A ibe abc 
26. (c) (a+ b+c)(b+c-—a)=k (be) 3x2xl 1 
= = — => 10r=4R 
=> (2s) (2s — 2a) = k (be) 3x4x5 10 : 
= A(s)(s—a) =k (be 2R 
s(s-a) k (4 k 5 
=— => cos’|—|=— 
be 4 2) 4 A A 
k roy ‘ <=} S-a s-c 
a 31. —-=->——= => = 
=> 7 € OD (c) ee A x - es 
> 0<k<4 S-a s-c 
=> ab+s*-(a+b)s=s?-cs 
27. (a) (1-4 ][1-4}-2 => ab=(a+b-c)s => 2ab=(a+b)’-c? 
4 r; =. ao p=" => 20 —90° 
1- (s—b) _ (sce) 
= 1 1 1 
(s—a) (s- ay} 32. (c) Area of An Rm ae 
Ss 2-2 ||" *)- 9 2A. 2A 2A 
s-—al|s-—a = 2D =ax=by=cz => Rg gee 
a Cc 
2b —-2 2c —2 
=> es cad =2 Since x, y, Z are in A.P. 
b+c-al| b+c-a 
=> 2(b-—a)(c—a)=(b+c-—a) A 
=> b’?+c?-—a’=0 (on simplification) 
=> ZA=n/2 
y Zz 
acosA+bcosB+ccosC at+b+c 
28: 4b). ee 
asinB+bsinC +csin A OR B C 
= > 2RsinAcosA  2R(sinA+sinB+sinC) a ae 
> 2Rsin Asin B OR => —,—,- are in A.P. 
Bye sinA sinB sinC 
=> sin A === 
2> sin AsinB me sinA’sinB’sinC oe 
Asin A sinB.sinC 2 = sinA, sinB, sinC are in H.P. 
“Syentase oe 
2) sin A.sinB 33. (c) cosA, 1 — cosB, cosC are in A.P. ... 1) 
= 2 =F sin 4 And sinA + sinC = 1 ii) 
r( 9 Now 2 (1 — cosB) = cosA + cosC 
sin A ee: A+C A-C ts 
= | 4sin°— |=2cos COs ... (ll) 
3 _ isin A 2 2 2 


1 3 : = ae A-C . 
os : And from (11), we get, 1 = 2sin 5 COs .{1V) 
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.» 8B A+C 
Equation (ii1)+(iv) gives 4sin“ a = cot{ 


2 


Asin? B/2 = tanB/2 

4 sinB/2.cosB/2=1 => sinB =1/2 

B = 2/6 or 52/6. But AABC is acute angled. 
B=n2/6 


YUUY 


34. (c) Given: ABCD is a square with each side: a (say) 


Such that ZAPC = 2/2. To find ZBPC = @ (say) = ? 


By symmetry, clearly AP = CP = BP = k(say), then in 
right Zd AAPC, 2k? = 2a? 

=> k=a ... (1) 
Thus A PBC is equilateral A with each side = a 

= ZBPC=0= 7/3 


35. (a) In AABP, cot45° = a/9 =>a=9 ... (I) 


AC 
And in rightZd, A ACP, cot 30° = ap 


P 


j<—_a———» ¢ 


= Wa Net B= = 


=> b=9v2 
Area of rectangular field ABCD = ab = 81V2 m? 


36. (d) Clearly roots of cubic equation x*— 11x? + 38x — 40 = 0 


are 2, 4 and 5. 
So leta=2,b=4andc=5 
cos A , 0088 cose 

2 4 5 


_ [Area | (aoe) eee 
Abc 8ac 10ab 
at Oly NO Oe 
80 80 80 16 


37. (a) Clearly D is the mid point of EF, with ED = DF = a/4 


and EF = a/2 
A 
B E D F C 
2 OO 


We know that length of median from vertex A is given 


by ¢ = 526° +2¢* -a’ 
m, = 2m: +2m; —(EFY 


2 
=> mM, == [2m +2m; -() 


2 

a 
=> 4m; =2m; +2m;-— 
4 


2 


a 


a 
=> ym +m; — 2m; 


BL 
. (c) Inright Zd AABL, cosB = Th =>BL=ccosB ...(i) 


Now, in right Zd A BLH, cotC = HL/BL 


=> HL=BLcotC = ccosB cotC 

=> HL=2RcosB cosC 
Similarly HM = 2R cosC cosA and HN = 2R cosA cosB 
HL: HM: HN = secA: secB: secC 


39. (b) cotA.cotB.cotC > 0 => cotA, cotB, cotC > 0, or any two 


of cotA, cotB and cotC are negative and the 
third one is positive 


= Either each ofA, B and C are acute angles or any two of 


A, Band C are obtuse and the third one is acute, But the 
later case is impossible as in a triangle two angles can’t 
be obtuse. Thus the triangle must be an acute angled 
triangled. 
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40. (b) Let the sides a = b —2k; c = b —k, then a, c, b are in A.P. 
a+e’—-b’ 


2ac 


2V2 sinA sinC=1 => 2sinAsinC = 1/V2 
cos(A — C) — cos(A + C) = 1/V2 

cos(A — C) + cosB = 1 /V2 

co(A—-C)=1/V2 => A-C=+n/4 
A-C=7n/4 

AlsoA+ C=n2/2 => A=32/8;C=2/8 

By taking A — C = —n/4; we get A = 27/8; C = 32/8 


Now, cosB = 


_1_ (7=2ky +(7-k) - 49 

2  27-2k\7-k) 
=> —(7—2k)\(7 —k) =(7—2k)? + (7 —k)?— 49 =0 
=> k=2ork=7 


WVUUUY 


43. (c) (a—b)+ (b-c)’?+(c—a)?>0 
=> 2(a?+ b?+ c?) > 2ab + 2be + 2ca ... 1) 


But fork =7,c=O . k=2 
a=3,b=7,c=5 
| ee 153 up at ds 2 
Area of AABC = 1/2a sin120° = 5 (15)sin 60° a > 3@’+b’t+c’)z=(atbtey>d 
square cm ai+bi +e" 1 
d* 3 
41. (d) PQ= PR =R (radius of circum-circle) at+h+e - 
= The value of ———,——\ 11s always greater than 1/3. 
p a 
a ae 
44. (b) bc =k? > cosd a 
2be 
a ee 
ey ee 
2k 
Q R => a’?=b’*+c?- 2k’ cosA > 2be — 2k’ cosA 
(By A.M>G.M) 
R RR. => a? >2k’?—2k’cosA 
By sine formula aan Sh O = => a?> 2k? (2sin2A/2) 
=> sinR=sinQ=1/22 > £R=ZQ=726 => a2 2ksinA/2 
=> £P= 2n/3 45. (b) 1,=3,1,=4,1,=6=1=? 
42. (c) Now,b=AL+CL 3 ~— 2V2 pcotA+pcotC ee es | 1111 
 S+—4+—-=- => —+—4+—=-— 
= 2V2 =cotA + cotC hm & SF 3 4 6 Fr 
5p SOO LO le Sl 
= sel: ein 46. (c) Herer=4=> R=8 
_, 2/2- sinC cos A +cosC sin A 


sin AsinC 


= 22 sinA sinC = sin(A + C) 


=> 2/2 sinA sinC = sinB 
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47. (a) 


B 


a = 2sinA = 2(8) sin60°= if = 8y3 


7 A193 (=) =) 
Now, r, = a aE 


Area of drawn circle = 1442 square units. 


* sin2QA+sin2B+ sin2C =4 sinA sinB sinC and ZC =90° 


sin2A + sin2B = 4sinA sinB 


2d 
sinA.sinB = 1/4 (sin2A + sin2B) < Fi = 


And attains for A = B = 2/4 


1 1 
48. (b) Pi fer 5 Ps 
1 a 1 b 1 Cc 
SS SS SS SS 
P, 2A r~, 2A p, 2A 
1 1 l ss 
=> —+—4—=— 
P, Pr. ps; A 
R 
49. (b) InAO'BC,—*— = 
sin(z — A) ae 
mene 
=> R=— 2 
snd 2 2 


30. (a) AB, =c,, AB, =c, 


1 1 
Area of AACB, + area of AACB, = mee race 


=( +c,).h = AG +e,).bsnA a, (1) 


b te H@ 


2be 


Now cosA = 


+ 
31. (a) *. tx stan ty tan'(# 2 


c? — (2b cos A)c + (b? — a”) = 0 
c, te,=2bcosA 


1 , 
from (i) and (11), sum of areas = Pas cosA)bsinA = 


pany 
2 


For xy < 1 


Now b<atec => 


ame 


ead) 


| ab+b>+acte’ 
= tan” | [—=———___——_ 
a’ +ab+ac+t+bc—be 


| ab+a’ +ac ee 
>a a’ +ab+ac Reese ey) 


a 
= tan '(1)=— 
(1) A 


AD? + BE? + CF? 
1 


£ | 


[2b? + 2c? — a? + 2a? + 2c? — b’ + 2a? + 2b’ — c’] 


[3a +3b* +3c*] == (a" +b? +c’) 


oS 


AD’ + BE’ +CF’ 3 


BC?+CA2+AB? 4 


a’ +b? +c? a \ b \ c \ 
2 SE ad a el | rae sine 

R 2R 2R 2R 
A + sin? B + sin? C] 

[eae 1-cos2B aes 
= 4| ——— 5. ——————_ +. ———— 

2 2 2 

= a{3)-2(00824 +cos2B+cos2C)= 6 — 2 [-l1 —- 


4cos A cos B cos C]= 8+ 8 cos A cos B cos C 


Now for maximum value cos A, cos B, cos C must be 
positive. 


y 


y 


55. (b) 


56. (a) 


By G.M. <AM. 
A+cosB+cosC 
(cos A. cos B. cos C)!3 < [Sede Ete 
ny ‘3 Be cosA +cosB sees) 
cos A cos B cos |_| — 
7 3 


and maximum exists for A = B = C 


cos A.cos B.cosC ae 
8+8cosA.cosB.cosC <9 


et setae) 
x 
X 6 
tan} —-@}=— il 
(- 7 (11) 
B 
6ft 


18 6 


—x—=] 

x x 

x = 6v3 ft 
ds 


v=—=214+3> s=t?+3t 
dt 


Now BC = Distance travelled by rocket in 1 sceonds = 
4m and BD = Distance travelled by rocket in 3 second 
= 18m. 


velocity= 
(2t+3)m/sec 


aN 


CD = (18 — 4) = 14m 
x=(h+4)cot— = (h+18)cot— 
6 3 
1 
x=(h+4).3 =(h+18)—— 
( ) ( 5 
=> h=3m. 
=> x = 73m. 


3h+12=h+18 
x= (h+ 4)cot= 


Clearly above sectorial area is the lateral surface area of 


right circular cone. 
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216 , 
S =— .z(10) = 60zsq.cm. 
aR (10) q 
< 10cm —> 
mrl = 607 Sal =00r ch hs (1) 


r = radius of cone, | = slant height of cone and given the 
semi — vertical angle 0 


Mii) 


2 ot eed 
1 5 


sing =~ 
1 


Clearly,1=10cm > r=6 


57. (d) Clearly the pole must stant at the centre of regular hexagon. 


R = radius of regular hexagane with each side ‘a’ is given 


by R= “cosee{ =). n=6 ie, R= “cosee{ = =a 
2 n 2 6 


Now area of circum-circle = 2R*= 2a’ = A (given) 


_fA 
a= 4 ; 


Area of hexagion = 6| —a’ |= 6 
4 4 ft 


B.A) 384 


DE _25 


58. (a) Here in ADEF; tan@ =—— = ear ae 
EF 


x 
Also in AEDF, tan 8 = 1 
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_ (5)* +(5)" -(BCY’ 
59. (c) cosd = 355) pee (i) 


Also BC =R =< cosec (=) 
2 n 


50-18 16 


From (i) cos@ = = 
50 25 


60. (c) tan @ = fe and tan2@ = 3h 
x x 


3h 
=> 2 7 a 
1--; 
Cc 
hb 
a 
Al ESD 
hx 
=> 2] : =|-= => 2x? = 3(x?—h?) 
x — 
h 1 
=> x?= 3h —= 
x 3 


SECTION-IV (MORE THAN ONE CORRECT ANSWER) 


1. (b,c) a= V12, b= V8 
i.e., a = 2V3, b = 2V2, C be third side 
Case (i): If b is the shortest side, then ZB = 45° 


a b  ¢ 


sin A ~ sinB  sinC 
asinB 23 eee 
b 22 V2 
=> A=60° => C=" 
bsinC 2v2sin75° _ (22)- dea 2 


ae a 6 > ——— 
pp) 


sinB (1/ v2) 


Case (ii): If C is the shortest side, then ZC = 45° 
a+b? -¢? 1 12+8-c¢’ 


2ab SS 2 «(N38 (22) 
xe BUG S06? es 6 S4/00= 85 


= sind= 


2. (a, d) a= 10, b = 9; c = third side 
a and b are larger side 
=> a>b>c => ZA>-ZB> ZC 
ZA, ZB, ZC are inAP. Let they be 60° + d, 60°, 60° —d 


respectively. 
a+ce?-b? 1 100+c*-81 
= cosB =—— a> —=— 
2ac 2 2(10)(c) 
=> 10c— 19 +-¢ => c—10c+19=0 
10 + V100 - 76 
=> ¢= a > c=5+V6 


1 
3. (a, d) Length of median is given by ¢= 5 N26" +2c¢* -a° 
or 0= = ve +¢c°+2becos A 


A 
f 
5 D 
=> 40? =2b*+ 2c? — a? or 407 = b? + c? + 2bc cosA or 40? 
= (b + cy — 2be + 2be cosA or 402 = (b + c)*— 2be 
(1 — cosA) 


=> 40=(b+c)?—-2be [2sin?= 


=> 4f?=(2s —a)’-4be sin? A/2 
2 


b? +c? -a’ 
4. (a,d) cosA= 
2be 


= 2be cosA = b* + c?- a? 
=> c’?—(2bcosA)c + (b?—a’”) =0 


_ 2bcos A +./4b’ cos* A - 4(b” - a’) 


2 


=> c=beosA+ Va?-B'sin?d i... (i), 


a bo ¢ 


=> 


Also ——= = 
~ sinA sinB- sinC 
bsin A 


a 


= sinB= 


Now, if a <b sinA, then no triangle is possible 
(*" of(1)) 
= (b) and (c) are impossible 
AlsoifbsinA=a => sinB=1 
ZB = 2/2 => ZA<n/2 


(a) is possible 


Y J 


Now if a> b sinA, then from (1), Ais possible and from 


(ii) sinB < 1 =: 2B eu 
Ifa<b => ZA<ZB 
=> ZAis acute => LZA<nr/2 


5. (a, c) Let the sides be a, b, b ZA= @ <7 


B <«——a/2—__» D<——a/2——> 


By sine formula, R = a/2 cosec2a. But a = bcosa 


= R=bcosa. 


sin2a 


b 
= KS see => (a) is correct 


Also A= 1/2 b’?sin (180° — 2a) = b?/2 sin2a 


A 
Further r = — = 


bsin2a 


=> FS 
41 +cosa@) 


, which is option (c) 


6. (b, c) Let r, and r, be the radii of circles touching the 


given ciscles externally and internally respectively 
LB r 


Be az: A _ bsin2a 
3. (a+2b) 2bcosat+2b 4b(1+cosa) 


. (a,c,d 


YJ UU 


. (c,d) cos f = 


YUUYNU Y 


=> 


YUUUY 


. (a, 


d) tana =— 
BM 


Properties and Solution of Triangle < 3.117 


r, -(>2 


=> (c) is the correct option 
B | (c) p 


Againr, =1, + 2r= (258) + ai) 
-[? B 


=> (b) is the correct option 
vo 


sinA  sin(A-B) 

d) sinC : sin(B —-C) 

sin(B+C) _ sin(A-B) 

sin(A+B)  sin(B-C) 

sin(B + C). sin(B — C) = sin (A — B). sin(A + B) 
sin’B — sin’C = sin?A — sin’B 

sin’A, sin?B, sin’C are in AP 

cos2A, cos2B, cos2C are in AP 


Also sin? A me etc. 


a sinA, b sinB, csinC are in AP. 
sin(B-C) _ sin(A-B) 
sinC sin A 


Also from (1), we get 


sin(B-C) _ sin(A-B) 
snBsinC sinAsinB 
cotC — cotB = cotB — cotA 
cotA, cotB, cotC are in AP 
a’t+c?-b? 


2ac 


ac = a’+c?- b? we (l) 
—ac = a? + c?- 2ac — b? 

—ac = (c —a)?-b? 

(c —a)’= b’— ac 

option (c) is correct 

Also from (1), a” + c? + b* = 2b* + ac 


. (a,b,c, d) tanA, tanB are roots of equation abx?— c?x + ab =0 
2 


tan A +tanB = —and tanA. tanB = 1 
a 


tan(A + B) = 0 

A+B=n/2 

C=n/2 

cotC = 0 

tanA = a/b ; tanB = b/a or tanA = b/a ;tanB = a/b 


AB _3h 
y 


4) 


[= FG ih 
and tan ie = —=— 


MG x 
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=> 


=> 


h a 
cota =— ... (1) 
x 
Alsox + y =4h ... (11) 
Equation (i) x (ii) gives, xy = 3h’ ... (Av) 


from (111) and (iv) we get, x = 3h, y=horx =h, y = 3h 


x 
—=-—or— 
y 3 1 


11. (a, b,c), ** angles of AABC are in A.P. 


=> 


=> 


— 


IY 5 PALE 9 
3 3 3 
Will be the angles of AABC, a, b, c are in G.P. 
b* = ac 
x ate —b’ 
Now cos— = —— 
3 2ac 


1 a’te’?-ac 


-—= a> + c*— Zac = 0 
2 2ac 

(a—c)?=0 > ac 

b? = ac => b= 2 

b=a 

a=b=c => a= bc 

a’, b*, c? are in A.P. GP. and H.P. 


SECTION-V (ASSERTION AND REASON TYPE ANSWERS) 


1. () 
=> 
=> 


=> 


=> 


So, 


2. (a) 


In a AABC, tanA + tanB + tanC = tanA. tanB. tanC 

k + 2k + 3k =k. 2k. 3k 

6k* — 6k = 0 

k=Oork=+1 

But for k = 0 and k = —1, all anlges are zeros or supple- 
mentary. Sok = 1 


tanA = 1 

A = 45° 

Buta: B:y=1:2:3 

a=l 

assertion is correct but reason incorrect. 


Let b=2 andc =3 
Then area of AABC = 1/2 be sinA = 3sinA < 3 
Thus area can’t exceed 3. 


Assertion and reason are correct and reason correct 
explain the assertion. 


3. (a) 


4. (d) 


5. (a) 


'.* s—a,s—b,s—care+ve XAM>GM 


aS EPESAE Se ie) Gi) 


2 


& 
2 
== ES = O6=0) 


2 


Se ese) 


2 2 
Multiplying three inequality, we get 
abc 


gon a) Ora) (s-c) 


ii) 


ii) 


(a+b+c) 


iz abc > s(s —a)(s—b)(s—c) 


abc(a+b+c) ee 
16 7 


J(at+b+c)abe 
— 2A 


A is true & R as well Also R explains A 


,A ,B »C 
cos —+cos —+cos — 


l+cosA l+cosB 1+cosC 
2 2 2 
5 1 


+—(cosA+cosB+cosC) 


NW] w NHN] w 


+ 


Nl N| 


A. B.C 
14+ 4sin—sin —sin— 
2 2 2 
= re een erates ... 0) 
2 2 2 


C 
= 
2 


ee. See ae 
Also, 0 < sin—.sin—.sin 
2 2 


Sng ato? Hee 5 
2 2 2 


CO | \O 


Assertion is incorrect, and reason is correct 


oe As ee es HE WA 2 Bo C q 
r=4R sin—sin—sin— but sin—.sin—.sin— €]| 0,— 
a ae: 2 2 2 8 


(03) 

re|0,— => R22r 
2 

Reason is correct 

IfR=12,re(06] > r#8 


6. (d) tanA tanB tanC = 1 does not hold for all acute angled 
triangle. 


e.g., If ZA = 75°, ZB = 75°, ZC = 30° then tanA tanB 
1 7 
tanC = (2 + V3)? | ~|= 4+—~41 


on B 


But if A is obtuse angled one of tanA, tanB and tanC is 
negative and other two positive thus tanA tanB tanC is 
negative 

Assertion 1s incorrect but reason correct 


7. (a) It is true that length of angle bisector AD is given by 


2be est = 2be ced 
(b+c) (b+c) 2 
_ 2be 

(b+c) 


ce (b+c)’-a’ =i 


paer Abe 


a 
(b+cy 
= Assertion and reason both are correct and reason cor- 
rectly explains the assertion 


8. (a) Let ZA=7/2 => a?=b’?+C? 

a +b +e" a +e" zs = 212] = 2(2sinAy 

R° R R 

= 2[4sin?x/2] = 8 
9. (d) In a cyclic quadrilateral ABCD, ZA + ZC = x; ZB + 
ZD>=% 
cosA = cos(z — C); cosB = cos(x — D) 
cosA + cosC = cosB + cosD = 0 
xcosA = 0 
Reason is correct, but assertion is incorrect as each of 
A, B,C, D lies in the interval (0, 2) in which sinA, sinB, 
sinC, sinD are positive. 
=> sind #0 


Also we have a counter example when ABCD 1s a rect- 
angle, where > sin A =4 and +0 


“UUY 


SECTION-VI (LINKED COMPREHENSION TYPE ANSWERS) 


Passage A: 


1 1 1 b 1 Cc 
1. (d) A=—a AE eee Similarly — = — :— = — 
© 2 2A “ 


P, P2 


2A’ Pp; 2A 


Properties and Solution of Triangle < 3.119 


] 1 1 1 
—+—+—==— 


P, Py Pp; 2 


=> ~(a+b+e)=1 => Az=at+b+c>3%abe 


=> A’ > 27 (abc) 
iM - (27 abc) 


abc 


216 


Now, A ON ie 


=> P,- P,-P;2 


cosd4 cosB cosC acosA bcosB_ ccosC 
2. (b) + + = + + 


Rsin2A # Rsin2B A Rsin2C 
2A 2A 2A 


= Gin 2A+sin2B+sin2C) 


= (Asin Asin BsinC) = a cis ee a a. 


2A 2R 2R 2R 
- (2H) (L) aL (ottean)- 2 
4A R? R? 4A R 
bp, oP, | Ps _ mA) (28) 42 (24) 
Cc a b c h(a a\ b bie 


= 2a 24242) eae (1) 


3. (d) 


ac ab be 


2 2 2 
BAM SOM. 4 ss 
ac ab _ be 


From (i) minimum value = 6A 


1 1 
4. (©) p +p, +p, = tat 
P, P; P3 
2 2 2 
a 
_ oe ae See 
AN” 4A° 4A 4A 
5. (b) p,, p,,p,areinA.P. => “= are in A.P 
a Cc 


=> a,b,careinHP. 
Passage B: 
6. (c) A,A, = 2A,L = 2Rsinz/n 


3.120 > Trigonometrry 


Similarly A,A, = 2A,N = 2R sin 2(z/n) and so on. Finally 


13 
; 1 
A,A,= 2Rsin {( - v= 


7. (b) tan2=% 


n 2r 


LEY 


a ri 
=> r=—cot| — 
ae) 


8. (d) Also R= =~ cosec™ 
2 n 


_a a z\|  a|1l+cos(z/n) 
r+R= —| cot—+cosec— | = —| ———-——— 
Z n n 2) sin(z/n) 
2e08'( * 
=a an} |= Boot{ % 
2 . { X 2 
2sin| — |cos| — 
(=) (=) 
9. (a) Area of regular polygon of n-sides 


=n sR sin( =) =H sin( | 
Z n Z n 


10. (d) Perimeter of regular pentagon = perimeter of regular 
decagon 


= 5a, = 10a,; a, = side length 


=> Bie: 2 
a, 
2R, sin (=) 
ar 5 _9 = R 2sin(z / 10) 
QR, sin{ R, — sin(z/5) 
" 10 
2 
5A sin( 2 2 sin— 
A, 2 5 LR, 
=~ l= ol. 
R 


KR 
_ 1 4sin? x /10) 785 8S 
(sin) cos’z/10 1+cosz/5 

5 


5 _2cost/5 _ 2cosz/5 
2\ sin? 2/5 


Passage C 


b° +c -a’ 
2be 
=> c’?—(2bcosA)c + b?-a?=0 


2bcos A +,/4b’ cos’ A — 4(b? - a’) 
a an ea a eee as 


a,b, ZA are give, cos A = 


2 
=> c=beosA+ Va’ —-b’sin’ A 
A’s are possible when a > b sinA (i) 


Also two A’s are possible when two values of ¢ are positive. 


11. (b) ie., bcosA+Va’ —b’ sin’ A >0 ii) 
And bcosA-Va’ —b’sin’ A >0 ili) 
Mio. = => snB= ga ... (IV) 


sinA  sinB 

Now if a> b, then a> b sinA 
=> a’—b’sin’A > b?— b’sin’A 
va? —b’ sin? A > bcos A 
=> bcosA- Va? —b? sin? A <0 
. IZfa<b, then a? — b’sin’A < b? — b’sin’?A 
=> va? —b* sin? A <bcosA 
=> bcosA- va? —b? sin? A >0 


Thus a > sinA and a <b 


c, —¢,|=2Va*—b’ sin’ A 


y 


pod 
N 

~~ 
(ar) 

New 


13. (d) c¢; —2c,c,cos2A +c; =(c, + ¢,)?—2¢,c, —2c,c,cos2A = 
(c, + ¢,)’ — 2c,c, (1 + cos2A) 
= (2b cosA)? — 2(b — a) (1 + cos2A) = 4b? cos?A — 2(b? 
— a’) (2cos’A) = 4cos’A [b? — b? + a?] = 4a? cos?A 


14. (b) Let AD, AB be two possible positions of the side C 


2a* —(c,-¢,)° 


By cosine rule, cos@ = nT (1) 
2a 
Oe 
By cosine rule in AADC, Se al ew, 
2 2bc, 
> @=hPte-V2be, a (ii) 
ey ee 
By cosine rule in AABC, ome = pera 
5/2: 2be, 
=> g@=b? +c?- 2be, neve. (iii) 


Subtracting equation (iii) — (ii), we get c? — c? = /2b(c,-c,) 


a 26 er 2b 
Putting equation (iv) in (11), we get 


2= h2 _ = 
az=b cc, ( 


2 


r+ 


C; +C, 


y2 


Putting a’ = 4 °°? in equation (1), we get 
2,/ 
cos@ = a 
CoC. 
Passage D 
at+b=x 
a.b=y 
(x > 2Vy) 


15. 


16. 


17. 


18. 


(x +Z)(K-Z)=y; 

and z is third side of A opposite to vertex C. 

(b) From (ii), (a + b + z) (a+ b—z) = ab 
a’ +b? —z? +2ab 7 


1 
ab 
2 pe = _ 
sx we _ Zz > eT 
a 
> C= 2 or120° 
3 
(d) By sine formula = -2R 
sinC 
== 7 
2sinC 4 nz 213 
eee ee absinC _ yw 
ed (x+z)  2(x+z) 
are 
(a) A= area of A= 1/2 ab sinC = = = = 


19. (a) a+b=x,ab=y 

=> atr=x => a’-axt+y=0 

a 
tx? -4 
=> a,b = 
+.fx?-4 

Thus sides are given by —— Zz 

Passage E 


2 
—c,c, from (iv) = ——— 


(i) 
di) 


(iii) 


20. (a) LMN isa pedal A, with sides NM = acosA, NL = bcosB, 


and LM = ccosC 


=> 


21. (c) 


22 (b) Area of pedal A LMN is given by A’ = 


23. (c) 


24. (c) 


=> 


Properties and Solution of Triangle < 3.121 


X (perimeter of LMN) = acosA + bbosB + ccosC = 
=2RsinAcosA = R X sin2A = R(4sinA sinB sinC) 
Z (2A) aa [ n =) 
2R)J\2R)\2R) 2R 2R 4R 

Be canmi Leer => jj 

R R R R u OR 
A, + A, + A,= A- (area of pedal ALMN) 
=A- aR sin2Asin2Bsin2C  ...... (i) 
Also A= 1/2 ab sin C 
=> A=1/2 QR sinA) QR sinB) (sinC) 
A=2R’sinAsinB sinC  — .,,. (11) 


From (i), we get, A, + A, + A, = A — 2(@2R’ sinA 
sinB sinC) x cosA cosB cosC = A—2A cosA cosB cosC 
(from (11)) = A (1— 2cosA.cosB.cosC) 


Z R? sin2A 
1 2 
sin2B sin2C = 5 R? (8 sinA cosA.sinB cosB. sinC cosC) 


= 2[2R? sinA sinB sinC] cosA cosB cosC = 2A cosA 
cosB cosC 


— = 2cosA cosB cosC 


By sine formula applied to A LMN, we have 
aa =2R' ; R'= circum radius of A LMN. 
sin ZNEM 
acosA tes 
sin(180° — 2A) 
acosA 
2sin Acos A 
R = 2R' ("a= 2R sinA) 
R'= R/2 
r'=inradius of Pedal ALMN= <r 
semi perimeter of ALMN 
aR sin2Asin2Bsin2C 


>(Rsin24 +Rsin2B+Rsin2C) 


R’ sin2Asin 2B sin 2C 
R(4sin Asin BsinC) 
R@sin AsinBsinC)(cos AcosBcosC) _ 
(4sin Asin BsinC) 


2R cosA 


cosB cosC 
r’ secA secB secC = 2R 


Passage F 


25. (c, d) Clearly orthocentre of AABC is the same as incentre 
of pedal triangle. 
So option (c) is the correct option. 
Further we know that the point of intersection of radical 
axes of three circles taken pair wise is called radical centre. 


3.122 > Trigonometrry 


NowAD being the common chord of diameter circles on AB 
and AC, implies AD is the radical axis of these two circles. 
Similarly BE and CF will be the radical axis of circles with 
diameter AB, BC and that of circles with diameter AC, 
BC respectively. Hence they intersect at H (orthocenter of 
AABC). Thus H is the radical centre of circles with their 
diameter on AB, BC and CA. So, (d) is also correct option. 


26. (d) Clearly AFHE is cyclic quadrilateral as ZAFH + ZAEH 
= 180° 


27. (a) AFHE, BFHD, CDHE are clearly cyclic quadrilateral as 

each of two opposite angles of a pair are right angles. 
Also in quadrilateral FECB, ZBFD = C and ZDFE = 
180° — 2C 

=> ZBFE=C+ 180° —-2C = 180°-C 

=> ZBFE+ ZBCE = 180° -C+C = 180° 

= FECB is a cyclic quadrilateral, similarly FDCA and 
DEAB are cyclic quadrilaterals. 

Thus total 6 cyclic quadrilaterals are there. 


28. (a, b, c) Angles of pedal triangle are supplement of double 
of opposite angle 1.e., 180° — 2A, 180° — 2C, 180° — 2C. 
Thus (a) is correct. 

Also ZAFE = ZAHE = ZC 
and ZBFD = ZACB = ZC 
= (b) 1s correct 

Further ZBAD = n/2 — B and ZBED = 2/2 —B 
=> (c) 1s also correct 


29. (a, c) In AAHE, AH = AE sec (90° — C) 
=> AH=AEcosec C ...{) 


(.. AFHE 1s cyclic) 


Also in AABE, cosA = dal 
AB 


=> AE=ABcosA 
*. From (i) and Gi), AH = AB cosA cosecC 


= A= cos =2RcosA=acotA 


sin 
=> acotA 


Thus distance of orthocenter from vertices A, B and C are 
respectively 2R cosA, 2RcosB, 2RcosC or a cotA, bcotB, 
ccotC respectively. 


30. (b) In AAHF, ZHAF = 2/2 —-B 
sin| 2 - B = ae 
2 AH 


=> HF =AHcosB => HF=2RcosA cosB 


31. (a) AH _ 2Rcos A _ cos A 
HD 2RcosBcosC  cosBcosC 


1 sin A sin(B +C) 
_\cosB.cosC ) \cosBcosC ) _ | cosB.cosC 


1 7 sin A tan A 
[ cos A (sn4) 
_ tanB+tanC 
tan A 


Thus assertion and reason both are correct and reason 
explains the assertions correctly. 


32. (a, b, c, d) Perimeter of pedal 


A= ZRsin2QA (option (b)) 
a 
= sin2A =) acosA oo. (option (a 
2d 2sin A 2d (oP (a) 
Also =R sin2A = 4R sinA sinB sinC...... (option (c)) 


Also Area of AABC = A = =ab sinC = |= ORsin) 
(2RsinB)sinC = 2R?sinA sinB sinC 
Perimeter = 4R sinA sinB sinC = ar a = ZS 


2R’ R 
33. (a, b) Area of pedal ADEF = = DE x EF sin ZDEF = > 
(R sin 2C) x (R sin2A) x sin(180° — 2B) 


= =k sinA sin2B sin2C. Also A = 2R’sinA sinB sinC 


= Area of pedal ADEF = 2AcosA cosB cosC 


34. (a, b, c, d) Nine point circle is the circle passing through 3 
feet of altitudes, mid points of sides, and mid-points of line 
segments joining the orthocenter and vertices. 
=> Circumcircle of pedal A DEF is a nine point circle 
=> Option (a) is correct 

Also circumradius of nine point circle = Circum radius 
of pedal A 
EF Rsin2A R 


2sinZEDF  2sin(180°-2A) 2 
= Option (b) is correct 


Now relation between inradius and circumradius is 


r=4R a eke for AABC 
2 2 2 


For pedal ADEF; 


. {180°-2A). (180°-2B). {180°-2C 
sin] ————— |sin| ————— |sin| ————— 
2 2 2 


r.=4R 


Pp q 


> r= 4{ 2 cos Acos BeosC 


> = 2R cosA cosB cosC 
=> (c) is correct 


For equilateral AABC, r= us and r,=2R G G G 
2 2) 22 


=> = ff and r = => 2r, == and circumradius of pedal 


ae 
A=R,=R/2 
R ; 
R,=r ra oe = (d) is correct 


SECTION—VII (MATRIX MATCH TYPE ANSWERS) 


. (i) > @, dd); Gi) > @, €); Gil) > (©) 
(i) at—2(b? + c2)a2 + bt + b? 2? +c4 =0, 


_ 2(b? +7) +/4(b? +07)? - 4(b* +b°c? +") 
2 
=> a?=(b?+0c?)+ Vb'e" 
=> a=b’?+c?+be 
ey ee 
bite -a = 41 => cosA = re 
2be ) 2 
=> A=60° or 120° 
(ii) a* + b* +. c*# = a*b?+ 2b’c? + 2c? a? 
= ot (2b? af 2a?)c? 3p. (a‘ + ht ab’) =0 
2H 2(b* +a’) + fA(b? +a’) —4(a* +b* —a’b’) 
2 
=> Z c=(b?+a%)+ V¥3a7b’ 
=> ?=b?+a?+vV3ab => a?+ b?-c?=+ V3ab 


2 ae: 
wri ne 248 => cosC = 2 


=> b?+c?-a’=+be 


=> 


(iii) a* + b* + c* + 2a’c* = 2a’b* + 2b’c? 
=> b*-2(a’+c’)b? + a* + c* + 2a’c* = 0 


2(a* +c7)+,/4(a’* +c’) -4(a* +c* +2a°c’) 


=> p= 

2 
=> b?=a?+c?+ WO => atc’?-b?=0 
=> cosB=0 => ZB=n7/2 


. @)-> a, e); Gi) > (b, d); Gii) > (b, c, e) 

2a? + b? + c?= 2ac + 2ab 

a? + b*— 2ab + a* + c?— 2ac = 0 

(a—b)?+(a-—cy=0 

a=b=c 

A ABC 1s equilateral A. Also B, C, A are in A.P. with 
common difference 0. 

= (e) is also correct 

(ii) a? + b? + c? = V2b (c +a), a2 + b? +: c?= V2be + V2ab 
=> a?+ b?— Vab + c? -vV2be = 0 


YUUYNS 


Properties and Solution of Triangle < 3.123 


2 2 
=> QQ + 2ab tote? —/2bc =0 


» o() ol) ef) 2d) 


=> 


= Ais right angled and isosceles 
(iii) a2 + b? + c? = be + ca V3a 
=> a?+b?—be + c?— V3ca = 0 


= g?+b2-2 (= Pp ae paca ea 
2 2 


V3e 


=> b*-2(8-5) 40°40" —2 a.— |=0 
2 2 


Ais scalene. Also a? + b?= c? 
A is right angled with ZC = n/2 


Y J 


i 
1 


By sine formula 


B 


sinAd sinB 


—c 
& Bases 2 unk apne ap 
snA sinB 1 
=> Fane ; ee 
3 3 


=> B,C,AareinA.P. 


- > ©; G) > (a); Gi) > G, e); iv) > (b) 


Gi) Area of AADB = —BD x AD= > (AB) cos B x (AB) 


sinB = i 2 (sin 2B | = i sin2B 
e) i) 4 


mi 


ESS A —e i, Cc 


a. ot 
(ii) Area of AADC = 1 (DC) x (AD) 
2 
= =(AC cosC)x(ACsinC) = a sin2C 
(iii) Area of AADE = > (DE) x (AE) 


= =(AD cosB)(ADsinB) = = Ab* sin B.cosB 


= =( sinC) sin BcosB = _bisin’C sin2B 


3.124 > Trigonometrry 


3. In rnght 7d AABG, AG? + BG? = AB? = C? 


Also area of AADE = - AD’ sinB.cosB and AD = csinB AL 
Area of AADE = =(c sinB)’ sin BcosB WK wa ‘ee 
= 7° sin’?B sin2B \ 
1 B ' al? c 
(iv) Area of ABDE = ave )x(BE) , ; 
2 mr _ 9 
- =(BD sin B) x (BDcosB) =e (2 4p +( 288 | =e 
ae 2 gi es > si => es 1 io¢? 426? -@? ae L(2a? +20?-B)| =e" 
{ (BD) sin2B = 7(ABeos By’ sin2B : Al ) slat ) 
~ a cos’ Bsin2B —" “Fac? +b? +a’ | =e 
4 9 
=>. a7 DY =9¢" Ser = 5 
SECTION-—VIII (INTEGER TYPE ANSWERS) => o=%5 
Also, BGE 1s tangent to circle 
1. 3+ V3 >2V3 > V6. Leta =3 + V3, b = 213, c= V6 “. BG’ = BA.BM 
A is the greatest angle and C 1s least. 9) : 
pret coe? => (ee) = BA.BM 
Now cos A = ———_—— 3 
2be ne 
2 2 2 2 2 2 
= => —|-—(2a°+2c -b’)|=c.BM 
Ped i Gil i ec Ca  Fceiiail |an 
2(2V3)(V6 2v2 2/2 2 V2 
(2V3)(V6) ss assonijesew a= 
=co0s60° cos 45° — sin60° sin45° = cos (60° + 45°) =cos 105° 2 3/5 
=> ZA= 105° and 
; : BC.AB.BM = (a) (c) .BM = (3) v5 (—s) =4 
C a’ ate fy? se7 (34+ 3) +(2,3) - (v6) 43 3/5 
608G = — Ne 
2ab 2(3 +3 )(2V3 ) 2 4. GivenB>A.A and B satisfy the equation 3sinx — 4sin*x —k = 0 
= Ci 30"  A—C= 150° — 30° = 75° = sin3x=k 
= sin3A =k and sin3B = k 
2. Clearly ZAMB = 8 and ZBMC = 0 2 ae =a a 
(°.. Exterior angle equals sum of interior opposite angles of A) => 3A=nn+(-1)"(3B);ne Z 
Pi => A= =~ +(-1)"ByneZ 
JLS¥ | n=0 => A=B, butA <B (given) 
Of f n =—ve odd integer provides —ve values of A 
n= 1 => A+B=2/3 
x fF n=2 => A=27/3+B 
2 — | => A>B 
i n=-2 => A+B=-2nx/3 (impossible) 
=> MBis angle bisector of ZAMC n=4 => A=4n/3+B>n2 
By angle bisector theorem (impossible) 
AB: BC = AM: MC ... (i) n=4 => A=-4r/3+B 
In right Zd AAMD, sin@ = mp => B-A = 4n/3 (ampossible) as in aA, difference of two 
MD AM : angles can’t exceed z. 
= 4AM = ane =. see (11) In| = 4 are impossible as they provide difference of 
— a MD - angles of triangle or sum of angles exceeding 7. 
Similarly in nght Zd AMCD, CM = ae ... 11) Thus only possibility is A + B = x/3, for n= 1 
, , C=201.3 => c= 120° 
Using (11) and (111) in (1) we get, AB: BC = aie a2 = = ae 
sin@ sin w@ ; 
(given) 5. Given 
=> Lesa 1 (a+b+c)\(b+c-a)(ct+ta-—b)\at+b-c) = (sin AA)" 


> (A+u)=4 4b*c? 


2s(2s —2a)(2s —2b)(2s — 2c) 


Now L.HS.= - 
Ab*c* 
_ As(s—a)(s—b)(s—c) _ AA? _ 4 a’b’c? _ a 
b’c? bc? =’ \ 16R? 4R? 
wae A = “| 
, 4R 
a \ i ; 
= | —| =sin° A=(sinAA)” (given 
(=| ( y” (given) 
= AS 1LSw=2 =e er a 
. CosA + cosB + cosC = k+— ... (4) 
Now,cosA+cosB+cosC= 2e05( 427 | cos( 4 = 2) +cosC 


—B 


= 2sin oos{ 4 
Z 


= ieoeas cos A-* | cos ae =1+4 
2 2 2 


-AL.B.C r _-A. B.C 
sin —sin—sin— =1+—;]°*"r =4Rsin—sin— + sin— 
z 2 2 R 2 2 2 


ju Spee 
2 


From (i), we have k = 1 


‘1/196 = 4/196 =14 


» a= 2x ES ee ax 3 c= A 2 


a ee 
Fs ea 
2ac 
2 2 a gee 2 
= cosB = ext) +(x ets (x° +3x +3) 
2(2x +3)(x° +2x) 
2 eee Mh ee B= 120 
2(2x° +7x°+6x) 2 
g cos 
8cotd sin A 


cotB +cotC cosB | cos 
snB sinC 
2 2 2 
gio eee aR a 
2bca 8[b° +c" -a’] 


2 ye 2 2 2 2 2 
a te ay eee +b Cop 2a 
2ac.b 2ab.c 
2 
- 8a’) _ 
2a 
A B «eC 
a ee ee 
2 «a. 2 2 
A B C 
=>  tan| —+— |} =cot— 
2. 2 2 
tan — + tan — 1 
= = 
ian a tan — 
A B 
=> tan —. tan — = 1 mal 
>, 5 ane (i) 


. In AOBL, cosA = 


Properties and Solution of Triangle < 3.125 


A AY A B 
Now Y‘tan?— = tan— | —2Y tan—tan— 
Dian’ f= (Tend) -2D ten Sean 

JA AY ; 

=> )> tan a Dtan —2 (from (i)) (il) 


tan= etc. are positive by A.M => G.M. 


A A 

> tan— > 3.3/7 tan — 

2 2 

A ie 
SS. Stan S42 | 258 
dian ils se 


("Equality holds for equal terms) 
2 
—s [Sot ) >3 


From (ii) Lian? => 3-2=1 


a b c ha ctat+b\(b+c-a 
1+—+— |} 1+—-—] = | ——— |] ——— 
re 


= (b+cy -a’ _ b’ +e°+2be-a’° a bo +c? -a? 1c 
be be be 


a ee 
ay, | aes clan War ee pe ee es ee ee 
2be 
Cle 
BR 
=> RceosA=r 


=> RcosA= 7 ee ea 
2 2 2 


cosA = 4sin ae oe 
2 2 2 


cosA = cosA + cosB + cosC —1 
Q = cosB + cosC —1 
cosB + cosC = 1 


YUN Y 


nese ry ere eee = 
2 2 
at+b+c 
1+cosA 1+cosB 1+cosC 
a +b +c 
ed (Sey aed A AR 
(at+b+c) 


1 7 1 (acosA + bcos B +ccosC) 
2-2 (at+b+c) 
1 


=+ 4+ R(sin24+sin2B +sin2C) 
2 As 

a4 Gand sinB sinC) = aera 
2 As 2 s\2R 2R 2R 


3.126 > Trigonometrry 


1 abe 1 4RA 1 A 1 1 - 
=—+ —=— == t= tt : 
2 8sR° 2 &8sR° 2 2sR 2 2R 
l1 rol 14 r 3 
2 2R 2 R 4 
‘Ss inten Ban <4R.— ; 
2 8 
R rl 
>rs—D>-—<- 
Do. idee 
3 3 
Expression < z >A= in => 4.=3 
13. Applying sine rule to AADE, we have wien Eva = ——_ 
sind sinB 
a 
86H —e 
 AR- mae dAD = ame 
sin A sin A 
= Perimeter of AADE 
xsinC xsinB c b 
=AD+ AE + DE = —— +x= xX —+xX.—+2% 
- sin A sin A a 
= —(a+b+c) 
a 
Semi perimeter of AADE = earn 
a 


SX fone 
=> s'=—;s=semi perimeter of AABC 
a 


sinC 


Clearly incircle of AABC, is the escribed circle of AADE 


A A 
=> r=s'tan— => r=—tan— 
Z a Z 
A sx. A 
=> (s-—a)tan—=—tan— 
2 a 2 
=> (s-a) ae 
a 
=> *=""*, similarly ee and 
a a b KY 
Z. se Zk. ZY. 22 
—= a ee a 
c KY a b c 


+ 
S S S 


ae =<) - 2 3s-2s) =2 
S 


14. By m—n theorem, 2 cot0 = cot = — cot 7 


A, 


B ale D al? i 


= 2cotO = v3-1 


B- 


=> cotd -S— 36 is acute 


=2 


15. 


Again applying sine rule to AABD, we have 


AD AB BD 


sinB ae aera 
a AD _ ¢ _ al2 
sin( 2-0 sind 1/J2 
a AD _ 6 a 
sin +0) sin? V2 
4 
a X 
=> AD=-—=sin| —+0 
ain G+) 
=> AD= cE cos@ + sind 
21 V2 V2 
=> AD = (sin +086) 
~~ geal 2 4-23 
2)4—J3 8-23 


2| /g-2V3 

=> AD= 2| ee v3 +1 | 

2| /g-23 

24D(\8- 23 
=> BC =a=—>—— 

(Va) 
] 8 - 2V3 _ 
i-o (B+) 


= 8-23 =2. Thus BC =2 
V8—2y3 


rtrtrart+4k 
ae ea 2 oP rs 


r r 
Now, r = 4R sin A/2 sinB/2 sinC/2 


S293 
(11-63)(4 +2V3] 


oe age > arene ©) 
sin — + sin— +sin — 
2 2 


_, AR_ 1 3 
ae Se 
S$1n —.si1n—.s1n — 
9 
y) 3 
(By AM.>GM.)> (2) 8 
a Sg 
r 
From (i) and (ii), 227% >148=9 
r 


i) 


(ii) 


Inverse Trigonometric 


Pet intropuction 


The study of trigonometry began on indian soil, long back 
in 5th century A.D. The ancient Indian mathematician, 
Aryabhatta (476 A.D.), Brahmagupta (598 A.D.), Bhaskara 
I (600 A.D.) and Bhaskara II (1114 A.D.) derived important 
results on trigonometry. All this knowledge went from 
India to Arabia and then from there to Europe. The 
Greeks had also started the study of trigonometry but their 
approach was so clumsy that when the Indian approach 
became known, it was immediately adopted throughout the 
world. 

In India, the predecessor of the modern trigonometric 
functions, known as the sine of an angle, and the 
introduction of the sine function represents one of the 
main contribution of the siddhantas (Sanskrit astronomical 
works) to mathematics. 

Bhaskara I (about 600 A.D.) gave formulae to find 
the values of sine functions for angles more than 90°. A 
sixteenth century Malayalam work Yuktibhasa contains a 
proof for the expansion of sin (A + B). Exact expression for 
sines or cosines of 18°, 36°, 54°, 72°, etc., were given by 
Bhaskara II. 

The symbols sin-'x, cos'x, etc., for arc sinx, arc cosx, 
etc., were suggested by the astronomer Sir John F.W. 
Hersehel (1813). 


REMARK 


CHAPTER 


Functions 


In the Chapter functions (refer to our book Functions 
and Graphs), we have studied that the inverse of a 
function f, denoted by f', exist if fis one-one and onto 
(bijection). There are many functions which are not bijection 
and hence we can not talk of their inverse. In class XI, we 
studied that trigonometric functions are not one-one and 
onto over their natural domains and ranges and hence their 
inverse do not exist. In present chapter, we shall learn about 
the restrictions on domains and ranges of trigonometric 
functions which ensure the existence of their inverse and 
observe their behaviour through graphical representation. 
Besides, some elementary properties will also be discussed. 

The inverse trigonometric function plays an important 
role in calculus for they serve to define many integrals. The 
concepts of inverse trigonometric functions is also used in 
science and engineering. 


{NVERSE FUNCTION 


If a function is one to one and onto from A to B, then 
function g which associates each element y € B to one 
and only one element x € A, such that y = f(x) 1s called 
the inverse function of f, denoted by x = g(y). Usually, we 
denote g = f' [Read as f inverse] 


r= f'9) 


If y =f (x) and x =g(y) are two functions such that f(g(y))=y and g(t(x)) = x, then fand g are said to be inverse functions 


of each other. f''(x) is not reciprocal of f(x) i.e., 1/f(x) 


4.2 > Trigonometrry 


jINVERSE TRIGONOMETRIC FUNCTION 


ee ee es) ae Hee 
Consider; sin — = —, sin — = —, sin —— = —, sin —— = _ 
6 2 6 2 6 2 6 2 


sin [- un = z= , Sl [- 7) Sg ads etc. Therefore for the 


question ‘which is that real angle whose sine is > ?’, there 


are infinite answers. The problem 1s, if the trigonometrical 


equation is sin y = x, then for the given value x = — , we have 


1H llz a 5a 137 


a ae a Tar aT a a 
value of x, we get infinite value of y. 


,. Le., for given 


Correspondence from set = {x : x e€ R; -l < 
x < 1} to the set = {y: y € R; sin y = x } is one to many 
correspondence and so it cannot be a function. {*.. one-many 
and many-many relations are not functions}. However, if 


REMARKS 


the question is ‘which is the numerically smallest angle or 
real number whose sine is 1/2?’ 

Then the answer is 7/6. This is one and only one answer 
1.e., 7/6 is the unique answer. In this case, the relation sin 
m/6 = 1/2 is also written as: 2/6 = sin” (1/2) { Read as sine 
inverse 1/2} or arc sin(1/2). It must therefore, be noted that 
sin'x is an angle and denotes the smallest numerical angle, 
whose sine 1s x. 


¥ 
Here; cos“ x, sec x, cot'x 
belongs to quadrant | and Il. 


Here; sin“ x, cosec"' x, tan’ x 
belongs to quadrant | and IV . 


FIGURE 4.1 


1. sin 57/6 = 1/2 But 52/6 # sin '(1/2) «. sin-'x, cos~'x, tan~'x, denotes angles or real number; ‘whose sine is x; ‘whose 
cosine is x’ and ‘whose tangent is x; provided that the answers given are numerically smallest available. 


2. If there are two angles one positive and the other negative having same numerical value. Then we shall take the 


1 1 1 1 1 
positive value. e.g., cos Z =—— ond cos (-4 |. —— But we write cos™' (=. = 7 and cos"' (. pat, 


2 


J2 


3. Quadrant! is common to all the inverse functions. 


4. Quadrant Ill is not used in inverse function. 


V2 V2 


4 


5. Quadrant IV is used in the clockwise direction i.e., —1/2 < y < 0. 


‘GRAPHS OF INVERSE CIRCULAR FUNCTIONS 
SAND THEIR DOMAIN AND RANGE 


As of now we know that for a function f(x) = {(@x,y,), (xy,), 
(xy)} 

Ft’) = {0,x,). &,x,), (;x,)}. therefore graph of f"(x) is 
mirror image of graph of f(x) (corresponding to pricipal do- 
main) in the line mirror y = x. 


1. y= sin'x: If sin y = x, then y = sinx, under certain 
condition. 


—l <siny< 1; but siny =x. 
-l<x<l 


Again, siny = -1 > y= —7/2 and 

sin y= | 
=> y=7/2 
Keeping in mind numerically smallest angles or real 
numbers. 


—ml2<y<n/2 


These restrictions on the values of x and y provide 
us with the domain and range for the function y = 
sin'x. 1.e., Domain: x € [-l, 1]; Range: y € [-7/2, 
m/2|. To draw graph of y = sin'x, sketch x = “| V 


. HA). 
ye or reflect y = sinx V X€ “Z| 2 


ene 
272 2 


the line y = x. 


y = sinx 
FIGURE 4.2 
2. y=cos’x: Let cosy = x then y = cos'x, under certain 
conditions —1 < cosy < I. 
=> -l<x<ljcosy=-l>y=n,cosy=l>y=0 


. O<y<q {as cos x is a decreasing function in [0, z]; 
hence cos 7 < cos y< cos 0} 


y = Cosx y = cos 'x 


FIGURE 4.3 
3. y = tan’: If tan y = x then y = tan™'x, under certain 


conditions. Here tanye R>xe R>-o<tany<o 
=> -n/2 < y < n/2. Thus, domain x € R; Range 


y = tan'x 


FIGURE 4.4 


< 43 


Inverse Trigonometric Functions 


y = sinx and y = sin"'x 
shown in single graph 


These restrictions on the values of x and y provide us 
the domain and range for the function y = cos"x. 


1.e., Domain: x € [-1, 1]; Range: y € [0, 2]. To draw 
the graph of y = cos'x. Draw x = cosy for y € [0, z] 
or reflect the graph of y = cosx V x [0, z] iny =x. 


y = cosx and y = cos 'x 
shown in single graph 


y € (-a/ 2, n/2). To draw the graph of y = tan'y. 


qn 
Sketch x =tanyV VE {- 3° =) or reflect the graph of 


HA)... 
tanx V ve(-2.2) in line y = x. 


y = tanx and y = tan"x 


4.4 > Trigonometrry 


4. y=cot'x: If cot y = x, then y = cot» (under certain These conditions on x and y make the function, cot y = 
conditions) x one- one and onto so that the inverse function exists. 
cotye R>xe R;-a<coty<oa 1.e., y = cot x is meaningful. To sketch the graph of y 
=> 0<y<z = cot x, draw x = coty Vy € (0, x) or reflect y = cot x 


Vx € (0, x) in line y= x. 


y =cotx y =cot'x y=cotx and y = cot'x 
FIGURE 4.5 
5. y=sec’x: If secy =x, theny = sec! x, where |x|> 1 and Range: y € [0, 2] — {2/2}. To obtain y = sec”'x, draw 


<v< if 
O<sysa,yFa/2 x = secy V yeton~{"| or reflect y = secx V 


1 
rel0.n]-15| in line y = x. 


Here, Domian: x « R-(-1, 1), 


“4 


y =secx y =sec'x y = secx and y =sec™'x 
FIGURE 4.6 
6. y = cosec'x: If cosec y = x then y = cosec”'x, where Range: [—7/2, 2/2] — {0}. To sketch y = cosec™!x, draw 
Ix] 2 1 and -a/2<y<a/2,y #0 x=cosecy V ye a ~ {0} or reflect y = cosecx 
Here, Domain: R — (-1, 1); a a 22 
VY xe}/—-—,—|~ {O} in line y=x. 
| - | {0} y 
Y 
10/2)" 
/2 ca 
Mab SS (2,1) 
= 0-4 tp . 
(—n/2,-1)s" 
a —n/2 
(—1-—n/2 
y = cosec x y = cosec'x y =cosecx and y = cosec'x 


FIGURE 4.7 


Inverse Trigonometric Functions < 4.5 


Table 4.1 Following table shows the domain and range of inverse circular functions 


= tan'x (—7/2, 7/2) —W2<y<7n2 


ee a 
= cosec ‘x (—00,—1] U1.) | [-72, 7/2 |—{0} —W2<ysW2,y#0 


REMARK 


Ifno branch of an inverse trigonometric function is mentioned, then it means the principal value branch of the function. 


ILLUSTRATION 1: Find the principal values of the following: 
(ii) cosec* (-/2 | 
(ui) sin’ (-1) (iv) tan! Gs 


SOLUTION: (i) Range of cos’ x is [0,7] 
for x <0, cos'x e€ (z/2,7]. 
Let cos? (-1/V2) = 8 => cos 0 =(-1/V2) => 0 = (x— n/4) = 3.0/4 
(ii) Range of cosec™ x is [—2/2,2/2] ~ {0} 
for x <0, cosec'!x € [—7/2, 0) 
Let cosec (-V2) = 8 > cosec 9 =—1¥2 > 0 =-2n/4 
(111) Range of sin™ x is [—2/2,7/2] 
for x < 0, sin!x € [-7/2,0) 
Let sin! (-1)=90 => sinO=-1 > 0=(-7/2) 
(iv) Range of tan” x 1s (—2/2,7/2) 
for x > 0, tan'!x © (0,7/2) 
Let tan (1/¥3)=9 => tanO = 1/V2 > 0 =(a/6) 


ILLUSTRATION 2: Find the value of 
] 
(i) tan'(V3) + tan? + + tan (1) Gi) sin-*(1) cos (1) + tan *(1) 


(ii1) sin‘(1/2) + cos* (| — tan! (- (iv) 2sec1(2) — 3sin! (+) + cot (v3) 


SOLUTION: (i) tan“(V3) + tan? [-—) +tan? ] == 


(i) Sin 1 = cos? 1] + tan] = 
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ILLUSTRATION 3: 


SOLUTION: 


ILLUSTRATION 4: 


SOLUTION: 


ILLUSTRATION 5: 


SOLUTION: 


Tre af 1 a l K KR\ H KH Nn TH 
(1) sin” | — |+cos | —= |-tan | -—= |= —+—-|-— |= —+—+—-=—. 
2 np) 3) 6 4 6) 6 4 6 12 


(iv) 2sec(2) — 3 sin? (-=)s cot” (v3 


wD 
II 
No 
a 
wl 


2n 2n 
If i cos x, = 0, then find the value of Y' x,. 
ial i=l 
-cos’x,€ [0,7] Vi€ {1,2,3,...,n} 
2n 
a yi cos" x , = 01s possible only when cos 'x, = 0 Vi as all term are non-negative 


i=] 


0 VCS AA 22356 iy 
2n 2n 

 Yx,= Yl =2n 
i=] i=] 


31 3 
If sin-'x + siny + sin! z= ons then find the value of x! + y10 + z100_ 


. . 3H . : . 
sin! x + sin'y + sin'z = a: is possible only when sin“!x = sin'y = sin'z = 


N|a 


> ey =Z7 = 


3 3 3 
ie ae rg iy Zor Ze oo cake 


If sin7!  — 1) + cos! — 3)+ tan? (=) = cos!k + 2x, then find the value of k. 
—x 


First of all analysing the domain of expression we get, for sin"! (x —- 1); -1 <x -l<1 
=> Vexs2 


For; cos’ (« — 3); -l<x-3< 1 
> 2<x<4 
From (i) and (11) clearly, x = 2 


sin! (« — 1) + cos? (x — 3) + tan” aa -} = sin 1+ e051) + tan’ (-1) 
—x 
_%,, %_3h %_O-® _ 0 
2 4 2 4 4 4 
AT.Q: —=cos'k+az 
Ss Core pS => k=cos~ 
4 4 


101 101 101 ° 
eye ae 


.@) 


Gi) 


Inverse Trigonometric Functions 


ILLUSTRATION 6: Find the solution set of inequality log, sin'x > log, cos™'x. 


< 4,7 


SOLUTION: log,, sin'x > log,, cos’x ...(i) is valid when sin” x, cos” x > 0, therefore sin x, cos'x € (0, 2/2) 
>xe(0,1) 


Now from (i) sin'x < cos"'x for x € (0, 1) 


ILLUSTRATION 7: 


Proof: 


ILLUSTRATION 8: 


SOLUTION: 


FIGURE 4.8 


cos ‘x > sin!x, where x € (0, 1) has solution set x € 0 


5 


; ; ie ae a a H 
Aliterssin!x <cos’x => sin “¥< > 7sin ly > sin ee > O<sinix<8 


l 
Operating same, we get 0< x <—= 
Pp g g 2 


Show that cos [cos'x + sin! (x — 2)] = 0. 


cos x is defined for x € [-1,1] 


and sin! (x — 2) is defined for-1 <x-2<1=>1<x<3 


cos ‘x + sin! (x — 2) is defined for x = 1 only 
cos(cos “x + sin! (x — 2)) = cos [cos?1 + sin! (-1)] 
= cos [0 — 2/2] = cosaz/2 = 0 


Hence proved. 


l 
as observed from the graph. 


Find the real values of x for which the equation cos’ Jx-1 = sin! /2-— x holds good. 


The given equation is meaningful for0 < Vx-1<1;x-120 
and0< /2-x<l, 2-x>0 


=> 


WY Ui Yd 


O<x-I1<l;x>landO0<2-x<l1;x<2 


lL<x<2;x>1and|1<x<2;x<2 

l<x<2 

Now let cos! /x-1 =80 c| 0.5 | 

vx-—1 =cos0 

sind = 1—cos’@ a5 0|0,)- l-(x-1)= 2-x 
9 =sin! /2-x 


cos! jx—1 = sin!./2- x ; which is always true V 1 <x <2 
[1, 2] 


Gi) 
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ILLUSTRATION 9: Find the subset of set of real numbers in which cos? (x — 1) > cos? (2x + 1). 
SOLUTION: ‘The given inequality holds for x — 1 e€ [—1, 1] and 2x +1 e [-l, 1] 
and x -1 < (2x + 1) asy =cos"x is a decreasing function 
—-l<x-l<1land-]1 <2x+1<1andx>-2 
=> 0<x<2and-l <x <0 and x > -2 (taking intersection of sets) 
> x=0 


{0} 


ILLUSTRATION 10: If tan (x + y) = 33; x = tan‘(3), then evaluate y 


tanx+tan y 
SOLUTION: tan (x + y)= 


1—tan x. tan y 


- x =tan'!3 1e., tanx = 3 


3+t 
tan(x + y) = ad 
1—3tan y 
, 33- 3+ tan y 
1—3tan y 


=> 33-99 tany = 3 + tany 


=> tany = = = 0.3 1e., y = tan! (0.3) 


ILLUSTRATION 11: Find the domain of definition of the following functions. (Read the symbols [*] and {*} as 
greatest integers and fractional part functions respectively.) 


(1) f(x) = are cos 


l+x 


(i) f(x) =.fcos(sin x) + sin™ oe 
x 


(ii) f(x)=sin™ eo log,)(4—x) 


(11) fix) = log,, (1 — log, (x?- 5x + 13)) + cos™ 
. OX 
2+sin oF 


(iv) f(x)= =) +tan™ Ee L + én(.fx —[x]) 


2x 


SOLUTION: (1) f(x) = arc cos{ 
l+x 


) t© be define _l< 2x <] 
I+x 


2 
=> mis ai SOvand.-— 150 
x+]1 x+] 
a 3xt1 Sy and X= ep 


x+]1 x+]1 
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=> xe(C€l, 1] andx € -~,-1)vu [-1/, «) 


ae . ea kay 
Now taking intersection we get, domain iS L 


+ x? 
<1 


; 4 f l+x? ] 
Gi) f(x)= /cos(sin x) +sin™ (=) to be defined cos (sin x) > 0 and -1¢ 
x 


x € Randx e {-l, 1} 


.sinx € [-l, 1] Vx € R cosx>0 Vx € [-l, 1] and solving other inequality we get 


x € {—], 1} and taking intersection we get, domain {-1, 1} 


(iii) f(x) =sin™ (=? )- log,,(4— x) to be real and finite 


-1<* <1 and 4-x>0 


—2<x-3<2 andx<4 
1<x<5andx <4, therefore domain : [1, 5] ~ (co, 4) =[1, 4) 


l 


ee pad 
2 


(iv) fix) = log,, (1 — log, (x’— 5x + 13)) + cos” 


l 
——— aa [-1,1] (always hold) 


1 — log, (x? — 5x + 13) > 0 and x’— 5x + 13 > 0 and 
. AN 
2+ sin 


log, (x? — 5x +13)<1; «- 1=1og,7 ‘ sin = Ly 
=> x-5x+13<7 +: log_x is increasing function 
. OX 
+> ~_5x+6<0 => me eee 
=> (x-3)@-2)<0 a 1 : l eeu 
> xX €E (2,3) Ox 3 |= > 
2+ sin —— 


Also x? — 5x +13>0 
VxeR asa=1>OandD<0 


Taking intersection of sets we get, 2 <x <3 = Domain of f(x) = (2,3) 


(v) f(x)= ae G) +tan™ Ee | en [x]} to be real and finite each term must be real 


and finite 


=> “le, 5! and ier and x — [x] > 0 


=> -2<x<2andxe Randx> [x] >xeEeR~Z 
Taking intersection of above three sets x € (—2, 2) ~ {-l, 0, 1} 1s domain of f{x) 
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ILLUSTRATION 12: Solve the following inequalities: 
(1) cos!x > cos! x? (1) tan"! x > cot!x 


SOLUTION: cos ‘x > cos'x? as both cos'x and cos'x’are defined for x € [—-1, 1] and cos x is decreasing 
function V x € [0, x] 


> x<x’1e,x?-x>O01e.,x(x-1)>0 
=> xECow,0) U (1,0) 


Now taking - of both sets we get solution set as [—1, 0). 


(ii) tan?x>— tan -- tan & 0) =cot9@ = tan’x+cot’x= _ 
1 

=> tan'x>— 
4 

= XS tan 1.e.,x > | => Domain of inequality = (1, 0) 

ILLUSTRATION 13: Find the domain of function f (x)= \3a tan’ x— 4(tan™ x) 
= 4.\ 
SOLUTION: 37 tan 'x-4(tan'x) 20 
=> (tan x)) 3x-4(tan” x)’ |>0 


Let tan!x = t 


= 132-47 ]>0 = ¢(2r-v3x)(21+V32)<0 


Also t = tan'x € (-=.5 


2 2 
= _¥3n ¥3n 
<> 2 «> 2 
_$§>—+— ++ +— 
_m 0 Xu 
2 2 
FIGURE 4.11 
tan'x=te See af U ual 
2 2 2 


tan” x is an increasing function and tan x is also increasing in (-=,5) 
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> 2<{ =1m( fora) 


3" 3" 
> xeE aa U aera 


sin’ x 

Ean 

SOLUTION: Domainofsin'x=[-l,]) 9000 (1) 
and [x?] >0 > x’? ¢ [0, 1) 
> xé(--L)D>x=H1 
From (1) and (11), we get domain of f(x) = {-1, 1} 


ILLUSTRATION 14: Find the domain of the function f (x)= 


sin! x 
ar 
[ x” | 


SOLUTION: Clearly, the domain of function f(x) = {—-1,1} as found in above illustration, 


ILLUSTRATION 15: Find the range of the function f (x)= 


f(x) = sin!x; x =+ 1 


Range of f(x) = {sin-(-1), sin (1)} = {-2.4 
ILLUSTRATION 16: Find the range of the function f(x) = 3sin™‘ (-x*) + 2. 
SOLUTION: «: — x’ €[-1,1]; 
=> - € [-1, 0] 


y 


. —] . —] 2 . —] +S . . . . 
sin’ (-1)<sin (-x )< sin’'(0) as siny is an increasing function 


-5 sin "(-x”) <0 
> - 27 <3sin(-x*) <0 
2 
=> -* <3sin1(-x’)+a<a 
Z 
=> f(we| 2a] = Range of f(x) is Z| 


-~ 4_\ i 
ILLUSTRATION 17: Solve the inequalities 6(cos x) +@cos x—77 >0 
SOLUTION: Factorizing the expression we get, (3 cos x— m)(2 cos x+z ) > 0 


e —H = 
=> cos "x Sor cos "x > 2/3 
a | —1 K : [a -] 
But cos"x € [0, x], therefore cos x e€ ae 1e€., 2<cosix<z 
3 


a ; : 
> xe co 7 ,COS 4 as cos ‘x 1s a decreasing function 


43 
=>xeE|-l— 
2 
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ILLUSTRATION 18: Solve the inequality (sec x) —7 (sec x) +1220 


SOLUTION: Factorizing the expression we get, (sec! x— 3)(sec !x— 4) >0 


= sec 'x<3orsec x>4 
E nN 
But sec 've[o.n]~{= 


= secx € [0,3] ~ { 2/2} 


= O<sec 'x<3:sec'x#7/2 


= sec xe 0.5) U (3 
2 y) 


FIGURE 4.12 


=> x € (—00,sec3]U|1,0°) as is clear from figure given above. 


ILLUSTRATION 19: Solve the inequality 4(cot™ x) —16(cot™x)+15<0. 


SOLUTION: Let cot’ x =t, the inequality becomes 
= 4t?-16t+15<0 


= At? -10t-6t+15<0 
=> (2t-5)(2t-3)<0 


<ts 


No | Ww 


=> 


= cot're] 3.5 | Also cot x€(0,7) and FF |e (2) 
ae js) 


and cot'x is a decreasing function in (0,7) 


eat 
=> xe] cot—,cot— 
Z p 


TEXTUAL EXERCISE-1 SUBJECTIVE 


1. Find the principal values of the following: 


eee 

(a) sin ( *) 
a 

(e) cos ( 7 


(d) tan? (3 ) 


(h) cot" (—¥3 ) 
. Find the values of the following: 


-1 = me ae ol 
(a) tan“ (1) + cos ( | +sin ( 7 


ae oes 
(b) cos =) + 2 sin -) 
(c) tan 3 — sec (-2) 


. If cos?x. + cos! x. + + cos! x. = kz then evaluate 
1 2 k 


n 3 
. If ¥ (sin™ x,+cos” y,) o then evaluate 


dv) D(x, +) 


. Find the domain of definition the following functions. 


(Read the symbols [*] and {*} as greatest integers and 
fractional part functions respectively. ) 


(i) f(x) = sin! (2x + x’) 


+cos (1—{x}), where {x} 


is the fractional part of x. 
(iii) fix) = J3-—x+cos” (278 
log, (2 | x |—3)+sin™ (log, x) 
(iv) f(x) = .Jsin(cosx) + ¢n(—2cos? x+ 


3cosx—1)+ oo ( 


N 
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. Find the domain of the function given by 


~ 


(a) fix) = cos” 
3+ sin x 


(b) sin” dog, (x* +3x+4)) 


. Find the domain and range of the following functions. 


(i) fix) = cos (2x — x’) 


25 


Gi) f(x)= tan” ‘oe ma (Sx? —8x+ ») 


. Find the domain and range of the following functions: 


(i) y=cos"[x] (41) y = sin‘(e*) 
(111) y=cos” {x} (iv) y=sin"™ {x} 
(v) y= cot" (sgn x) 


3 
. If a= sin” *), B= cos” (=) y= tan” = | 
85 5 15 


then prove that 


(1) >} cota = x cota 
(1) > tana . tanB = 1 


10. Ifcos? “ y Z% ne N then find the maximum value 
x 6 
of n. 
ales l 
11. Evaluate: cos ~| lim, — i 
23) 


12. 


13. 


14. 


15. 


(a) Solve the equation: 2(sin™ x)’ — (sin" x) — 6 = 0. 
(b) Findsmallest andthelargestvaluesof tan™ (=| : 
mage, © 


O <x <1 and therefore the range of function. 


Prove that: tan La (=. + 
4 2 b 


Find the solution set of inequality 
(cot'x)? — 5cot!x +6>0 


Find the value of ‘a’ for which the quadratic equation 
ax’ + sin“\(x? — 2x + 2) + cos“(x? — 2x + 2) =O has a 
real solution. 
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16. Find the domain of the following functions: 18. Solve tan? (arc (sinx)) > 1 
(1) y = sec” (x* ee td) 19. Find the intevals in which 
(ii) y = cos? f ad 7 (i) tan! x > cot x 
l+x° (ii) cot'x > tan"'x 
(iii) y=tan” (v x 1} (111) sin-x > cos!x 


17. Draw the graphs of the following: (iv) cos’x > sin? x 


(a) y=sin" (x + 1) 20. Let f(x) = cot’ (x? + 4x + a? — a) be a function defined 
(1) y = cos*(3x) R - (0, 2/2], then find the complete set of real values 
(41) y = tan '(2x-1) of a for which f(x) is onto. 

Answer Keys 
= = 5 
1. (a) 7 o-= oo @m@~ @o* wn 7% wx Ww = 
6 6 6 3 3 4 6 6 
2.(a) 3% (b) 2%) 3. -1 
4 3 3 


4.) n (i) -” Gu) -nm Gv) 0 (vy) "C, or -n(n—-1)/2 


mn 


» (1) [-1-2, -14+2] (11) re(-3.5]-0 (111) (3. 2 (iv) {xix=2ne+Znez 
6. (a) U[2n7.@n4)z] ay 14 


neZ 


7. (1) Domain =|1- 2, 1+y2 |, Range = [0,2] (i) Domain = R, Range = (-2/2, 7/4] 
8. (i) D,:[-1,2) and R,:40,4, 7 ii) D,:(-c0,0JandR,:| 0,— iii) D,:RandR,:| 0,— 
~G) Yeit-b an eee (11) , (-0,0]andR, : zy (111) y Randk, : eS 
(1v) D, Rand, :| 0,5) (v) D,:RandR.: am 30 
2 f TOGA A 
ie. nN 
10. 2 11. 2/3 12. (a) x=-—sin >) (b) 0, 4 


14. (—c,cof3) U (cot 2, 00) 


15.-a/2 16. (i) (0, 3] U[-2,-1] U [0, 6) Gi) Rit) (eo, -1] U [1, &) 
17. 


(11) 


19. 


(i)tan'x > cot'x for x € (1, «) 


(i11)sin'x > cos"'x for x € (—. | 


20. peste 


. | I 
(iv)cos 'x >sin™’ x for x <|-1 | 
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(11)cot'lx > tan-lx for x € (-, 1) 


a 


TEXTUAL EXERCISE-1 (OBJECTIVE) 


V3 


. ae 
1. The value of sin” SI, sin” (< is equal to 


V2 


(a) 75° (b) 105° 
(c) 2% (d) 3% 
12 5 
2. The value of sin sin (+) 1S 
3 2 
1 1 
(a) ry (b) 3 
1 
(c) ri (d) 1. 


od 2 
3. The principal value of cos ™ [cos = + sin“ 


( | 22) | 
sin —— | 1s 
3 
n 
(a) 7 (b) — 
2 
(ea Gy S= 
3 3 
4. cosec”' (cos x) 1s real if 


(a) x € [-1,1] 
(b)xeER 


(c) x 1s an odd multiple of — 


(d) x 1s integer multiple of z 


. If ¥ cos” a, = 0, then va, 
i=] 


(a) - (b) —n 
(c) O (d) None of these 


: 32 
. Ifsin'x + sin’ y+ sin‘ z = Soe" then 


(a) ee +y™ 4 oe _ = 0 


Ww 


(b) x2 a als at 7° _ x? 0 _ 4,420 620 — @ 


2008 2008 2008 


yaaa) uae 
(d) aa =0 


3 
. If A =2 tan! (2V2-1) and B = 3sin7 Ge sin’ 3 


then 
(a) A>B (b)A<B 
(c) A=B (d) can’t be decided 


. Domain of f(x) = cos! x + cot!x + cosec"!x 1s 


(a) [-1,1] (b) R 
(c) (,-1l] U[1,~) @) {-l 13 
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9. Domain of the function f(x) =cos” [ iS 
5+sin x 
(a) U[2nz,(2n+1)z] 
neZ 
N 
(b) U ann, an-2| 
neZ #3 
(c) [nnt; nEeZ] 
(d) None of these 
10. Domain of function fx) = ,/sin™ (2x) +e is 
(a) [-1,1] 
(b) [-1/4, 1/2] 
(c) [0,1/2] 
(d) None of these 
11. Range of f(x) = sin'x + tan'x + sec"! xis 
Ex) oR 
(a) 4° 4 ) 4° 4 
(c) 7.41 (d) None of these 
4 4 
12. The range of cos"[1 + sin’x] where [x] denotes GINT 
function, isfunction, is 
(a) {n/2} 
(b) {x/4, 1/2} 
(c) {n/2, 1/6} 
(d) None of these 
13. sec” [sec (—30°)] 1s equal to 
(a) — 60° (b) — 30° 
(c) 30° (d) 150° 
14. sin (2 sin! 0.8) is equal to 
(a) 0.96 (b) 0.48 
(c) 0.64 (d) None of these 
15. Iftan? NIt* =! _ go then 
x 
(a) x =tan2° (b) x = tan4° 
(c) x = tan (1/4)° (d) x = tan8° 
Answer Keys 
1. (b) 2. (d) 3. (a) 4. (d) 5. (a) 
11. (c) 12. (c) 13. (c) 14. (a) 15. (d) 
20. (c,d) 21. (b,c,d) 


16. 


17. 


18. 


19. 


20. 


21. 


If cos! x = tan'x, then 


»_ {5-1 
0 [! 


5-1 
(Cc) sin (cos x) Ve 
= | 


d) t 
(d) an(cos” x) 5 


3sin 20 


If —sin™ 7k a , then tan 1s equal to 
2 5+4cos26 4 


(b) 3 
(d) -1 


Number of triplets (x, y, z) satisfying 
sin'x + cos'y + sin'z = 2 a, 1s 

(a) 0 (b) 2 

(c) 1 (d) infinite 


The number of solutions of equation 
2(sin“!x)? —Ssin'x + 2 = 0 is 

(a) 2 (b) 1 

(c) 3 (d) None of these 


If a satisfies the inequation x”? — x — 2 > 0, then a value 
exists for 


(a) sina (b) cos’a 


(c) secla (d) cosec 1a 


sin! x > cos'x holds for 


(a) All values of x 
(b) xe Gal 


(Cc) xE (—. J 


(d) x = 0.75 
6. (a,b) 7. (b) 8. (d) 9. (a) 10. (b) 
16. (ac) 17. (b) 18 (c) 19. (&) 
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m@ COMPOSITIONS OF TRIGONOMETRIC 
FUNCTIONS AND THEIR INVERSE 


FUNCTIONS 
(i) sin (sin! x) =x, forallx € [-1, 1] 
(1) cos (cos! x) =x, for allx € [-1, 1] 
(i) tan (tan x) = x, forallxe R y = tan (tan'x) = cot (cot'x) =x Vx Ee R 
(1v) cot (cot! x) =X, for allx e R FIGURE 4.14 
(v) sec (sec! x) =x, forallx € (-«, -1] U [1, ) 


(v1) cosec (cosec”!x)=x, forall x € (-c,-1] U [1, «) 


Proof: We know that, if f A — B 1s a byection, then /!: 
B -+ A exists such that fof! (vy) =f(f~'()) =y for all y € 
B. Clearly, all these results are direct consequence of this 


property. 


y = sec (sec™!x) = cosec (cosec™'x) = x 
FIGURE 4.15 


Aliter: Let 0 © [—27/2, 2/2] and x e€ [-1, 1] such that 
sin 6 = x. then, 9 = sin! x. 


x = sin 9 = sin (sin! x). 
y = sin (sin'x) = cos (cos'x) =x Hence, sin (sin x) =x for x € [-1, 1]. 


FIGURE 4.13 Similarly, we can prove other results. 


ILLUSTRATION 20: Prove that: 
(i) tan|tan x|=|x|VxeR (ii) sin|sin ' x|=|x|Vx €[-1,1] 

(iii) tan(tan*|x|)=|x|VxeR (iv) cos|cos™|x|=|x|Vxe[-L]] 
Proof : 
(i) To prove : tan|tan'x| =|x| 
Case (i): if x > 0 
tan, 2 e|07/2) > {tan x= tan ' x 
= tan | tan” x | tan (tan x) = || 


Case (ii): if x < 0 


— fe 
=> tan ‘xe [=o] =|tan“>x|=—tan™x .. tan|tan™ x|= tan (- tan’ x) 


= — tan (tan-'x) =—x=|x| 


4.18 


(11) 
(iii) 
(iv) 


(v1) 


> Trigonometrry 


(ii) To prove : sin |sin“'x| = |x| 


Case(i) 02 x<1—> sin xe 0.5] 


=} |sin x|=sin’x => sin|sin’ xl=sin (sin x) =e 
ee asl ae (9 
Case (ii) -l<x<O0=>s1n ve|—.0) 


=>|sin’x|=—sin” x = sin|sin™ x|=sin (- sin x) =—sin (sin x) == =|x| 
(111) we know that tan (tan'A=rVteEe R 
-tan(tan |x|) =|x|Vxe R 


: : =a! 
(iv)consider cos|cos — | x|| - cos (|x|) > 0 


cos(cos - x) yOfLxes] x if x € [0,1] 
=i =! = 
costco) cos(cos (—x)) if -l<x<0= [-* y xe|-L0] 
= |x| Vxe [-1,1] 


Proof: We know that, if fA — B is a byection, then 
f': B >A exists such that : f' of (x) =f! ((%)) = x for all 
x € A. Clearly, all these results are direct consequences of 


INVERSE CIRCULAR FUNCTIONS OF THEIR 
CORRESPONDING TRIGONOMETRIC 


FUNCTIONS IN PRINCIPAL DOMAIN this property. 

sin (Sin x) = x; for all x € [—2/2, n/2] Aliter: For any y € [-7/2, n/2], let sin y = x. Then, 
cos” (cos x) =x; for all x € [0, a] y=sin'x 

tan” (tanx) = x; for all x € (—2/2, 2/2) “ y=sin" (sin y). 

cot” (cot x) = x; for all x € (Q, 2) Hence, sin” (sin x) = x for all x € [—a/2, x/2]. 

sec” (sec x) = x; for all x € [0, a], ~ {2/2} It should be noted that, sin (sin x) # x, if 


cosec! (cosec x) =x; forall x € [—2/2, 2/2] ~ {0} x ¢ [-n/2, n/2]. 


ILLUSTRATION 21: Find the least integral value of k for which (k — 3) x7+ 2x +k + 11m — 36> sin“ (sin16) + 


cos ‘(cosl16) VxeER 
SOLUTION: sin! (sinl6) = sin '(sin(5z-16)) 


= 54-16 as 54-16 (-£.0) 
, which 1s subset of [—2/2, 1/2] 


Also cos’ (cos16)= cos (— cos(5z — 16)) 


= #—cos (cos(16—5z7)) [7 cost —0) ——cos 6| 


=n -[16-52z]=62-16 
Given inequations become (k—3)x° +2x+k+1lz-36>5a-16+67-16 
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= (k-3)x°+2x+k-4>0 For k=3;2x+k>4VxeR 
=>2x>1VxeER which is impossible. 
So letk = 3 


=(k-3)x°+2x+k-4>0VxeER , therefore discriminant D < 0 


= k>3 and(2) —4(k-3)(k—4)<0 
=sk>3 and (k-—3)(k-4)>1 


or k> 


>k>3andk*>-7k+11>0 sk>3andk< 


s(t -| 


7 aal5 Tals 
2 2 
2 


s —-I 0 
ILLUSTRATION 22: Prove that | tan ‘| tan | x|||E] x|V € (=.= 


SOLUTION: As we know that V x [stan | x |= 0 


= |tan|x|=tan |x| 


=> tan™|tan |x| tan™ (tan |x|) 


=|x|astan” (tan @)= 6 fore (== 


& {tan|tan* || = |x| = x 


m INVERSE CIRCULAR FUNCTIONS OF THEIR | Proof: ~sin’'(sin(27+x))=sin™(sinx) 


CORRESPONDING TRIGONOMETRIC FUNC- => sin”' (sin x) is periodic function with period 2x 

TIONS IN COMPLETE DOMAIN Also sin’ (sin(—x)) = sin” (—sin x) = —sin ‘(sin x) =—x 
—r—-x, Wx e[-32/2, —2/2] Forxe === 1.e., principal domain of sinx. 

‘ith an ifxe[-w/2, 7/2] ae 
. sin” (sin x) = an 
mx, if x €[2/2, 32/2] sin (sin x)= x........(i) [sin “(sin x) for x |-4.5 
—2n7+x, if x € [32/2, 52/2] 
1 N 
so on as shown below: For x m1 => M-XE 0.5 


“.sin x = sin(z — x) 
=> sin” (sin x)= sin™ (sin (7 - x)) = 1 —x...{i) 


sin” (sin x) = sin” (—sin(a# + x)) = sin” (sin(—a — x)) 


at 
=-m-x...(iii) when ve| 0% 


FIGURE 4.16 
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Then from (1), (11) and (111) we have length 2x and hence the graph of sin™ (sinx) 
= on domain R of sin! (sinx) would be as shown 
— —x forxe 2. below. 
sin’ (sin x)= |2% 
(sinx)= 4x for x a 


ma —x forx |Z. 


Graph of sin’ (sinx) for one period ie 22 
for x < [-x, x] 1s as shown below 


3-2 
—w-x forxe| —,— 
caulcaes 
—I 0 
x or x €| —,— 
on pre TS 
sin “(sin x) = 
N-x forxe E = 
pe) 
FIGURE 4.17 3 
x-2n forx (== 
sin (sinx) is periodic with period 27, thus the Be ae 
above graph would repeat for each interval of and so on 


REMARK 


y=sin“'(sinx) can be formed by tangents of y = sinx at x = nz as shown below: 


YA y = sin'(sinx) 


FIGURE 4.19 


—Xx, if x €[-7z, 0] 
xX, if x €[0, 7] 
2a—-x, if x E[a, 27] 


—22 +x, if x €[27, 32] 


2. cos! (cos x) = and so on as shown below 


FIGURE 4.20 


Proof: f(x) = cos" (cosx) 
and f(2n +x) = cos” (cos (2m + x)) = cos (cosx) = f(x) 


=> f(x) 1s a periodic function with period 2x We 
know that cos"! (cosx) = x for x < [0, z] 


Also f(x) = cos™ (cosx) 


=> fix) = cos" (cos(-x) 


= cos’ (cosx) = f(x) 


=> f(x) 1s an even function 
=> f(x) 1s symmetric about y —axis 


=> cos’ (cosx) = —x for x € [—x, 0] and cos (cosx) 


= x for x < [0, z] 


= So the graph y = cos? (cosx) for one complete 
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m+x, if x €(-32/2,-7/2) 
xX, if x €(-2/2, 2/2) 
3. tan”! (tan x) = and so 
x-a, if x €(/2, 32/2) 
x-2n, if x €(32/2, 52/2) 


on as shown below: 


Yay = tan ‘(tanx) 


FIGURE 4.23 


period 2x on interval [—x, x] would be as shown 


below 


FIGURE 4.21 


Proof: As y= tan''(tan x) is periodic with z. 


to draw this graph, we should draw the graph for 
one interval of length z and repeat for entire value 
of x. 


a 1X 1 
As we know; tan” (tan x) = ja-2 <x< | 


Thus, it has been defined for aa <x <5 that has 


length z. 
So, 1ts graph could be plotted as in figure. 


As cos‘(cosx) is periodic with period 2x, the graph 


of cos'(cosx) on the domain R can be obtained by 
repeating the above graph for each interval of length 
2x and hence it would be as shown below: 


x+2a for x € (-27,-7) 
x+a for x € (-7,0) 
4. y = cot (cot x) =4 x for x € (0,7) 
x—a for x € (7,27) 


x—2a for x € (27,37) 


The graph of cot (cotx) is as shown below 


y = cot '(cotx) 


FIGURE 4.22 
Thus FIGURE 4.24 
= for x <|-7,0| Domain: xe R- {na, ne 2} 
x for x [0,7 | 
cos (cOSx)= andsoon | Range: ye (0, 2) 
2n-x for x [7,27] 


Period: periodic with period 2 and cot! (cotx ) =x V 


forx [27,32 | x € (0, 2) 
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1 6. y = cosec"! (cosec x) 
—x for x €[-7,0]~ ‘- | 
. 3H = 
—(7#+x) for xe | ~ fm} 
1 
5. y= sec (sec x). = x for x € [0,7] ~ ‘| 


=! x forxe| ~~ |~ 40} 
32 2:2 
2a —xfor x €[z,27]| ~<«— 
Z nN 30 
; nm —xfor x €| —,— |~ {x} 
The graph of y = sec"! (secx) is as shown below 22 


y = sec ‘(secx) 


FIGURE 4.25 


FIGURE 4.26 
Domain: xeéR -fanene, ne z| Domain: xé« R~ {nt ne Z} 
Range: ye [0, 2/2) vu (7/2, 7] Ranges ye ee ele Ay 
Period: Periodic with period 27 and sec"'(sec x) = x V x | Period: Periodic with period 27 and cosec"(cosec x) = x 
E [0, 2/2) U (w/2, 71] for x € [- 2/2, n/2] ~ {0} 


Proof: Left for reader as an exercise Proof Left for reader as an exercise 


ILLUSTRATION 23: Evaluate: 
(@) sin“| sinZ (ii) cos” ‘cos (iii) tan” tan 
6 3 4 
Gy) sin len (v) cos ‘cos (vi) tan (ton | 
6 4 3 
(vu) sin! (sin 11.56) (vill) sin (sin'(10.5)) (ix) cos (cos '6) 


(x) cos !(cos6) (x1) tan (tan(5.2)) (x11) sin ‘sin 3) 


2 


SOLUTION: = (1) sin ' [sin -%... sin" @inx)=xVxe|—~ 
6 6 2 42 


(11) cos cos 4 = = “eos (cosx)=x Vxe [0,7 | 


(iii) tan” [tan tan’ sn (x - =) = tan” (- tan “| = 
4 4 4 


r : —f 
ar “tan (tanx)=~x forxe (=, = 


or <' tan (tanx)=x-7Vxe (=.=) 


Inverse Trigonometric Functions 


;*¢ sin(sin™ x) = x for x €[-1,1] and ¢ 0,1) 


(iv) sin} sin” cia 
6 6 
(v) cos{ cos =) = ~ ‘* cos(cos x)= x for x €[-1,1] & 7¢ (0, 1) 


(vi) tan tan" = = =, ‘* tan(tan”' x) = x for x € (—ce, 0) 


(vil) sin” (sin 11.56); ++ 11.56¢€ 7 an where sin“(sinx) = x — 4x 


*. sin? (sin 11.56) = (11.56 — 42) 
(vill) sin (sin (10.5)) sin (sin"'x) 1s defined only for x € [—-1, 1] 
*. sin (sin! (10.5)) is not defined. 
(ix) cos (cos” 6) = not defined as cos (cos™ x) is defined only for x € [-1, 1]. 
(x) cos ‘(cos 6) = cos" [cos (2% — 6)] 
- cos! (cos x) =2n-—x Vx © [n, 2m] and 6 € [z, 22] 
.. cos! (cos 6) = 2%—-6 


(xi) tan (tan! 5.2) =5.2; -.: tan(tan'x) =x forx e R 


(xl) sin ‘i (=) is not defined as sin (sin“'x) is defined only for x € [—1, 1]. 


ILLUSTRATION 24: Evaluate: 


Gi) cos'cos10 — sin'sin10 


oh dtl de IE “4 20 
(11) sin | sin—— |+cos | cos—— 

3 3 
oe il 3 2H .( . 1% 
Gu) 2sin Te +sin| sin ms 


SOLUTION: (1) cos? cos10 — sin“ sinl0 


TH | 


32x<10< ; where cos ‘cosx = 4x — x and sin'(sinx) =x — 32 


cos? (cos 10) = 4z- 10. 
Now, sin“‘(sin 10) = (32-10) 
Thus cos? (cos10) — sin (sin 10) = (4x -— 10) —- (32z-10)= 2. 


XN 2 


< 4.23 


(ii) sin” sin =| +cos” cos | =sin' sin C - =). a [:.. cos (cos x) = x for x € [0, z]] 


3 3 2 


(iii) 2sin™ Pail +sin| sin? | = 2sin“| sin| e- |]44 
3 6 3 6 


= sin” (sin | 2 - a 20 = E sin (sinx)=x for xe -2.4] 


ge |e FEN 
i sin(sin' x) = x for x €[—1,1] and zé (0, »| = 2sin sin 1-2 Sa ee ae 
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eer eee 2 Si : SH 8 
ILLUSTRATION 25: Findthevalueoftheexpression sin” sin } cos (cos } tan {tan =), sin’ (cos 2) 


ee 22 
SOLUTION: Clearly sin’ (sin 22) 3 ie a 


sin ‘(sin x) = 34 —xV x €| —,—_|andz < lear <7/2 
i) 7 
en 51 
Now, cos cos = 27 -—= 


” cos ‘(cosx) =2”—xV ve[,2mJand— e[z,27] 


Also, tan” ane be ie 
7 7 7 
a a 30 K SH 
* tan (tan x) =-7+xVxeE|—,— | and —<—- <Z 
2° 2 2 7 
Also, sin“ (cos2) = sin! sin G 2) = a 2 


cid es iy —0.43 € Ez 
D 2 


ILLUSTRATION 26: If sin™'(sin5) > x?- 4x, then find all possible integer values of x. 


SOLUTION: Since = <5<2z ; therefore sin'(sin5) = 5-22 


sin” (sin x) = —27 tvire| SE] ” A.T.Q; 5 — 22> x? - 4x 


=> x°-4x+20-5<0 
The roots of quadratic are a=2-J9-27, B =24+/9-2n7 
x?-4x+27-5<0 > (-a)x-B8)<0 > x Ea, B) 
=> xe (2-J9-2n, 2+/9- 27] 
9-27 ~ 9—2(3.14) = 9 — 6.28 =2.72 
9-2 ~ J2.72 ~1.65 
x € (2-1.65, 2 + 1.65) 
x €(0.35, 3.165) 


Integer values of x lying in the solution set are 1,2,3. 
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ILLUSTRATION 27: Evaluate: sin [sin'1/2 + cos? 1/3] 
SOLUTION: sin [sin'1/2 + cos? 1/3] = sin(sin'1/2) cos(cos'1/3) + cos (sin'1/2) sin (cos'1/3) 
= (1/2).(1/3) + cos (sin1/2) sin (cos?1/3) 
sin(sin’ x)= x for xe [-1, 1] 


cos(cos ' x)= x for xe[—1, 1] 


andsin| cos +)=sing- J1- cos’ @ = p= fi-s=* 
_1 V3 2V2 = 1 V6 14+2V6 


= —+ as Sy a 


6 2 3 63. 6 


ILLUSTRATION 28: For every real value of 0, there is an integer n, such that 


Oe ann, ann +2 u| (ant), (Qnsijese . Now two cases arise. 
a) If@e In — 7 2nnt 4 for some integer n, then sin™ (sin) = 0 — 2nz and 


(1) 1f 8 € (anst)n-%, (ante += for some integer n, then sin“ (sin@) = (2n + 1)a—- 8. 


Based on above information answer the following questions: 
1. Ifk,=sin™(sin16), then value of £, is 


(a) 16-5” (b) 42-12 

(Cc) 5z—-16 (d) 12-4 
2. Ifk,= sin“ (sin (k, — 52 + 23)), then the value of k, is 

(a) 7-22 (b) 22-7 

(c) 32-9 (d) 9-3x 
3. Value of sin™ (sin (k, + 4a + 2)) = 

(a) 7-22 (b) 22-7 

(c) 3-9 (d) 9-32 


SOLUTION: 1. k,=sin"(sin 16) -- Sa =< 16 < Sa + 
n t _ 
e., [2(2)+1]a—-—-<16<|2(2)+1]a+—; thus n=2 


*. sin-'(sinl6) = [22)+1] z-16=5z-16 .. Ans (ec) 
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2. &— sin (Sint, — 5a 4 23)) = sin “[sin(Sm — 16 — 57-4 23)] 


= sin|sin(7)| = 7 —22 [22% fr<2meZ } 


‘*. Ans (a) 


3. sin’ (sin (k, + 4a+2)) = sin” (sin(/—2a + 42 + 2) 


S Sars +9) > sn Econ +9.<5n +e} 


=> sin'[sin(2z4+9)] =5a-(Q2+9)=32-9 
Aliter sin" [sin(2z + 9)] = sin ![sin9] 
37 — ss <9<37+ a 
2 2 


sin'[sin9] = 32-9 .. Ans. (c) 


TEXTUAL EXERCISE-2 (SUBJECTIVE) 


1. Evaluate the following expressions: 5. Find the simplest value of f(x) = arc cosx + arc cos 
(a) sin? (sin 7/3) (b) cos! (cos 2/6) x 1 . 1] 
(c) tan“(tan 27/3) (d) sin(sin“ 7/3) 3 ae pre(5.1] 
(e) cos(cos? 2/6) (f) tan (tan! 27/3) 
(g) sin (sin 10) (h) sin(sin? 10) (3 | ee 
(i) cos (cos 5) (j) cos (cos 5) 6. If a = 2 tan’ (7 | and 6 = sin’ td for 


(k) tan (tan (—5)) (1) tan“‘(tan 5) 
0 <x < 1, then prove that « + B= 7, what 1s the value for 


2. (a) Find the value of cos™ (cos. x> 1? 
(b) Find the value of sin E sin” -8) 7. Ifxe 1 > , then express the function f(x) = sin” 
) 2 
1 (3x — 4x*) + cos? (4x? —3x) in the form of acos'!x + bz, 
(c) Find the value of sin ar cos - +) , where a and b are rational numbers. 


oe) 


e : a3 . If the total area enclosed between the curves f(x) = 
Smee vale Ohta tan (-v3} eens 97 cos (sinx) and sin“ (cosx) on the interval [—77,77] is 
A, find the value of 494. 
3. If y = sin’ (sin8) — tan” (tam10) + cos“ (cos12) — sec 
(sec9) + cot" (cot 6) — cosec™! (cosec7).If y simplifies ee ae ee sin 72 44 } ener 
to an + b, then find (a —b) 14x 


_ 33 46 
4. Show that sin” [sin reas” [cos 3S | 4 tan"! 


poh 


0. Solve the following equations: 


132 e 19” \\ 1324 (i) Stan'x +3 cot!x =22 
—tan —— cot | cot} -—— —— vi 
8 fi (1) 4sin' x =n -cos'x 
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Answer Keys 
1. (a) 2/3 (b) 2/6 (c) -m/3 ~(d) not defined (e) 2/6 (f) 2n/3 (g) 3a-10 
(h) not defined (1) not defined 3) 2a”-5 (k) —5 dd) (5 — 27) 
ay 4 ] 3 
2. (a) 7 (b) 5 (c) = (d) 1 3.53 5. 2/3 
6. —1 7.a=6,b=-9/2 
8. 343 Square unit 9. x e (1, 1) 10. G) x =1, (i) x = 1/2 


TEXTUAL EXERCISE-2 (OBJECTIVE) 


1. Indicate the relation which is true. 6. The value of cos (cos7) is 
(a) tan |tan“!x| = |x] Vx € R (a) < a/2 (b) <1 
(b) cot |cot xj) =xVxeER (c) >0 (d) >a 
(c) tan~* [tan x| = |x| Vx € R ~ {2k + 1)x/2} 7. If cos (2 sin! x) = = , then x is equal to 
(a) sin |sin-!x| = |x| Vx © [-1, 1] ; 9 ; 
(a) + — (b) + = 
2. The principal value of sin“! i iS > : 
F 7 3 (C) i (d) None of thesr 
(a) 2% (b) 20 8. The Principal value of cos (cos8) — sin sin8 is 
3 : (a) x (b) r+ 16 
(c) 4a (d) None of these (c) 16-52 (d) None of these 
3 
9. If sin-'(sin x)+ cos” (cos y) + sec (sec Z) = 2% then 
3. The values of cos Ge cos [- wad ) 1S the value of sin x + cos y + sec Z1s 
p) 5 (a) 1 (b) -1 
(c) 3 (d) None of these 
(a) cos (72) (b) sin (= | 
> 10 10. If cos” [sin(sin“(sin x))] = 0, then the value of tan = 
(c) cos (22 (d) —cos ea 1s (x € [0, 2z]) 
5 5 (a) 1 (b) -1 
; (c) (d) None of these 
4. cos cos" (=) is equal to 37 
25 11. The value of sec? cose ot oot” (==) 1S 
a) 2 ) 2 : 
24 7 Gye (b) ~ 
24 a 2 
(C). == (d) None of these Ir 
5 (c) ri (d) None of these 
5. The principal value of sin™ sin =) 1S 
: 32 
12. The value of | |sin (n(n) equals; where 
G22 oe) =22 | 4 
3 3 [.] 1s gint function and | | is modulus function 
XN An ] b) -1 
() -2 a ie a 
3 3 (c) O (d) None of these 
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13. The value tan ere es is 
2 3 
3 
(a) se 
si 
2 


(C) 


ay xv5 
2 


5 2 
14. Let 9 =tan’ (an = and @= tan" [- tan | , then 


(a) O> 6 
1X 
) = 
(c) O+@ is 


(b) 40 -3¢=0 
(d) None of these 


15. The value of sin“[cos{cos“(cosx) + sin“‘(sin x)}]; 


(A : 
where x € (=. r jis 


ia ia 
oC. @.—= 
4 
Answer Keys 
1. (a, b, d) 2. (d) 3. (b, c, d) 4. (d) 5. (c) 
11. (c) 12. (c) 13. (b) 14. (b,c) 15. (d) 


INVERSE TRIGONOMETRIC FUNCTIONS 
OF NEGATIVE INPUTS 


(i) sin’ (x) =-sin"™ (x), for all x € [-1, 1] 
(1) cos? (x) = 2-cos" (x), for all x € [-1, 1] 
(iui) tan-(—x) =-tan'x, forallx eR 
(iv) cosec\(—x) = —cosec™! x, for all x € (—oo, —1] U[1, «) 
(v) sec! (x) = 2-sec"x, for all x € (—co, -1] U [1, ©) 


(vi) cot'\(-x) = 2-cot' x, forallx eR 
Proof: 
(1) Clearly, —x € [-1, 1] for all x € [-1, 1] 


Letsm'(-x)=90 0 2 (1) 


then, —x = sin 9 > x =-— sinO 
=> x =sin (-9) 


{- x € [-1,1] and —- 9 € [- 2/2,7/2] for all 9 € [-7/2, 


7/2|, therefore sin-'x = sin!(sin(—0)) = -0 


SOS sin a (11) 


from (1) and (11), we get sin (—x) = — sin” (x) 


(ii) tan '(1/x) = | 


16. If fx) =cos'x+ cos" z+3 3- ae | , then 


(i) The value of f = iS 
ae 6) 

(a) Z (b) : 

(c) “~ (d) None of these 


? bs Visa 
(ii) The value of f q is 


(c) 2 
3 
(d) None of these 


6. (a, b, c) 7. (c) 
16. @) (6) (a) (a) 


8. (c) 


9. (b) 10. (a) 


(11) Clearly, —x € [—1, 1] for all xe[-1,1] 
Letcos!(-x)=O@ 2 (1) 
then, —x = cos 9 
=> x=-cos0>x=cos (a-9) 

[-.. x € (-1, 1) and m-96 € [0, a] for all 0 © [0, a] 

=> cos'x =cos(cos(z — 9)) 

=> cos!x=m#-O 2 a, (11) 
=> 0=2-cos!x 

from (i) and (11), we get cos! (-x) = m-cos' x 


Similarly, we can prove other results. 


INVERSE TRIGONOMETRIC FUNCTIONS OF 
(RECIPROCAL INPUTS 

Gi) sin“ (1/x) = cosec™ x, for all x € (—oo, -1] U [1, 0) 
(1) cos?! (1/x) = sec x, for all x € (-o, -1] U [1, «) 
cot” x, for x > 0 


—_f#+cot'x, forx<0 


Proof: 


Gj) Let,cosec!x=O 22 na, (1) 
Then, x = cosec 0 > 1/4 = sin 8 
fsx € (-0,-1]Ufl,0) > | e€[-1, 1]- {03 
x 
cosec!x =80>0 € [-7/2, n/2] - £0) 
> O0=sin'(Vh) 2 2 2 2 a, (11) 
from (1) and (11), we get sin“ (1/x) = cosec™! x. 

(1) Let, sec! x =80 a2) 
then, x € (-oo, -1] U [1, ©) and 9 € [0, 2] — {2/2} 
Now, sec! x = 0 
=> x =sec0 > 1 =cos0 > 8 = cos (1/x) 

{-- l/c © [-1,1] ~ {0} and 9 € [0,2] ~ [z, 2]} 


INTER CONVERSION OF INVERSE 
‘TRIGONOMETRIC FUNCTIONS 
cos vyl-x if O<x<l; 
—cos’ yl—x’ if -l<x<0 


(a) sinlx = (4) 


_ x 
tan iced if Vx e (-l, 1) .... (11) 
—-xX™ 


cot if O<x<l 
7 "s De (iii) 
Se Bee if —-l<x<0 
4 l 
Sec if x €[0, 1) 
V1- x? 
— ... (AV) 
4 l 
— sec ji xe (-1, 0] 
Vl-x° 
re 
= cosec (+) ifx € [-1, 1] ~ {0} .(V) 
x 
Proof: 
(a) Ist Part 
ForO<x<1;Letsm'’x=0 > 8 € [0, 2/2] 


Now x = sinO, therefore cosO0 = ++/1-sin’ @ 


"OE 0, 4 => 
2 


cos 1s positive 


= cos@=-vl-sin’@ =Vl-x’ 


=> cos '(cos@)=@=cos ¥1—x’ 


* sinlx = tan"! 
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as 9 € [0, 2/2] c [0, 2 
sin'x = cos! ¥l—x 
For-—1<x<0O 


Let sin! x =0 >O0eE 4, 0 and x = sinO 


Z 


Noweo0=\losne ee 2, 0 
= cosOis+tve => cos0= ./1-—sin’? 6 


=> (cos (-90))= Vl-x? asOe 2, 0 
N : ae -1 2 
> Oe 07 Kor] “. O=cos l-x 
2 


= 0=-cos’' VJl-x’ 


sin (x) =—cos? J1—x’ 


IInd part 
Let x € (-1, 1) and sin!x =9 


>O0eE (-=.4] and x = sin0 
2 2 


Now, cos0 = vi—sin? @ 


[.; In I* and IV" quad. cos@ + ve] 


=> cos0 = V1— x’ 


x 


2 


l-x 


for x € (-1,1) 


Ilird Part 
For 0 <x < 1; and sin'x =0 


8 € (0,2/2] and x = sinO 


Now, cot0 -(2- | = | 


sin @ x 


= 80=cot! vinx 
x 
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For —1 <x <0 and sin!x=0 


> 0eE -% o| and x = sin@ 


and cot0 =———— = ———_—. = 
sin 0 sin 0 x 
=> cot(z+9)= 1~ x 
x 
> w+0=cot | —— 
x 


t= 2 
=> 0 =-2+ cot’ aS | 
x 


— l-x? 
’. sin’x =—72+ cot’ | ——— 
x 


IVth Part 
ForO<x<] 


Let sin’'x =O>0€ 0, 4 and x = sin@ 
2 


> @=sec” 


a. 
— 

| — 
x 

w 
NCEE 


For-—1 <x <0 


sin'x =0 >0 € (-#. 0 and x = sin0 
=> cos0= J1-x’ 
=> secO = l 
l-x’ 
=> sec (-0)= as —0 € 0, =| 
l-x° 


= 0 -ae| | 
V1l—x? 
sin-x = —sec™! f | 
V1l—x? 


Vth part 
For x € [-l, 1] ~ £0} and sin!x = 0 


2 


>O0eE 2 = ~{0} and x = sinO 
22 


(b) 


(C) 


cosec8 = 


= 1 => @=cosec” (+) 


sin@ x x 


> as0e Be Ai de Rs 6 
-#.#] 


_ Pe 
sin’x = cosec™ | — 
x 


. dui 9 
sin 'V¥1—x? 


eee for x €[0, 1] 


m—sin 'Vl— x’ forxe [-1, 0] 
wn| pee 


x 


| for x € (0, 1] 


w+tan™ l=x! 


for xe [-l, 0) 


a (i or E(-1, » 
= sec” = fo x €[-1, 1] ~ {0} 
x 


cosec * for x €[0, 1) 
l-x? 


ps4 


1 —cosec ” J x € (—-l, 0] 


l-x 


for x€ [0, 1] 


| x €[-l, 0] 


] 
—cos” 
- +x" 


cot” (+) for x >0 


x 


—7+cot™ (~) forx <0 
x 


sec” [vi+ x? | for x >0 
—sec” [vi+ x? |for x <0 


oe reoe 


Jorsen~( 
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for x >0 ot" forx>0;x#1 
(d) cot” vies? a 
S 
-sn"| for x <0 n—cat'| Jfors core 
Vl+x? x —] 
=| D5 
sg fer cosec . = for x >0 
Mi Vitx? _ Vx —l 
m +cosec” = Jiorx<o 
for x >0 Pes 
; m+tan” + )forv<0 (1) coseo te = sin — Vx € (-,-1]U[L) 
x 
om | <1) forx>1 
x 
- fs" ( Vit ps SP fo} _ 
“nos 1 tors 
x 
cosec Nines , for x >0 , 
= tan'} ———— |; forx>] 
7 — cosec” (f+ x? |for x<0 7 ead 
—tan™ ( ; for x <-l 
sin’ “nl for x >0 ~ 
x cot (vx? -1} forx>1 
(e) sec’ x= = 
| ea | Ls *(V a oo 
rsin'| ~ Jorx<c an x -1}for x S—1 


| = for x >1 


= cos” (+ vse R~ {0 _ Vx -1 
x 


x 
ar +se0"| 
tan" (x? —1] for x >0 yx — I 


7 ea Proof: For (b) to (f) are left for students and can be 
#—tan Vx" —Itor x <0 proved on similar lines as 1s done in part (a). 


Jorn 


ILLUSTRATION 29: Find the value of tan feo (- 2) 


SOLUTION: -. cot’(-x) = z-cot'x 


tan eot" (=) = an —cot’ = = — tan cot" E I 
= - tan tn (3 E cot (+)- tan x for x > 0 =— Ge tan(tanx)=xVxe R| 
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ILLUSTRATION 30: Find the value of {sin tan 3 ; where {.} is a fractional part function. 


SOLUTION: -. tan—x = in| 


3 
—* _|forx>0 tan? ee sin” 4 = sin” 2) 
V1+x? 4 9 5 


16 
s {tan | = sin | 
4 5 
3 1 
“3 — < 
5 


7) and both belong to (0, 1) in which sin“'x is increasing function and 0<—< 


V2 
3 | 
= sin *0<sin"'3 <sin'{ (es 137% 2 
J2 => sin err 
sin 0. ] sin? = sin 
5 € ( 2 ) is 5 5 
| sj ay ere || ee ree ee -{3| 3 
sins, tan —;rp=s<Ssin<sin — = <sin| sin — = = 
5 5 5 
ILLUSTRATION 31: Evaluate: 


Cg l ; 7 E 
(1) tan” 5 cot (=) (ii) Sec, cos ; 
iii) cosecs sin” sl iv) sin ~cot (=) 
(111) : (iv) - ; 
SOLUTION: Gi) tan” fe (-+)} = tan” cot Ale cot (—x) = —cot x | 


= —tan” c (= +) = -(3- 7 EE tan’ (tan x)= xVxe R| = + - =| 
rf} 
(11) sec <cos | — |} =sec «sec | —|->=— 
3 2 Z 
. cos +] =sec 'xVx>1&sec(sec ' x) = x for x € (-~,-1] U =) 
x 
(111) cosec sin" (=) = cosec - sin” (=, E sin '(—x) =—sin’ xV xe [-1, 1] 


= —cosec sin" ealc cosec( — x) = —cosec x] 
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x 


= —cosec | cosee™ (v3 )| E sin (=| = cosec 'xV x> 1 


=_J3 E cosec(cosec 'x) =xVxeE (—0, = 1] U[L co) 


. 1) aif 3 l “qua x | 43 | 33 
(iv) siny—cot | -—— |> =sin y~| #—cot — |r =sin «———cot —? =cos ;—cot — 
2 4 2 4A 2. 2 4 2 4 
0 l+cos@ _[14+3/5 g 4 2 225 
= cos!| — |= = = a So 4 
2 2 2 10 5 V5 5 


Where 6 =cot’ 2 E (0, =) 
ea) 


ILLUSTRATION 32: Evaluate sin {tan | } + {cos (tan (22 ) ; where {.} denotes the fractional part function 


] 
SOLUTION: «.. 0< = <1 and tan™'x is an increasing function for x € (-o, 0) 
] 
=> tan'0<tan’ 3 <tan'1]=27/4<1 


1 
=> O<tan” 3 <! 


siaee - where 9 = tan“!1/3 
1+1/9 


2tan @ 
= 20; =< ———_ 
isin J ae ;| 


2 9 3 3 
=> —X— p = 4 = — 
3 10 5 5 
fd 
Also tan! 2V¥2 = cos 5 


cos (tan 24/2) = cos cos” =| _ 


3 

l 14 

sin | 2 an +/cos(tan™ 22) = Shy baa 
3 5 3 15 15 


ILLUSTRATION 33: Find the value of 


-1 | —J3 -1 12 —] 
cos | cot, sin ( ri * Isom 2 Ye (V/2} 


= {cos(tan*2V2)| -{i}-2 
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SOLUTION: = cos” 


op 
a esi’ (sn (=.2).2.2 
24242) = cos" cor{ =} =cos*[o]= 


ILLUSTRATION 34: Identify the pair(s) of functions which are identical. 


Sips 
S| > 
| 
Nfl 
S| 
A 
+ 
oR) 
+ 
[a 
« 
[-—— --———~J 


II 
Q 
‘o) 
a 
— 
Q 
o) 
- 
f_ 
wl 


(a) y = tan (cos x); y = = (b) y = tan (cot'x); y= — 
x 
x 
(c) aaa sin (tan“!x); y= (d) y = cos (tan-'x); y= sin (cot x) 
V1+x? 
_ 2 
tan S | for0<x<0 
x 
SOLUTION: (a) y= tan (cos'x) = 
-_ 2 
on rvime (=) for-l<x<0 
x 
l-x° 1— x’ 


= oo [ =x |Jovrern~0 ~ 
x 


2 
1.e., y = tan (cos'x) = ae “xe [-1, 1] ~ {0} 
x 


and also domain of both functions is y = [—1,1]~ {0} 


‘. The two given functions are identical. 


tan tan (+) forx>0 
x 
afl 
tan {2 + tan (+) forx <0 
x 


l 
> y=tan| tan} for Vice R~ (0) => y=—VxeER~ {0} 
x Xx 


(b) y = tan (cot'x) = 


Domain of tan(cot'!x) is R ~ [ -cot x= =| =R~ {0} 


. . Hl 2 
Also domain of function f(x) =— 1s R ~ {0} 
x 


The two given functions are identical. 
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(Cc) ae sin(tan x) = sin! sin? | x 
Vi+x? 


= —*__ 45 0 <|__] €| and domain of both functions is R. 


1+ x? 7 1+x? 


Thus two given functions are identical. 


for x >0 


(d) y = cos (tan™'x) = 


cos| —cos— (| for x<0 
Vl+x7 


= Nae Ie: veer sh 


Vl+x? . Te 


Also its domain = 


sin| sin “| for x20 
die? 
. ° al ] 
sin| 7 — sin ; for x< 0 
Vl+x° 


= VxeR;y=sin vn | = a ee (sl 
V1+x° Vl+x7 9 V1+x° 


Also domain of both the given functions is R 


and y = sin (cot 'x) = 


The two given functions are identical. 


TEXTUAL EXERCISE-3 (SUBJECTIVE) 


In (d) sin(x/2 — sin? (— V¥3/2) 
1. (a) Find the value of cos cos | (aeeceue 


lr . 4 i} 3. Prove that: 
(b) Find the value of sin ioeae eo ay | (a) tan'x = 2 tan” [cosec tan !x — tan cot x]. 
(b) sin cot + tan cos!x =x; if x € (0, 1] and-vifx € 
(c) Find the value of sin | arc cos (+) [-I, 0) ; 
y} Sy as Joc. [OE 
(c) cos tan™ sin cot'x Ges 
- 7 Re x" + 
(d) Find the value of sin| tan™ (- 3] +cos” -6 (d) tan-!x + cot “(1+ x) = tan(1 +x + x) 
2 x eee fe: 
2. Evaluate the following: (e) tan” (ae = sin” (= a>0 
ax 


(a) sin(cos? 3/5) 


(b) cos (tan! 3/4) tute cosx ) @ x @ 32 
(c) sin(x/2 -sin(-1/2) l+sinx) 4 2°2 


4.36 >» Trigonometrry 


4. Express 7. Show that cosec tan cos cot” sec sina 
1 = sec.cot! sin tan! cosec cos! a; where 0 <a< 1 
(a) cos” [- ;] 
3 8. If sin (cot! ( + 1)) = cos (tan x), then find the value 


of x 
(b) tan™ - Z| 
24 9. If 0 < x < 1, then find the value of Vl+x° 
1/2 
-] : -] : : : owe 
(c) cot” (-) in terms of value of each of the three | {xc0s(cot x) i (cot x) - 1 in simplified 
algebraic form. 


other inverse trigonometric function 
6 10. Prove the following 


5. Prove that sin cosec"! cot tan! x = x; where x € (0, 1] ge Loos" V5 3 V5 
2 


3 2 
V1+x*? —V1l-x’ Bist ot 
6. Ify=tan" ———= — = |: Prove that x°= sin2y (b) sin(tan!2) + cos(tan?2) = =a 
Vl+x° +Vl-x- J5 


Answer Keys 
] 


Vl+x° 


1. (a) “ (b) ~ (c) 2 @1 245 45 @©B2 @i2 © 


4. (a) m-sin™ 22 —tan?2J/2,cot7| - v2 (b) sin” (-) ,— cos” ave cot” a 
3 4 25 25 7 
(c) m-sin™ =a —tan™ a —cot™ = 8. -1/2 9, Vl+x° x| 


TEXTUAL EXERCISE-3 (OBJECTIVE) 


1. sin (sin™ 1/2 + cos™ 1/3) 1s equal to TY. 
4. sin” ( is equal to 
@) V3+v8 ) 1+2v6 
6 Ki 6 (a) -oos'{ 2 Ix | fw—-2<x<1/2 
1+ 26 3 
(Cc) — (d) 0 


° (b) cos? (2 V2- = "| if-/2<x<1 
3 


—1.2 


2.: Ii fix) = ern mm eof "x" then minimum value of fix) 1s 7 
(a) e (b) e? (c) cos” 22 (x+ =) it —2<x<] 


2/3 
(c) e (d) None of these (d) None of these 


3. cos” (2x — 1) is equal to 


5. cos” (25) is equal to 
(a) sin”(2 x—x')if0<x <1 2 


(a) tan” [fos] if-3<x<] 
xX 


(b) x - sin "(2 x-x') if0<x< 12 7 


(c) sin”"(2 xx" if 1/2<x<1 


(d) None of these 
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(c) z+tan! N37 2x7 x7 if-3<x<-] 10. tan ttn" G — | is equal to 
x+]1 5 4 
J3—x(2+ 
(d) tan” (Bax? hea. 5 a | (a) Ls (b) _U 
x+] q 7 
6. Which of the following 1s/are correct? (c) — (d) = 


(a) [cos(sin™ x)]’ =[sin(cos ‘ x)]’ 
(b) [cos(cos x)] = [sin(cos* x)]? 


(c) [sin(sin™ x)? =[cos(cos” x)]? 11. co 
(d) | sin (cos™ x)] = E sin (sin ‘| 


7. If cos =) = 9, then tan 8 = 


Xx 


(a) —/x" —lif xE(C-e,-]] 
(b) af x? +1 ifx € R~CI, 1) 12. tan E = “E) is equal to 


FA 


E cost + sin” | is equal to 


2V6 
o 


] ] 
(c) 5 (d) “5 


— cos 
2 
(c) Jl—x” ifx € R~(-1, 1) 
(d) jx? -1 ifx € [1], «) (a) 3- V5 (b) 3+ V5 
2 2 
8. If cos (2sin'x) = = then x 1s equal to g) 9) 
9 (Cc) [= (d) ——= 
2 2 e245 345 
(a) Only z= (b) Only — a 
9) m) . 9) 9) 13. If sin | sin” at cos x | = 1, then x is equal to 
(C) 3 (d) Neither — nor- — 5 
(a) 1 (b) 1 
9. cos tan + tan” > is equal to (c) # (d) iL 
5 5 
(a) a (b) v3 14. The set of values of x satisfying 
V2 2 x? -x— 2+ sin‘(sin2) < 0, is 
One (d) (a) 0, 1) (b) 1,2) 
Z 4 (c) (-l, 2) (d) null set 
Answer Keys 


1. (b) 2. (b) 3.(,c) 4 (ab) 5 (6d) 6 (ac) 7.(ad) 8) 9. (a) 10. (d) 
(6) 12 183.@ £14©@ 


° Pr eee 
m= THREE IMPORTANT IDENTITIES OF Foote Te @) 


INVERSE TRIGONOMETRIC FUNCTIONS then, 0 € [—7/2, n/2] {*- x € [-1, 1]} 
=> -2/2<0<aA/2 >-n/2<-O<nx/2 


: ne | ob -l _— = 
i) sin’x+cos' x = 7/2, for all x €[-1, 1] = 0<a/2-0< n> 912-0 € (0, x] 


(1) tan'’x+cot!x = 7/2, for allx e R 


(ii) sec lx + cosec! x = n/2, for all x €(—<o, -1] U [1, «) Now sin'x = 0 > x= sin 
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=> O+cot!x=n7/2 ... (il) 

from (i) and (11), we get, tan-'x + cot'x = 2/2 

(111) Let sec! x = 0 ... (1) 
then, 8 € [0, a] — {2/2} {-. x € Coo,-1] U[I1, )} 


=> x=cos Ga => cos!x = 2/2 -—9 


{- x € [-l, 1] and (2/2 —8) € [0, z]} 


=> O+cos!tex=am/2 2 2. 2 (11) 
from (1) and (11), we get => 0<0<27,04n/2>-n7<-0<0,07 > 
=> sin'x+cos!x=2/2 => Se ga GEG 
. ZZ 2 2 
(1) Let tan'x = 0 . G) 
N | 
then, 8 € (—7/2, m/2) {°. x € R} > (Fa Je -%, =). ee #0 


=> -2/2<0<xr/2 > -n/2<-0<7/2 He 
Now, sec” x = 90 


=> 0<a/2-O0<z x = sec 8 > x =cosec (2/2 — 0) 


cosec! x = 2/2 — 8 


YU 


= & 8] E (0,2) 


: (E-0 Je|-5,4 |, -0 +0 
Now, tan! x = 0 2 22. )-2 


=> x=tand > x=cot (2/2 -8) => 0+cosec!x = 7/2 .. (i) 


=> cotlx=n/2-0 { -: 2/2-0 € (0, a} from (i) and (11); we get, sec"! x + cosec! x = 7/2. 


Bae es 
sec x} +(cosec x 
ILLUSTRATION 35: Solve for real values of x: (sec x) + (cosec 'x) hy) 


(tan x+cot”’ x) 


Z =4._ 49 = = = zs 
(sec ' x + cosec 2) —3sec * xcosec 'x(sec ' x+cosec 'x) 
SOLUTION: 4 ST 


a -1 a, # 30 -] ee 
= —.— 3see “x.cosec’ x — = = ——<seox cCosec += —7T 
8 2 2 4 


4h “4 
= BCC “X| —— SCC X | = —— 
E 2 
2 


= 2t?-mt-n°=0 = 2t-2at+at-m’=0 => 2t(t-7)+a2(t-7)=0 


=> (t—-7)(2t+7)=0 = 1= mor -= = seo! x= orsee'x=—~ 


But sec"'xe[0.n|~}= =Sscec x= =>x=—-1 


(2sin” x- r) 


(3cos x- r) ad 


ILLUSTRATION 36: Solve the inequality 


Qsin 'x-Zz 
SOLUTION: —— <0 
3cos x-Z 


= (2sin™ — rr )(3cos* — ) <0;cos'x#7/3 ie., sin’x 4 2/6. 


= (2 sin x— n||3 sin’ «}- r| <0 


7 4. vt 
is Sin xX+COS X= 4 
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< 4.39 


=> (2sin” -n)| 5 3s1n | <O => (2sin v—a){ sin 4) >0O;sin'x#7/6 


a(S 


l 
=sin'x<Zorsin'x>—-sin'x 42/6 = sintre| —% IN <| = xe|-L5 uty} 


MULTIPLES OF INVERSE TRIGONOMETRIC 
-FUNCTIONS 


Property (1) 
sin '(2x,/l— x”), if ~e Sse 
Tes oil 
2sin x =44-sin '(2xV1- x’), Lees <x<l 
] 
. —] 2 . 
—m —sin™ (2xV1— x’), if-l<x<-—= 
2 
Property (2) 
sin (3x — 4x”), ee ee 
2 2 
3sin x =< @-sin (3x — 4x’), if <x<l 
—m —sin”'(3x—4x’), if -l<x< -— 
Proof (1): Let, sin"! x = 9 then x = sinO, 


=> cos@= Vl—-x’ {  cos0>0 for @ € [-2/2, 2/2]} 
sin 20 = 2 sin®6 cos 8 => sin 20=2xV1l—-x’?  ...(/) 


l ] 
When — <x <—: 


2 2 


Case I: 


Case Il: 


YU 


Case Ill: 


2 6 


sin 20 = 2x V¥1—x’ 


20 =sin '(2xV1— x’ ) 
2sin” x = sin '(2xV1— x’) 


? 


sin 20 = 2xV1l-—x° 
sin (4-20) =2xVl-x° 


mt — 26 = sin” (2x,/1—x*) 


mq —2sin™ x =sin'(2xV1- x’ ) 
2sin’x=a7-sin” (2x,/1 —x’) 


Whe Teee = 


v2 


l : l 
—-l<x<-—~>-1Ssin@ <-—= 


V2 


Z 


<x<1>0<2xvVl-x’ <1 
2 


V2 


=~ 80s-— > 1 < 20 <-n/2 


{ from (1)} 


{ from (1) } 
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=> O<2+20<2/2 


] 3 
Also, Se ea al <0 


sin 2 =2xVJl-x 


{ from (1)} 


=> —-sin(@#+20) = 2x V1- x? => 
= sin (-m—26) = 2x Vl—x? a 
=> -f#-20=sin'(2xV1-x’) Case Ill: 
8 <-1/2 
=> -m#-2sin™'x=sin'(2xV1-x’) 
=> 
=> 2sin'x=-z-sin'(2xV1-x’) 
The graph of sin’'(2xV1— x”) is as shown in diagram => 
given below. 
—— 
—> 
=> 
=> 
=> 
> 


—r/2 


3 
BLE ee (°c ae a el | 
2 Z 2 


N 

a 

Also, 1/2<x<1>5-1<3x-4x°< 1. 

sin 30 = (3x — 4x*) => sin (a — 30) = (3x — 4x’). 
n—30= sur! 3x —4x°) > 2-3 sin! x= sur! 3x —4x°) 


3 sin! x = m—-sur! (3x — 4x’) 


When -1 <x<-1/2:-1<x<-l1/2 >-1<sin 
spe ee 

p) 6 2 2 
Sen ora ees 

2 2 


—]1 <3x-4° <1 .. sin 30 = 3x - 4x? 

—sin (x + 30) = 3x — 4x? {sin (2 + 30) =-sin 30} 
sin (— 2 — 30) = 3x — 4x3 

— nm —30=sin! (3x — 4x?) 

—z -—3 sin! x= sin! (3x — 4x°) 


3 sin! x =—- a- sin! (3x — 4x’). 


The graph of sin! (3x — 4x°) is as shown in diagram 


given below. 


FIGURE 4.27 


Proof (2): 
sin 30 = 3 sinO- 4 sin*O = sin 30 = 3x — 4x° 


| l 
Ve na 


Let, sin x = 9. Then, x = sinO 


Case I: 


ho 


If ae Zs then 
2 ee 
2 2 


ween Bah epee 25.7 sane 
2 oe 6 2 


lela les eat bleed tell Wletttee tll tat 


—r/2 
FIGURE 4.28 


a) Property (3) 


Also, ~ 5 SxS 9-15 3x— 40" <1 ome cos '(2x"-1); if O<x<l 
OSs = 5 P 
el 29 cos (2x? -1), if -1<x <0 
sin 30 = 3x — 4x° => 30 = sin’ (3x — 4x°) 
=> 3sin'x=sin Gr 4x), property (2) 
: ail 
Case Il: When 1/2 <x< 1: cos '(4x° — 3x); if Pie xS] 
a ages eee] 3 cos x = +2 —cos !(4x° — 3x): ee eee 
2 9) 3 cos!x 3x); 7 S¥S5 
4 32 l 
=> 27 <9<%5— <30< — 2m +cos (4x? —3x); if —1<x<—— 
6 2. 2 2 5 


Proof (3): 


Case (i): 


Case (ii): 


Proof (4): 


Case (i): 


Let cos! x = 0, then x = cos 0 
cos 20 = 2 cos?90-—1=2x’?- 1 
When 0<x<1:0<x<1>0<cos0<1 


> 0<0<a7/2 
0<20<7Also,0<x<l 

—]1 <2x?-1 <1 .. cos 20 = 2x’- 1 
28 = cos! (2x? — 1) 


2 cos! x = cos?! (2x? — 1) 


WY YUU Y 


=> W2<0<n>O0<2n-20K<z 
Also, 1 <x<0>-1<2x’?-1l<1 
cos 2 8 = (2x”- 1) > cos (2m — 20) = 2x’ - 1 


y 


FIGURE 4.29 


=> 2n-20=cos! (2x?- 1) 
=> 2n-2 cos!x=cos! (2x?- 1) 


=> 2cos!x=2a- cos! (2x? - 1) 


The graph of cos” (2x*-1) is as shown in diagram given 
above. 


cos? 8 —3 cos 8 


= cos 30 = 4x> - 3x. 


When 1/2 <x< 1 


W/2<x<sl>al2<cos0<1>0<0< 27/3 
=> 0<30<7Also, 1/2<x<1 
> -1<4°-3x<]1 

cos 30 = 4x° — 3x => 30 = cos"! (4x° — 3x) 


=> 3cos!x=cos? (4x°- 3x) 


When -1 <x<0:-1<x<O0>-1<cos68<0 


Let cos! x = 0. Then, x = cos 9, .. cos 30 = 4 


Case (ii): 


y 


Case (iii): 


Y UY YU 
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When -1/2<x<1/2;5-1/2<x<1/2 


-1/2<cos0 < 12> 2/3 <0< == 


m<30<2n7>-2 2<-30<-n2>0K<2n-30<2z 
cos 30 = 4x° — 3x => cos (27 — 30) = (4x? — 3x) 
22 — 30 =cos! (4x7 —3x) => 30 =22-cos! (4x° — 3x) 


3 cos! x = 22-cos! (4x3 — 3x) 


When -1 <x <-1/2 


-l<x<-l1/2 >-1<cos@ <-1/2 


2, 

= <O0<n2>2n7<30<32 

3n<-30<-22n >-a<2n-30<0 

0<30-2a< 7. .. cos 30 = 4x° — 3x 
FIGURE 4.30 

cos (30 — 27) = 4x° — 3x 

30 —22=cos! (4x° — 3x) 

30 = 22+ cos! (4x? — 3x) 

3 cos! x = 22+ cos! (4x? — 3x) 


The graph of cos” (4x° —3x) is as shown 1n diagram 
given above. 


Property (5) 


2tan ‘x= a tan ( =} it x<-] 
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Property (6) 
tan” 3x =x! if <x< = 
13x? 3 “3 
a * x? ] 
m+ tan =|; if x >—= 
13x" “3 
— 1 
3tan x= -n+tan"| = = if x <—-—— 
— 3x" 3 
&; 1 ae 
2 3 
1 ; 1 
—-—; if x =-—= 
2 V3 
Proof (5): Let tan”! x = 0. Then, x = tan 0 
2t 2x 
tan 20 = ae => tan 20 = = 
1-—tan’ 6 Lax: 
Case (i): When—-1 <x< 1: 


—l<x<1l1>-1<tan0<]1 
=> -7/4<0<n7/4 
2x 


Ps 
=e 


2x 2x 
> | > 2 tan! x=tan"! ee ke 
—x l-x 


Case (ii): Whenx> 1: 
x>lo>atanO0>1loaaw/2>0>n/4> 2>20> 2/2 
=> -1<-20<-a”/2 >0<2-20<n7/2 


=> —-n/2<20<n7/2 ~. tan 20= 


= 20=tan! F 


2x 


=> -2/2<—2+20<0 .. tan 20 = 


2 
—xXx 


2 
=> -tan (7-20)= we: <7 => tan (-2+20)= 5 — 
—x 


) 


1- 
=> -72+20= tan"! (2 


= 20=2z+tan! 2 “| 
—x 


2x 
= 2tan'x=2a+tan! (*, 


When x <— 1: 


x<-]l>tan@<-1>-7”/2 <0<-7/4 


Case Ill: 


=> -1<20<-a/2>0<2+20<n7/2 


2x 
2 


tan 20 = = => tan (x + 20) = 


{* tan (7 + a) = tan a} 


2 
=> r+20=tan" | =] 
l-x" 


2x 
l-x? 


= 20=-n7+tan! ( 


—r/2 
FIGURE 4.31 


2x 

=> 2tan'x=-2a+ tan! a 
—-x 

a 

2 


Clearly, for x = 1; 2tan"'x = 2tan™! 1 = 


2 
The graph of tan” ( i a is as shown in the diagram 


given above. 


Proof (6): Let tan-!x = 9. Then x = tan 0 
meee 3tan @—tan* @ pas 3x-x? 
ee estant@). er Nae 
Case (i): When- <x< a 
] l l eT ee 1 
ae eee B 


> ae ea eee oo 23622) 
6 6 2 


3x — 
tan 30 = 5 


3x-x° 
=> 3tan'x= tan! aa 
1-3x" 


| 
— >tanOd> —. 
a ie 3 
3 
=> UA FM AN aU pn oo ae 


Case (ii): Whenx> 


=> aoe 23022) 32 qa 302 = 
2 2 2 p) 
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Aieia Property (8) 

= -— <30-2<— « tan30= — ad 

iy — 3x" 2 

Pr Oe a , 

Ropes cos r=} if OS x <0 

=> -tan (a — 30) = — {-° tan (a — 30) = -tan as I+x 
-cos'[ ==} if -o<x<0 

3 : I+x° 

3x—-—Xx 
= 30-7=tan"! 

1-3x* 


Proof (7): Let, tan”! x = 0, Then x = tan 0 


3x-x? 
=> 3tan'x=2+tan'! f 


1-—3x? sin 20 = 71898 _, sin 20 = ak 
1+tan~ @ l+x 
C (i): Wh l1<x<] 
TAD == ee —: ee ase (i): en-Il<x< 
Case (iii): When x < 3 "x < B => tanO < B 
e -l<x<l>-1<tan0<]1 
a a aa Sage a => -n1/4<0<n/4 
‘ zs 3y— 33 => -al2<20 S a2 
=> -— <a+30<— .. tan30= —~, “sin 20 = - 
2 2 1-—3x- 1+ x? 
3x-x° 2x 
=> tan(z+ 30)= > {* tan (a+ x) = tan x} => 20=sin! | —— 
Lox 1+x° 
3x-x° 
Seo | 2 
oe == | => 2 tan! x= sin" [ “| 
1+x" 
] et er u be 
Clearly, for x = —-;3tan” x =3tan” | — |=— | Case(ii): Whenx> 1 
v3 V3) 2 
‘x>1=>tand>1 
3 
=> 3tan'x=- 2+ tan! a= | => W4<O<nal2 
1— 3x" => 72/2<20<z 
=> -1<-20<-27/2 
=> 0<27-20<n7/2 
sin 20 = = => sin (17-20) = a 
l+x" l+x" 
2 
=> x20 = sin “| 
FIGURE 4.32 a. 
3x-x° => a-—2tan!x=sin! z 
The graph of tan” (: : js as shown in diagram se alee RT | 
1-3x" 
given above. ,) 
x 
=> 2tan'x=2-sin" ( - 
l+x" 
Property (7) 
sin” =} fe | Case (iii): Whenx<-—1=> tan0 <-1 
I+x => -r/2<0<-a/4>-21<20<-72/2 
4 tan“ x = sin | =| if x>]1 => 0<21+20<a/2 > -a/2 <-—n-20<0 
ax 


2x 


sin 20 = ~ => -sin (a + 20) = 5 
-a-sin'(2*-} ifx<-l Eros l+x° 
Fiat: 
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=> sin(-2-20)= ; 


=> —-n-20=sin"! 
1l+x ] 


2X 
+x 


, 2x 
=> -a-2tan'x=sin! ( ; 
l+x° 


case (ii): 


2x 
=> 2tan!x=-27-sin"! [ 


FIGURE 4.33 => 


= 


The graph of sin” - za 


; is as shown in diagram = 
TX 


given above. 
Proof (8) Let tan! x = 9. Then x = tan 9 


ee => cos 20 = 
1+ tan” @ 


]— x’ 


1+ x’ 


cos 20 = 


Case (i) When0<x<o 
=> O<tanOd<ao,0<x<o 


> 0<0<a/2 >0<20<Zz 


given above. 


2 


ILLUSTRATION 37: Find the subset of domain of function f(x) = sin’ ( 


function has zero value. 


4 
SOLUTION: (x) = sin . z J 2tan =) tan x) = tan | 
x + 


ee 
x +4 
= xo 4e 42> 0 and ie 44 


=> 20 =cos! 


cos 20 = ie 
1+ 


=> -—20=cos! t 


1- x? The graph of cos” 


l-x? 
+x? 


l= 
=> 2tan!x=cos! 


l+x° 


When — 0 <x<0 
=> -o<tan@<0. 


=> -17/2<0<0>0<-20<z 


2 


l-x 
+x 


1— 2 
—2tan!x=cos! 
1+x° 


2 tan! x = -cos”? es 
1+x 


FIGURE 4.34 


7.2 | 1S aS Shown in diagram 
l+x 


=| 2) tate: (-=] in which the 


= “~~ 42 4427 +4 
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=> (x+2y¥2>0 and (x- 220 
Domain R 


and we know that 


Z 
sin” ( *,}-1sxs1 
l+x 


2tan'x=<az-sin” [7 x >] 
+x 


“f 2x 
—#-—sin | ——,; |;x<-l 
l+x 


=> -l<x/2<1 


=> 2<x<2 


ILLUSTRATION 38: Find the interval of x in which 


cos” = > |= 7 otan” (3x) | 
1+9x 2 


SOLUTION: 2 _ 5,7! 22} id 
Z 


_() 


From (1) clearly 3x > 1 


l 
=> X¥>- ©. xEl|—,e 
Lr 
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_ fi pi 
ILLUSTRATION 39: If (x —1) (x? + 1) > 0; then find the value of sin - tan” : * tan” =} 


SOLUTION: (x —1) (x?+ 1)>0 


> x>]1 


1 2 mn 
sin tan = “Kee tan” = sin s[-* + 2tan™ x | —tan™ : 
2 l-x 2 


tn” [ ee }for-1< x<] 


1— x’ 


2 
He 


2 
-- 2tan x= n+tan'( = Jfor x> 1 


—7+tan” ( Zoal 
] 


}fo x<-] 


= sin| tan tx tan = sin = =—] Ans 


ILLUSTRATION 40: Find the value of cos(2cos'!x + sin'x) when x = 1/5. 


Tw 2g l 
SOLUTION: = cos 2 cos '—+sin™ :| = cos eos” om cos” = +sin! :| 
5 5 5 5 5 


cos| cos" + = -sin} cos" : = _ V24 _ 2/6 


5 5 
ILLUSTRATION 41: Solve the equation sin (x*— 2x + 1) + cos! (x? —x) = 2/2 


SOLUTION: «. sin!x+cos'x = ”#/2 V x e [1,1] 
x?— 2x + 1 =x*-»x and x? - 2x + 1, x? —x must belong to [-1,1] for some xe R 
> x=! 
and for x = 1;x?-2x+1=0e [-l, 1] 
and x*-x=0e[-1, 1] 
Ans. 1 
Aliter: Let x? —2x + 1,x?-—xe [-1,1] for some xeER, therefore 
sin” (x*—-2x + 1) + cos! (x? —x) = 2/2 
> sin? O2-2x+1)+ % -sint(? x)= 4 
=> sin! (x? -2x+ 1) = sin! (x? —x) : 
sin'x is one-one function on [—1,1] 
=> x*-2x+1,x*-x © [-1,]1] and x*-2x+ 1 =x*-x. 
=> x =1, Clearly, for x = 1, x?- 2x + 1 = 0 and x? —-x = 0 both belong to [-1,1] 
ILLUSTRATION 42: Solve sin”! (x? —2x + 3) + cos! (x? —x) = 2/2 
SOLUTION: We must havex’?— 2x + 3 € [-1,1] andx*?-— x e€ [-1,1] 
but x? -2x + 3 = (Q?-2x+1)+2=(-1)%+222 
x? 2x +3 ¢ [-1,1] 


‘. No solution 
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ILLUSTRATION 43: (a) If sin-'x + sin'y = tad , then evaluate cos"'x + cosy. 


(b) If x > 0 and 0 = sin 'x + cos"'x — tan''x, then find the range of 9. 


B 


(c) Find the number of solutions of equation sin“!x — cos"'x = cos? f 


(d) Find the value of x if sin! x + cot! @ = > 
(ec) Solve the equation sin (tan }- sin fe ae z =0. 
x 


SOLUTION: (a) sin'x+sin'y= a cos! ee cos y= = 


4 5 2a 
=> cos x+cos a er aes 


Ans. 2/3 


(b) 0 = sin'!x + cos'x — tan"'x is defined for x € [0,1] asx >0 
P= * tan? x 
2 
. x € [0,1] 


=> tan'xe 0, | 


*. —tan'x € [-7/4,0] 


1 e a 
—-tan xé|—, — 
2 E 4 


(c) sin''x —cos'!x=cos! 


|S 


ed | -l _ a | =| i 
=> sin x-cos x=". Also sin x+cos ms, 


sis Hae _ 20 4 _ v3 
Sh 6 SS SD XS SS SS = 
3 3 2 


There will be a unique solution. 


] 
(d) sin x+cot™’ ra a 


eke! = A 
= sin'x+cos” f = a Also sin! x + cos?x = 


N|a 
Y 
* 
I| 
fa ~ 


#) 


(e) sin (tan © sin \o-E=0 
4 x 6 
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TEXTUAL EXERCISE-4 (SUBJECTIVE) 


1. Solve the equation cot'x + tan! 3 = 2/2 
2a re sin-! 2b 
lta 1+b° 

where a, b € (-1, 1) 


2. Solve for x, if sin”! 


3. Evaluate sin| cot” uae 
Ix l+x 


i Pein a —+—cos oe 
2 hae 2 I+x° 
ifx € [0, 1] 


5. Solve for x, if a and b € (0, 00) 


l-a’ 1-b° 
cos t ea Joos! t 7 } 2tan™ x, 
+a +b? 


6. Solve the following equations: 


—] x’ —] =| 2x 20 
COS 7 + tan - = — 
x +] le | 3 


7. Find x if 


32 
(a) 4sin'x + cos!x = 4 


b) 5 tan'x + 3 cot!lx = gu 
( 4 


8. Prove the following 


(i) sin [2 sin ' == as 
5 25 


(ii) cos(2tan'2) + sin(2tan'3) = 0 


9. If 2tan x+sin~ 


2 


the possible range of values of x. 


Answer Keys 
|e ay ec 3.4 4. 
l—ab 
6. x = V3, tan 7/12 ae 
10. @) xe[-. eee CAD 12 
V3 V3 
14 ee. 15 
nage a 


17. (4, =13).013; 4),(-7, Sa) 2: Si ): —8);(8, 22) Cl: eZ 1) 


= 2tan! x; 


is independent of x, then find 


1-x? 
ee 
i aes 3 | 
(a) 61 (b) V2 
132 1 alia x 7K 
ie eee see 13. | —. 
18 Re | 


[1/32, 7/8] 


. Solve the inequality 


(a) 


-] l-x’ 
+7 sin ; 
l+x 
| 2x? +4 
(b) sin™’¢ sin —|-<n-3. 
l+x" 


. Show that 
Dan tan tan B = tan” pA 
Z 4 2 cosa@+sin B 
where a, B € (0, 7/2). 
2 l-x py 
. Solve 3sin™ ol —~Acos” = + 2tan™ oi ee 
+x" l+x" l-x 3 


. Find the range of (tan-'x)* + (cot)>. 
. Find the range of (sin™'x)? + (cos"x)’. 


. Consider the equation (sin"!x)? + (cos'!x)’ = az’. Find 


the values of parameter a so that the given equation 
has a solution. 


5” 


. Solve for x, (tan™ x)? + (cot! x)? = — . 


. Find the positive integeral ordered pair (x, y) satisfy- 


ing the equation 


+cos” 


sin” Gesed ae ees = tan‘ (3) 


_| cosx+cosy 


. Prove that 


(a) cos = 2tan™ tan = tan ) 
2 2 


1+cosxcos y 


(b) 2tan™ [2 tan® cos osceess 
a+b 2 a+bcosx 


5, a—b 
l+ab 
9. x € (oo, -1) UCI, &) 


1. If x © [-1, 0), then cos? (2x? — 


TEXTUAL EXERCISE-4 (OBJECTIVE) 


1) — 2sin “'x equals to 


(a) = (b) x 


() = (d) 20 


. The solution of the inequality 
log, , sin x > log,,, cos™ x is 


@ rele) @ xe[se 


(c) x€ (o, =] (d) None of these 


. If tan’ (Vcosar +1) + cot (Jeosa +1} = (where 


N te. dk 
at ear néZ), then sin 4 1s equal to 


(a) tana (b) tan2a 
(c) sec?a— tan*a (d) cos? 
. sin! (cos(sin'x) + cos(sin(cos x) equals 
(a) 0 (b) 2/2 
(c) % (d) 2/4 


. If sin’ x + sin™ 2x = 7/3, then x equals 


ae a 
@ 55 o) 5 

3 » 1B 
© @ -545 


5 
. If sin’ = + cosec™! re _ , then x is equal to 


(a) 4 (b) 5 
(c) I (d) 3 
. If sin’ x + sin’ (1 — x) = cos” x, then x 1s equal to 
ca) head (b) 1,0 
l 
(c) O, 5 (d) None of these 


. The value of sin [2 tan” =| + cos tan™! (2v2] is 


11. 


. Ifx> 1, then 2 tan”! x — tan”! en 
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14 ] 
(a) 7S (b) a 


13 
(c) 15 (d) None of these 


; is equal to 


l-x 
(a) O (b) x 
1 
(c) > (d) None of these 
2, ia 
. Ifx> 1, then the value of 2tan™ x + sin" ( : 1S 
l+x 

N 
(a) -1 (b) a 
(c) 2 (d) None of these 


IN 
If sin-'a+sin'b= = then 


a) sn-'a=sin !)b 
(a) 
b) sin°-!'a =cos 'b 
( 
c) cos 'a =sin!b 
(Cc) 


(d) cos''a =cos'b 


. Ifsin'x= = for some x € (—1, 1), then the value of 


cos! x 1s 
37 yA 
oe by 
(a) 10 (b) 10 
710 On 
ae, d) —— 
(c) 10 (d) 10 


20 
. If sin’x+sin'y= ae then cos'x + cos'y = 


20 1 
(a) ra (b) cs 
(c) a (d) x 


sal 


7 
— 


1. 
+ 2 tan” a is equal to 


V4 
(b) a 


S 
SIS NIA ula 


c= 
© 
~~ 


(d) None of these 
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2 3 l 
15. sin? | a—-2 4+" —... |4cost(1 +b + 82+...) = 7/2 a) [0, 1 b) |—=.1 
c ace ( ) (a) [9, 1] » | 
when 1 
(a) a=—3 andb=1 (c) 0. a (d) [-1, 1] 
(b) a= 1 and b=-1/3 
Come ~ ee = 17. If a<sin'x+cos!x+ tan !x < P, then 
(d) None of these (a) a=0,Bp=2 (b) a=0, B a 
16. The set of the values of x satisfying 2 cos! x = sin’ ©) 7 aa (a) N ae 
BAe. c ey 5 ea one of these 
Qxvi-x)is car ame 
Answer Keys 
1. (b) 2. (c) 3. (c) 4. (b) 5. (a) 6. (d) 7. (c) 8. (a) 9. (b) 10. (c) 
11. (b,c) 12. (a) 13. (b) 14. (a) 15. (b) 16. (b) 17. (c) 
SN sAND DIFFERENCE OF INVERSE TRIGONOMETRIC FUNCTIONS 
Property (1) 
ifx'+y <l 
sin! {x/i- > + yVJl—x? : 
js or if xy <0 and x°+y° >1; wherex, y €[-1,]] 
sin! x tsin! y= 4 4- sin” {xyi- 9 + yvV1l—x? } if0<x,y<landx’+y’ >] 
=n -sin"} xfi-y’ tyvi-ef, if-l<x,y<Oand x+y >1 
Proof 1: Let, sin x =A and sin" y = B. Then, > 1-x2>yandl-y’2x’ 
x =sin A, y=sin B and A, B € [-7/2, 2/2] > (I-*d-wexry 
=> cosd= yl-x’ ,cosB= Jl-y’, - : 
=> yvl-x Jl-y 2=|x| 
{°: A,B € [-n/2, n/2] «. cosd, cosB = 0} 
sin (4 + B)=sinA cos B+cosA sin B = view yl-y¥° ~xy 20 
> sn(A+B)=xVJl-y? tyVi-r nn. (i) =a OOO en vee) 
=> A+B lies either in I quadrant or in IV quadrant. 
in(A—B)=xJl-y> - l-x 1 
NE ee ay oy wy) SS AERO aD 
cos(4+B)= Vl-x? Jl-y> -xy _..... (iii) f+ A.B € [-n/2, 2/2] 
cos (A-B)= Vi-x? Jl-y> +xy _.... (iv) => AtBe[-a,1] 
=> -m<A+B<n}. 


Casel: When-l1<x,y<landx’+y<1. 


In this case, we have x7 + y*< 1 


sin(4+B)=x Jl-y? ty Ji-x? 


{from (1)} 
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=> (4+ B) lies either in II quadrant or in II] quadrant 
> A+B=sin' {xi-y? +yvi-x| : 


> 7 <A+Bs<n {.At+Be[0,q] 
Gnas Hae 2 
2 2 => -m<-(4+B)<-a2>0<2-(A+B <a/2 
=> sin'x+sin'y=sin! {xfi=y? tyvi-e}, “sin + B)= xyl—y* +yv1-x° {from (1)} 
=> sin {m-(4+B)}=xJl-y? +yVl—-x° 


Case ll: When xy <0 and x’ + j’> 1 


In this case, we have, xy < 0 ("sin (17 — 8) = sin 0} 
=> (x>0andy<0) or («<0 andy>0) an n—(A + B)=sin'|xfi-y* +yvi-2"| 
=> {Ae (0, 2/2] and B € [- 7/2, 0)} 
or {Ae [—7/2,0) andB € (0, 2/2]} S. Pepe n— sin} x f-¥ ay ix} 
N N 
—-—<A+Bs— 
> 5 5 (Vv) 


> sin'x+sint y= 2- sin {xyl—y? tyvi-x| 
and x7 +y>1>1-x?<y and 1—-y? <x’. 
=> U-x)(-y)<xy’ {++ xy <0} | CaselV: When-l<x,y<Oandx’t+y>1 


; : : In this case, we have —- 1 <x, y <0 
=> (Vi-x Ji-»*) <doP 


=> Ae [-n/2, 0) and B € [—7/2, 0) 


= —by|<vi-x* yl-y" <py| => At+Be [-2,0) 
> xy< Vl—x’ _afl-y? <—xy leo and x7 +y>1>1-x’<yandl-y’ <x 


aay > (-x)(1-yv)<<y 
=> Jl-x’ .Jjl-y -xw>0>cos (4+ B)>0 an Ji-x? . fl=y? <xy (xy > 0} 
{using (11)} 
Vl-x? .fl-y? -xy <0 


cos (A + B) <0 {using (111) } 


=> A+B lies either in I quadrant or in IV quadrant. 
=> A+Be [-z/2, n/2] 


sin (A + B)= xJl-y* + yvl—-x° 
> A+B=sin' {xvi- 9" +yvi-x| 


{°° A+B € [-n/2, n/2]} 


=> sin'x+sin! y= sin! {xi y +yyvl- | 


Case lll: Whenx+y>1,0<x,y<1l 


A + B lies either in II quadrant or in III quadrant. 
na<A+B<-n/2 

m2<-(4+B)<z 

—t/2<—-n-(A4+B)<0 


sin (4 + B)= xJl-y? +yvl—x? 
-sin {n+ (A + B)} = xJl-y? + yvl-x? 
In this case, we have, 0<x,y< 1 _ 5 oe 
sin {-27-(4+B)i} = xJl-y +yvVl-x 

> A€[0, a2] and B € (0, 7/2] VN EP eA cE 
=> A+Be [0,2] => -n-(4+B)=sin! {2 hy ty f=} 


andx*+y?>1l>a1-x’?<yand1l—-y <x’. 
(a 


=> 
=> yvl-x. Jl-y? <xy{v xy>0 , - 
7 BE Ye > A+B=-n-sin' {i= 9? + yi} 
> yl-x.Jl-y’ -x<0 
sin’ x+sin'y=—-2z-sin! {xfi- 9" +yvi-x| 
=> 


cos (4 + B) <0 {Using (111)} 


Y YY YUU YU Y 


y 


y 
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3 1 
ILLUSTRATION 44: Prove that sin” cine ci sin” 37sec 1/99 + cosec !/99 
SOLUTION: 1.H.S =sin~ ee es gee = een ee ee 
Vil 99 3 J2 v2 20, 


3 
a| V2’ 72 ae By oe ey | 
tan rae + tan (= tan ewe ri 2 +t (—r) 
2 72 


= tan” (2V2)+ tan” —) tan" =cot x forx> 0 = tan” (2V2) +cot” (2V2) ee 


Also R'H S =see'4/09 Stosee 199 = = ~LHS=RHS. 


ILLUSTRATION 45: Show that 


ee ees ce _f8vi4439 
G) sin  —+sin —=Z-sin | ————— 
5 15 75 
(ii) sin™ aa sin’ 2 cos” 22 
5 13 65 
2 Z 
SOLUTION: (i) (2}>0 eee nd (=| (3 Berea pee: oo we know that 
15 5 15 25: +225 225 225 


sin’ x+sin y=” -sin [xfi-y’ + yvi-x? | for x+y? >land 0<x,y<!1 


ae 4 13 . if 4 169 13 16 
“Sin + sin’ a —sin — |,/l—-—+—, }l-— 
5 15 5 225 15 25 


earl ey <3 =n -sin"| 3 Vid +2 | = 1S av Se 


5° 15 15° 5 5 715 
z AV (5° 1G, 25. 932%, 
Gi) 30: 2 S0 and (2) +(3] - 3329 

5° 743 5 13} 25.169 4225 ~ 


and we know that 


sin’ x+sin y= sin” — + yvV1—x? sat +y’Sland for x’+y’ >landxy<0 


4 - _- 20 sR -sin'| 4s 12. 5 4 

sin "4 sin7 = = —— 

5 169 13 *13°13°°5 
{4 . _(e 
=i — + — = sin ——- 
65 65 65 


a (s _ F 16 
= COS 1-—| — = COs > eS Cos _ coS — 
65 ’ 65 


65 


= R.H.S hence proved 


Property (2) 


sin" xfl-y? -—y I-x*f, 
sin! x — sin! y= m sin) x= y’ —yv1l—-x? " 
--sin"}xi-y? -y I=}, 


Proof 2: Left for students as an exercise. 


Property (3) 


cos '{xy-Vl—x’ J1- y*}, 


an if -l<x,y<landx+y20 
cos! x + cosy = 


if -l<x,y<landx+y<0 


Property(4) 


cos {xy+Vl—x? Jl-y7}, 


cos!x — cos ly = if -Isx,ySsl and x<y 


2m —cos’ {xy-V1-x° Vyl-y h, 


—cos ‘{xy+Vl-x? Jl- y*}, 


if -l<x,y<landx2y. 


Proof 3: Let cos'x =A and cos’ y =B. Then, 
x =cosA,y=cos B anddA, B € [ 0, 2| 


=> sinA= yl-x’ andsinB= /l-y’ 


{-; sn A, sin B => OforA, B € [ 0, a]} 
cos (4 + B)=xy- vl-x’ Jl-y’ 
cos (A-B) =xy+ yl-x’ Jl-y 


Casel: When-1<x,y<1andxt+y= 0; 
In this case,-1 <x, y<1—>4A,Be [0, a] 
> O<A+B<22 
andx+y>0O->cosA4+cos B= 0 
=> cosdA = -cosB=>cosA =cos (x17—- B) 


=> A<n-B £:. cos @ 1s decreasing on [0, 2]} 


A+B<n 
from (111) and (iv), we getO<A+B<az 


cos (4 + B)=xy- vl-x’ Jl-y’ 
=> A+B=cos'{xy-yl-x’ Jl-y*} 


=> 


... (iii) 


... QV) 


=> cos'x+cos' y=cos {xy- yl-x’Jl-y7} 


if x? +y? 
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<1 


or xy >O and x+y >1; wherex, ye [-1, 1] 


if O0<x<1-l<y<Oandx*+y >1 


if-l<x<0,0<y<landx+y >1 


Case Il: 


When -1<x,y<landx+y<0: 


In this case: 


YJ UUUY 


WY UY vy 


y 


-l<x,y<s1>5A4,Be[0,2] and0<A+B<22 


x+y<0>cosA+cosB<0 .. (V) 
cos A <—cosB > cosA <cos (a— B) 

A= n-B £:. cos x 1s decreasing on [ 0, z]} 
A+tBE=n ..(V1) 


from (v) and (vi), we get 7S A+B<27 


m>-—(A+B)>-2n >= 2n-(A+B)= 0 
0<2x-(A+B)<z.. cos(A +B)=xy-yl-x Jl-y* 
cos {2x -(A+B)}=xy-V1-x? Jl-y? 
20 -(A+B)=cos{xy-V1-x Jl-y"} 
A+B =2n-cos{xy- V1-x? Jl-y°} 


cos 'x+cos y= 


2% —cos '{xy-yl-x*Jl-y*} 


Proof 4: Left for students as an exercise 


Property (5) 


tan“'x + tan? y 


+ : 
tan” [= | Pael 
l—xy 


5 
rian (2 » it x>0, y>O and xy>1 
= a 
-avtar'(2 if x<0,y-<0and sy > 


5 for x >0,y>0 and xy =| 


~F for x <0,y <0 and xy = 1 
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Property (6) tan'x—tan' y= xty . 
—-2M/2<A+B<0.. tan(4+ B)= os {from (1)} 
— xy 


| Xx—y . 7 se 
tan = ji xy >-1 ee ee ee x+y 
xy l—xy 
m+tan?| ~~ | if x>0 y<O and xy<-l x+y 
l+xy}’ => tan'x+tan' y=tan" 


-m+tan"| ~*~ | if x<0, y>Oand xy <-l 
1+ xy Case lil: Whenx>0Oandy<0Oorx<0Oandy>0 


> < 
= for x>0, y<Oand xy = —1 a a 


=> Ae (0, 2/2) and B € (-n/2, 0) 


1X 
A he aa ae = A+Be (m2, n/2) 
x+y 
.. tan (4 + B)= ({from (1)} 
Proof 5: Let tan’ x =A and tan"! y = B. Then, l- xy 
x =tan A and y= tan B and A, B € (-n/2, 2/2) — A+B=tan [= 
l-xy 
tan A+tan B + 
tan(A+B)=—— = . z .. (1) ny 
an A tan — xy => tan'x+tan'y=tan" sy 
Now, the following cases arise: 4 
. Similarly, if x <0 and y > 0, we have 
Case l: When x > 0, y>0 and xy < 1: In this case, % 
x 
x+y => tan'’x+tan'y=tan’ sy 
x >0.y>Oandxy <1 => — >0 l- xy 
I~ xy It follows from above three cases that: 
=> tan(4+ B)>0 x+y 
Hh , tan! x + tan! y=tan! | —— |; ifxy<1. 
=> A+B hesin I quadrant or in III quadrant. Be eee ee = xy ae 
=> 0<At+B<_/2 CaselV: x>0,y>Oandxy> 1. 


/ x>0 = 0<A<a/2 In this case, we have x > 0, y>0 andxy> 1 


<At+b< 
pemeereen ry. eee ne 


ate => ety <Q 
tan (A + B)= —. {from (i)} l-xy 
. tan (A + B) <0 4 from (a), tan(4+ B) ey 
x => tan 5 = 
=> A+B =tan'! [= l— xy 
- => A+B lies in II quadrant or in IV quadrant. 
i i a xTy Benen tl 
ao Ne a => A+Blies in II quadrant 
“ x>0,y>0 => A, BE, 2/2) 
Case Il: Whenx <0, y <0 and xy <1. + A Be(0, 2) 


In this case; x <0, y <0 and xy < 1 
=> W2<A+B<n>aa2-n<(4+B)-2<0 


> **Y <0 > tan(A+B)<0 {from (i)} ay 

1—xy => -n/2<(A+B)—2<0=> tan (4 + B)= |]. 
=> A+B hesin II quadrant or in IV quadrant acd 
=> A+B lies in IV quadrant {. tan (a —- (A + B)) =-tan & + B) 


nn >-7/2<A<0 


y<0 => -a@/2<B<0 


=>-nm<A+B<0} => -tan{m-(4+ B= [=e 


xty 
=> tan{(4+B)-nm}= me 


=> A+B=nx+tan'! : a 
l—xy 


xt+ 
=> tan'xt+tan'!y=2+ tan! (= 


CaseV: Whenx<0,y <0 andxy> 1 


In this case, we have x <0, y<0O and xy> 1 


ae >0 
l—xy 


~xy 
=> A+B lies either in I quadrant or III quadrant. 
{x <0, y<0 54, B € (-n/2, 0) 

A+B e (-a,0)} 

A + B lies in III quadrant 
—-2<A+B<-27/2. 
m-nu<na+(A+B)<2n- 2-7/2 
O<a+(4+B)<n7/2 


+ 
=> tan(A4+B)>0 {tom (1), tan(4 + B) = : | 


Y UU UY 


Now, tan (A + B) = — {from (1)} 
— xy 


=> tan(a+(A+B))= ~~ 
1— xy 


xt+ 
=> nt+At+B=tan'! f »| 
l—xy 


xt+ 
=> At+B=-a+ tan! [=*2 
l—xy 


x+y 
=> tan'xt+tan'y=-2+ tan" 
l—xy 
Case (vi) whenx>0,y>Oandx.y=1 


me | 
then tan x + tan y =tan!x+ tan” (+) 
x 


= N 
=tan'x + cot™'x= a 
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Case (vii) whenx<0,y<Oandx.y=1 


l 
then tan x + tan” y =tan?x+ tan” ~) 
x 


= tan! x—x+cot!lx 
tan! x+cot!x-t 
1 1 


= —-7=-— 
2 Z 


Proof (6) Let, tan x =A and tan" y = B. Then, 
=> x=tanA,y=tan B and A, Be (— 2/2, n/2) 
tan A—tan B 


tan (A — B) = ——————_ 
an ) 1+tan A tan B 


=> tan(4-— Rya au 
l+xy_ 


Casel: When xy>-—1,Ifx>0andy> 0, then 
A € (0, 2/2), B € (0, 2/2) 


(1) 


=> A-Be(-q/2, n/2) .. tan (A—B) =——— Y §from (i)} 
l+xy 


+ 
=> A-B=tan'! [= >| 
l— xy 


Case Il: When x.y >-1, If x <0 and y <0, then 


Ae (2. 0} Be -%, o| 
2 2 


Case lil: When xy>-l 
Ifx <0 and y>0 


= ae[-%, 0}, Be(o, =| 
2 2 

= Ae (=,0}-Be(-Z. 0| 
2 2 


A-Be (-2,0) 


From (i), tan (A — B) = ae 
+ 


aed <0 
l+xy 


x<0,y>0andxy>-l 


=> A-B lies in IInd or [Vth 
quad, and as A —B € (-7,,0) 
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CaseV: Whenx<0,y>0 and xy <-1 
In this case, we have x <0, y>0 and xy <- 1 
=> x-y<Oand1+x<0 


+ xy + xy > ~* 5095 tan(A-B)>0 {from (i)} 
l+xy 
Simillary, forx>0 andy <0,A—B = tan" =» => (A-B) lies in 1 quadrant or in III quadrant. 
— => -1<A-B<-n/2 
SP cat oP gies a4 || Se : 
=> tan’ x -— tan’ y = tan ==») for all x, y with S05 SOS. ME C/LO, 
2 aaa. Be (0, 2/2) 
Case lV: Whenx>0,y <0 and xy <- 1. = -7z<eA-—-Be<QO 
In this case, we have x > 0, y <0 
But tan (A -—- B)>O0 >A-B € (-a, -77/2) 
=> Ae (0, 2/2), B € (-n/2, 0) 
=> Aé (0, n/2),-B € (0, 2/2) => 0<a+(d—B)< 2/2 = tan(A-B)= —~ 
> A-Be(0,m), Again, x>0,y<Oandxy<-1 I+ xy 
=> x>0,-y>Oand1+xy<0 => tan {0+ (A—B)} = tan? 2 
=> x-y>Oandl+x<0 1+ xy 
= — 
= =" <0 > tan (A—B)<0 => nmt+(A-B)=tan" ==») 
1+ xy l+xy 
=> A-Be(an/2,2) {f° A-Be (0, m)} x-y 
=> A-B=-x+tan! | —— 
=> W2<A-B<n>--W/2<(4-B)-2<0 1+xy 
x . . 
tan (A — B) ="—* (Sfrom (1)}, operating tan” Case (vi) whenx>0,y <0 and xy=-1 
. l+xy oy sc ; 
both side = ane 
then tan! x — tan! y =tan'x— tan” | -— 
_tan{(n-(4 — B)] = ==») ‘i 
+ 
ue = tan x+tan” (= = tan'x+cot™’ x= a 
_({x-y x 2 
=> tana — Ba) = [ 
1+ xy Case (vii) when x <0, y > 0 and xy =-1, 
ed 
=> -2+(4-B)=tan"' 
= ees 1+ xy then tan™'x — tan“'y = tan™'x — tan” (=) 
x 
yf] *7y 
_~B=n+tan"! 
+ oo ==») = tan! x + tan" (~) = tan'!x — 1+ cot'x 
x 
ae 3 = 4 Mewes qk 
=> tan'x-tan’y=a+ tan" =-t+ tan!x + cot!x = -7+— =-— 
1+xy 2 2 


ILLUSTRATION 46: Solve the equation sin‘2x + sin™ 3x = 2/3 
1 E 1 : 1 

SOLUTION: —-—cos’ 2x+—-cos | 3x =— 

Z 2 3 

: : 1 

= r —(cos ‘2x +cos ' 3x) = 5 


=> m-—cos’ [2x)Gx) — Jl- (2x)? Ae (3x) _ = 


~ 
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For 2x + 3x >O0>x2>0 
for 2x+3x<0;x <0 


a v(m 
ae MS | 6x" = V1- 4x" y1—9x" | ~ 3 cos '2x+cos 3x =2 
on cou! (2x) 2g) 2 ae oa | 
= cos? (6x" - Vi-4x? Vi- 9x7) = 
3 


on solving gives 
2 2 et a4 ae 
Re Rene te Or _m +c0s" (6x? ~ V1— 4x? Vi-9%? \=4 
6x? +—= V1—4x? V1 9x? 
oe te : . => cos” (6x? one 9x*) = = 
2 
= bed = (1- 4x?)(1- 9x’) which is impossible 


=> 36x‘ ++ 6x” = 1-13x7+36x* 


= 19x?=3/4> x7? =3/76> et 


3 
Butx>O0> x=,/—. 
716 


ILLUSTRATION 47: Find the value of 


el cl 
cos| tan’ —+ tan’ — 
(1) ( 3 5 
(ii) n(= Jan (22). x0, y>0and >» 
y x—y 
Lae 1 2+3 
SOLUTION: (i) cos Cara a a's] = cos} tan’ 32 || = cos| tan” a 
1- Ze 5/6 
32 
= cos[tan'(1)] = cos| © l-z 


7 {l+y/ 
(ii) tan + tan 1) 2*Y | 50, y>Oandx>y = tan” ~ |4+tan7 ued 
y x—y y l- ylx 


= tan” "Phare (2) = tan” (= |B oot" =) 
y x ae y 


“ x>yandx>0,y>0 


><] 
x 


and tan’ x+tan™ y 


= tan” (2 xy <l 
— xy 
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= +] 
ILLUSTRATION 48: Solve the equation tan” ( z 5 }: tan” (=) = 7 :x € (—2, 2) 
x— + 


bag 
SOLUTION: «.. tan’‘x + tan'y= tan’ f 


x-1 x+l ¥x’-1 
——_ X — 


Here — 
x-2 x+2 x’-4 


> 


27—]-x7+4 
fee ys 


<0 >xe (2,2) 
x? — 4 x —4 


= 1a 
We have, tan” ee 2. eZ. — 


1_ x? —] 4 
x4 
2 
—, 2x eer 39? 4 =-3=22=1 5 x=+ + 6-22) 


= V2 


ILLUSTRATION 49: Solve the equation 


(i) tan” (7 | tan x;x € (0,1) 
xX 


SOLUTION: (i) tan” F =e = 
I+ 


* x¥Ee€(0,1) => -x € (1, 0) and l-x € (0, 1) 
Also 1 +x € (1, 2) 


O<l-x<1l1+x 


2 
—xX 


=> p22 2) E dan "x= tan” [2% }for-1<x<1] 
+ 


t 
an ae Oy 
| 
7) 
1-x’ 2 2 —+ | 
= =x l-x°=2x° =< aa 
2x 3 
As x € (0,1) 


] 


NB 


Inverse Trigonometric Functions < 4.59 


(ii) 3tan” (te - A } tan’ (+ = tan’ q 


— 3 —) 
3tan x= tan” oe = for oe <x< es 
1-3x Re} 3B 


Clearly, 2 + ¥3 > ¥3 > 0 


1 ] 
0O< <— 
ad Dea. 3 
eedacred | 
-] | -] 24+3 DEx3 | 3(2— y3}-(2- v3] 
3 tan =f ; = tan ; 
+B (1) 1-32-05) 
14/3 
eel 6-3/3 -8+3/3 +123 -18 ere 12/3 — 20 en NieGi 
12914193 12/3 — 20 
We have, a2 tan’ 2 = tan! =| 
4 x 3 
tan 1 — tan"! = tan”! i 
x 
eee nyalgaie-l| 
tan 3_) = tan? (+) 3 
x 


aa An 
ILLUSTRATION 50: Evaluate > tan *| ———_]. 


n=1 


a An 
SOLUTION: ) tan een 


mt | (n?-1) 41 
Ps Ponce 2! hea 


= ¥'[tan (2 +1)’ tan (n—1)”] 


[se x.y=(nt+1Pm-1yY>-l1] 
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k 
_ 3 -] 2 = 2 -_ . = | 2 —] 
= lim {tan (n+1) — tan (n-1) } = lim + tan (4) — tan 


k-y00 


Fe OE ee ee 
ho 
wee” 
No 


n=1 | 2 -] 2 
+ tan (5) — tan 3) 
+....¢tan (k+1) — tan (k-1)’ 
= lim tan” (x) +tan” (k + 1)’ —tan! (1)*-tan! (0)? [AI] other terms cancel out] 


ILLUSTRATION 51: Find the sum of the following series: 


] ] ] 
tan” Geren }: tan” aS }: tan” (_— 
x +x+1 x +3x+3 x +5x+7 


+tan” (_— }s Behe c ue to n terms ; assuming the quadratic in denominators are +ve. 
x°+7x+13 
| ] =] ] 
SOLUTION: tan | —————~ |/t+tan =| ——— WW | 1... to nm —terms 
1+x(1+ x) 1+(x+1)(x+2) 


= > tan eee = ¥ {tan (x+r)= tan” (x+r-1)} 


1+(x+r-1)(x+7) i 
[es l+@+n@tr-l>Osa>@+n@4+r-l)> -l] 
tan’ (x+1)-tan™ x 


+tan™ (x + 2) —tan”’ (x + 1) 


+tan” (x+3)- tan” (x + 2) = tan” (x+ n) —tan ‘x 
+ 
+....¢tan7 (x+n)- tan” (x+n-1) 


ILLUSTRATION 52: If a and f are the roots of the equation x* + 5x — 49 = 0, then find the value of 
cot (cot? a + cot"). 
SOLUTION: x*+ 5x -—49=0 
> a+ p=-5 
and aB = -49 = a and B are of opposite signs, let a > 0; B < 0 


if 1 +f 1 
cot [cot! a + cot! B] = cot} tan” | — |+a+tan | — 
a B 
1 1 
a B 
= cot| #+| tan’ —+tan*— || =cot] w+tan™ 
a B = _s 
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= Col 


= cot[z + cot 1(10)] = cot[cot"(10)] = 10 


ILLUSTRATION 53: If a>b>c> 0, then find the value of: 


oa Gas J oot (Fe 
a—b b-c 


SOLUTION: cot ~ lt | cot ton + co 


(le Cc 


TEXTUAL EXERCISE-5 (SUBJECTIVE) 


1. Prove the following statements: 
(a) tan'] + tan'!2+tan'3 =z 
(b) tan'1/7 + tan? 1/13 = tan“!2/9 
(c) tan'3/4 + tan!3/5 — tan! 8/19 = 2/4 


2. Prove the following: 


(i) sin” a sin’ —= sin” iit 
5 17 85 
(ii) sin” ah sin’ ca =cos” (=) 
13 25 325 
(iii) sin™ oe cos” ne = sin” eo 
13 65 
3. Prove that following: 
(i) cos '—+cos' ne =cos | (=| 
13 65 


J2 V6 
sin” ae... 


12 


sin” Gan sin” 4 } sin hs 


= 4 | Boe 
—— tan + tan + tan 
c-—a (<=>) (P=< 


= tan a—tan'b + tan 'b— tan c + tance — tana = 0 


(b) Prove that 


cot” [1 - >) + cot” (2: a ;) of 
4 4 


“ 23 
cot” G — ae = 7 —tan'2 


. Solve the equation sin~'6x + sin~'6 V3 x = 7/2. 


. (a) If Sisin'x = x then prove that x4 + y* + 24+ 4x’ y’ 


Zz = 2(x? y’ + yz’ af. ZX): 


(b) If cost x + cos'y + cos'z = z then prove that 


xg 2 Dxyz |: 


. (a) tan” ( iad 7 +tan™! (==) = tan‘ (-7) 
x-1 x 


(b) tan*(x — 1) + tan'(x) + tan'(x + 1) = tan '3x 


. Find the value of 


tan[ cosec 10 + cosec 'V¥50 +cosec 170 


+...¢.cosec”’ (n? +1)(n? + 2n+ 2) tas | 


. Evaluate the following and hence find S._. 


Z 2K 
a tan} ————__ 
(a) 2. DEK EK? 
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n Z 14. If p > gq > O and pr < -1 < qr, then prove that 
(b) >) tan” 


——_—__—_——, x>0 
k=l 14+ K(K4+)x° tan” eile Ae eg ee a et N 
1+ pq l+qr l+rp 
(c) cot'2 + cot!8 + cot 18 + cot !32 ...... to n terms 


Z a ee 15. Find the solution of equation sin7! . 
(d) }'tan™ 7 {+x 
r=l 


2r-l 
1+2 


Vl+x 


BT 


= sin 


10. Evaluate the expression 


: 3 12 \. 
pe ee eet. a 16. Find the value of sin™ (= |- cos | in terms of 
1+3.4 1+8.9 : 13 
cot athe 
a. 8 1d sine inverse. 
tan” ————+ tan” ——_-+.... 
1+15.16 1+ 24.25 17. Solve the following equations: 
=/ sec’ aj| «| + cosec : 
11. Ifthe sum of the series: »y silos vel (1) 2cot'2 — cos! - = cosec!x 
n=) Na 


(11) sin[2cos' {cot(2tan'x)}] = 0 


; - 
is finite, where | x | => 1 and a > 0, then find the range (iii) 2cot! 2 + cos"(3/5) = cosec!x 


of values of a? 


18. Prove the following equations: 
12. Find the value of x and y when sin'x + sin'y = 27/3 


and cos'x —cos'y = 7/3. (i) sin? an - cot? (- +)} = 
us 2 
13. If a, b, c are positive real numbers then prove that 


- fa(atb+t+c) -, [b(at+b+c) (ii) sin 2a" 5) + tan sin” 3) ade 
tan a + tan —— + D) 7 7 5 
] l 15 ] 

b anes . | ard (ae ae -] Fae aon 

tan” uae =e. (iti) sin( 2tan | tan| sin )- P 


2 17 
Answer Keys 
5. == 7. (a) 2. (b) x = 1/2,0,-1/2 8. 1 
OG) 8 ta a Se OS Sta) —— | 
n t+nt "4 1+ n(n+1)x° 
S,=tan?|—“_|,5,=2 Dat Os ee 10. 2 
(c) S,=tan (—) ar (d) S =tan™ (2”) ye Fi 
l 
ll. ae -. oo 12.x=1/2,y=1 15. x >0 16. sin? -* 
2 65 
17. @)x=25/7 Gi) 1,(1+ V2) Gili) x = 25/24 
TEXTUAL EXERCISE-5 (OBJECTIVE) 
1. If tan-'x + tan-'y + tan'z = @, then the value of oo 3 | 
xtyt+z-—xyzis 2. The sum 2 tan” ra is equal to 
(a) 0 : . | 
a) — —7m + tan *3 
(b) 1 (a) ; (b) 
ee 7 _tan2 — (d) None of th 
(d) 2 (c) =a — tan (d) None of these 
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3. If 1 <x < no , the number of solutions of the (a) 0 (b) J5 = AD 
equation, tan-'(x — 1) + tan"'x + tan '( + 1) = 9 
tan~! 3x 1s 
(a) 0 (b) 1 @ B+ fae o> 
(c) 2 (d) 3 
4. If tan!x —tan'y = tan"! A, and xy > -1, then A is fie. ape esa fee 
(a) x-y (b) x+y y x+y 
x-y xty 
@ = @ — @ = ) = 
5. If cos'x + cos !'y+cos7!z= 7, then _ 37 
oe ree © = (d) = or- = 
(a) x ty +z +xyz=0 Fi 4 4 
(b) x+y 4+ 274+ 2xyz= 1 
(Cc) P+y+2+xyz= 1 15 i 
(d) None of these 12. cos? (| + 2 tan” q is equal to 
6. If tan! 2x + tan-!3x = 7 , then x is equal to 1 1 ( L7l 
’ : a q (a) & (b) sin! | —— 
2 
l 
a) —l = 
@) ©) 6 (ey 22 (d) None of these 
(c) -l, i (d) None of these z 
6 y | 3 
. 4 4 13. If tan’ x +cos' 7——= = sin“! — = and both 
7. If tan'x + tan'y + tan'z = @ then —+—+— 1s (I+y ) 10 
Xp ye zx sa : 
0 | x and y are positive and integral, then x and y is 
(a) 1 (b) equal to 
(Cc) (d) xyz (a) (1,2) and(2,7)  (b) C1, 2) and C1, 7) 


(c) (1,7) and (2,7) (d) (1,7) and (2, 1) 


8. If cot! a + cot! B = cot”! x, then x i It in a tri 
co cot" B = cot 'x, then x is equal to 14. If in a triangle, two angles are tan” 2 and tan” 3, then 


(a) a+f (b) a-P the third angle is 
1+aBp ap—| IN 370 


3 3 . (c) Cannot be evaluated (d) None of these 
9. tan”! ri + tan” a cot’ 8 is equal to 


7 es 15. tan” (| tan (= + tan” =) + tan” (=. equals 
(a) — (by: 3 5 7 8 
4 3 
SH N 
(c) 2% (d) None of these ee (b) — 
6 4 2 
V4 
10. If sin“ : + sin7! - = sin~'x, then x 1s equal to: (c) 71 (d) x 
Answer Keys 


1. (a) 2.(b,c) 3. (a) 4. (c) 5. (b) 6. (b) 7. (b) 8. (d) 9. (a) 10. (c) 
.() 120) 13) £1406) 6.(© 
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MULTIPLE CHOICE QUESTIONS 


SECTION-I 


OBJECTIVE SOLVED EXAMPLES 


1. Range of function 4/[sin™|sin x] +|cos"'|cos x| is 

(a) [0,c0) 0) | /x,42z | 

(c) [04x | (d) None of these 

Solution: f (x)= ¢/sin™ [sin x|+ cos feos 

= ¢fsin“|sin x|+ cos feos x| ai) 


(e sin! le ,cOs o| > 0) 


Now sin"|sinx| and cos™|cosx| are periodic func- 
tions with period x as sin'|sin(x + x)| = sin'|sinx| 
= sin'|sinx| and cos" |cos(x + x)| = cos! |-cosx| 
= cos! |cosx| So for finding range we can take x only 
for one complete period say [0,7] 


Case (i): When x €[0,2/2]; |sinx| = sinx as sinx > 0 


=> sin” |sin x| = sin’ (sinx) = x as sin! (sinx) = x for 


—a 1 
xe ao and |cos x| = cosx as cosx > 0 


=> cos! cos x| = cos’ (cos x)= x 
and 


as cos |(cosx) = x for x € [0, 7] 


from (1), f (x)= dy+x = 4/2x € | 0, | 


Case (ii) when x € ead 
|sinx| = sinx as sinx > 0 
=> sin” |sin x|= sin“! (sin x) = sin“'(sin( — x)) 
=" -XaAST-XE 0.2) 
Z 


and |cosx| = —cosx 


=> cos”'|cosx|= cos '(—cosx)= cos (cos(z — x)) 


N 
=1-xas-xe|0,5] 


from (1), f (x)= 4/(2m — 2x) 


Now 
(2m - 2x)e[0,2]= f(x) e| Y0Az | 
as f (x)iscontinous 


1 
and decreasing function on Fx | 


Range of f(x) = 0, rr | 
. (c) 1s correct option 


2. Range of f(x) = sin'x+tan’x+cos x is 


(a) [0,z | (b) EE 
(c) |-z,2z | (d) None of these 


Solutioin: f (x)= sin™ x+tan™ x+cos’'x 

=> Domain of f(x) = [-1,1] 
Now f (x)= + tan x and it 1s an increasing 
and continuous fuctions on [-1,1] 

= Rangeoff(x)=| f(-1), f(1)]= E — 


=> (b) is correct option 


. . —] . —!] a | . 
. The interval on which cos x>sin x>tan x 1s 


(a) (0. (b) [LI 


(c) (0,1] (d) None of these 


Solution: cos 'x>sinx>tan x is defined for 


x € [-1,1]; Nowcos'x> sin'x 


4 nN ri 
=> cos x>—-cos x 
pe 
7 nN 
=> 2cos x > 


1.2 
=> cos ary 
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7 nr = cos'x=0;cos'x’=0 and cos'x and cos’ x? 
> cos xE€|—,z 
4 both are non-negative terms 


> xe [cos z,cos 7/4) as cos’'x is a decreasing and => x=landx°=1> x=land x=+1 
continuous function = y=] ...(ii) 
> xe |-L1/ V2 .. from (i) and (11) solution of given equations 


Also from the graph given below, it is clear that would be x = 1, y = 1/2 = (d)1s correct option. 


sin” x > tan” x for x € (0,1] in the domain [-1,1] 5. The complete solution set of equation 
sin” lsin x| = sin“ |sin x| 1s 

(a) {2nz +1;n E Z } 

(b) {na ,nn tlneZ } 


(c) {(2n4 ee ne Zz 


(d) None of these 


Solution: Given equation 1s 


sin” lsin x| =,/sin” lsin x| ...(i) 


Let sin"'|sinx| = t 


> t=J/t > 2P-t=051t=0ort=l 


t=0> sin”'| sin x| = 0= sin x|= O=> sinx =0 


Thus cos x>sin'x for xe -1.5 and 


> x=nnr,nEeZ 


sin x>tan™ x for x€ (0,1) and t =1 = sin™'|sin x|= 1=>|sin x|= sin1 
cos’ x>sin’x>tan’x forxe (as sin''x being increasing 1s one one) 
1 1 => sinx=+sinl=sin(+]l) 
~1,—= |n(0,1] =| 0, 
V2 V2 => x=nm+(-1) (41)n€Z > x=nm4t1,neZ 


(a) 1s correct option .. Complete solution set of equations is 
{na ,nttl;neZ} 
4. Ordered pair (x, y) satisfying the system of 


; b) 1s correct option. 
simultaneous equations sin'’x + sin’'2y = nm and (b) P 


cos ix + cos x” = 0 1s 6. If f(x) = cos! (cosx) — sin (sinx); then the area 
(a) (-l, -1/2) (b) (1, -1/2) bounded by f(x) and x-axis on —interval [-67, 67] is 
(c) (-l, -1/2) (d) (1,1/2) (a) 122 (b) 3x2 
. - me _ gg i (c) 6n° (d) None of these 
Solution: sin x €| —,— | and sin 2ye| —,— 
2. 2 Ze Ze x,OSx<z 
Solution: cos (cosx)= 
=> sin'x+sin™2y e[-z,z] 2n-x;"<Sx<S2n 
=> sin'x+sin'2y= 2 occus at extreme values of x, 0<x< at 
sin'x and sin'!2y 1.e sin! x = 2/2 and sin'2y = 1/2 2 
=> x=l, 2y=1 sin”' (sinx)= mx, SxS 30/2 


=> x=], y=1/2 ...(i) 3 
; = is xn ex sin 
Now cos x+cos x =0 2 


4.66 » Trigonometrry 


=> f(x)=cos ’(cosx)-—sin™ (sin x) 
0;0<x<a7/2 
eng ey <7 
2 
WN Sx<3n/2 


3 
4m — 2x, SxS In 


Also cos” (cos(2x + x)) =cos (cosx) and 
sin” (sin (27 + x)) = sin” (sin x) 


— f(Qr+x)= f(x) 


= f(x)1s a periodic function with period 27, so if we 
calculate area (A) bounded by f(x) and x-axis for 
one complete period 1.e., for [0,2 x], then 1t would 
be 6 times for the interval [-67,67] 


The graph of f(x) is as shown below: 


an TT 3x 2n Sa 3n /n An 
2 2 2 2 2 2 


Area bounded in [0,27 |= {#4 5 


x)=" 


Area bounded in |-67,67 |= 67° 
square units 


(c) 1s correct option 
. . —] —| ia . 
7. Solution of equation cos“ x¥3+cos x= s 1S 


(a) x= (b) x=-1/2 


(d) None of these 


a 2 2. 23 
Solution: cos 'x/3+cos x= r is given equation 
4) 
Now cos— x3 ,cos  x>0O and their sum is 2/2 
=> cos x V3,cos x both must belong to [0,x/2] 


=> xvV3,xE [0,1] 


z : Nn 
Now from (i) cos x¥3 + cos ary 


= cos” x3 = — cos x 

=> cos’ x/3 =sin x as sin’ x+cos 'x=2/2 

=> cos” x3 = cos” Jl-x? as sin x eé [0,7 /2| 

=> xVJ/3 = Wis as cos 'x is one - one function 
3x7 =1-x? > 4x? =1> x=41/2 
But xeé [0,1] == + is the only possible 


solution 


= (a) 1s the correct option 


. Solution of equation tan! 2x + tan! 3x = 32/4 1s 


l l 
(a) ae (b) aa 


(c) x= 1/6,-1 (d) 1 


Solution: -.: tan” xe (= 2) 
2: OD 


=> tan ’2x,tan’3x both must belong to 0.2) as 


otherwise their sum can never be equal to 31/4 


=> 2x,3x2>0 and 3x>2x and we know 


tan™'x+tan™ y 


=tan-{ = on xy<l 
l— xy 


+ 
m+ tan po xy>landx>0,y>0 
~ xy 
= ma tan '{ 22" porny >landx<0,y<0 


m/2forxy=1 and x,y>0 
—7 /2forxy = land x,y <0 


So let us discuss two cases: 
Case(i) (2x) (3x) <1 


1.e 6x <1 ve (2) 
-_ V6 V6 
But x > 0 


=> velo. 


7 
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In this case we have 


a+ 8s) => (a Sane. ee 
x 
1- 6x" 


tan” 2x+ tan” 3x= tan” 


= Degen eeieal) Oe=1s0 


f 5x 3 x 
= tan al ea 
1- 6x 4 => x>O0andx>!] 
Which is impossible as range of tan™'x is (=. => xeé(L) 
Case (ii) (2x) (3x)> 1 ifxtl i{x-l 7 
“. tan™ | —— |+tan™| —— |= tan™ (-7) 
Le., 6x7 >1 => | = |4(3 . 
2 x x OO, = = 
v6 v6 x+1 i x-1 
l = x-1 x =} 
= , eo => +t ————__—_—_$§___—— _ |=-t 7 
Butx> 0-9 xe. 7% + tan (ye an ( ) 
In this case we have x—1 x 
| 4 _| 2x+3x 3% son ee A 
tan 2x + tan 3x = tan 1=ee T= Pa Which is impossible as L.H.S ¢€ a 1.e +ve, 
if 5x nN whereas R.H.S is —ve 
= tan 62 = a 
26y Z = 
: Case (ii) (= ZS) >1 and (=) (=) <0 
=> ( t )=-19 6x" -1=51 Be ee ee me ‘ 
1— 6x" 


=> x>0 and x € (0,1) 
=> 6x’?-5x-1=0 


=> xe(0,1 
— 6x” —6x+x-1=0=>(x-1)(6x+1)=0 (0.1) 
; -] x+1 | xXx— ] _ =] 4 
= #=1or x=-1/6 buts €{ Te.) en (220) tan ( x )=tan (-7) 
=> x= 115s the only possible solution x+1 x-] 
“. (d) 1s correct option as cei ataS zo x ~ |= ~tan“(7) 
x x- 
. Solution of equation l= (=*") (==) 
tan” (=) +tan™ (==) = tan™'(-7) is 
val x x+1 re l 
(a) x=2 0) x= => tan” Ses RYOTE DT +tan'(7)=2 
(c) x€(L,) (d) No solution = =" (==) 
x—| x 
Solution: Given equation 1s 
_ r x +x+x°4+1-2x = _ 
tan“ (= -)+ tan” (== ‘ =-tan"7,x#0,1 = Sees, ed 
=> Both tan” (=*") and tan™ ==") => jan. east), tan” (7)=2 
x x = 

can’t belong to interval [0,7 /2) Joy a4 jes 

So, let us discuss two cases: = tan oo = [7 — tan “( )| 
Case (i) (=) si SG ee 

x-1)\ x x—-l x = ee tan (tan (7) 
x+] x+1 x-1 — 


ge a [as tan (tan! x)= xV xe R] 


468 > 


10. 
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_ sd = : +] __4 
=> 2x°-x+1l=7x-7 
=> 2x?-8x+8=05 x°-4x+4=05(x-2) =0 
= x = 2, But x € (0,1) 
There will be no solution of given equation 


(d) will be the correct option 


Solution of equation sin"'x+sin'2x= 7/3 is 
1 |3 1 |3 
a) +—,/= x=—,[o 
(a) a7 (b) a7 
3 
(c) i: (d) None of these 
Solution: sin'x and sin'!2x both can't belong to 


0 as otherwise L.H.S would be —ve, whereas 


R.H.S is +ve 

Also x and 2x can't be of opposite sign 

x and 2x both must be +ve 

sin'x and sin! 2x both must belong [0, 2/2] 
x, 2x € [0,1] 

x € [0,1/2] 

Now given equation 1s sin’x + sin!2x = 1/3 


YUYY 


y 


3 
; -] * —] a < —] 4 
sin 2x=sin a —sin X...... (i) 


eS 
Now “Gl — ae 


From (1) 


sin” 2x = sin” vi —x* - F 
2 2 
=> m= Bre -# 
=> 5-3 l-x? > 5x=V3V1-x 


=> 25x” =3-3x’ 


Pe 1 [3 


=t55 


meni 2 


=> 28x7=3>x=+ 


But xe 0, ;| =x= : E is the only solution of 


given equation 
= (b) is correct option 


11. The value of x for which 


3-3x? 
2 


represents a constant function belongs to 


l 
© [03] 


(d) None of these 


x 
f(x) = cos!x + cos & 


Solution: (x)= cos” x+cos™ Eee l-x° j 


= cos x+cos” she V1l— x? iI G | 


Now cos) x—cos” y 


cos (xy-+V1- x? Vi-y’) fory-x>0 
- - cos" (xy + V1 x? Jl-y?} fory—x <0 
=> cos” [xy +V1- 2" a 


-l -l 
=cos x-cos y forx<sy 


from (1) we have 


a : ee | | 
cos x+cos  x—cos “plorx s 5 


7 ora | és | 
cos x+cos “7 08 ‘x for es 


2cos 'x—z/3 forx <— 


Wie 
2 


f(x) would be a constant function for x € 1 


(a) is correct option 


12. If (cot ~'x)? — 5cot! x + 6> 0, then x lies in 
(a) (cot3, cot2) (b) (-co, cot3) U (cot2, 0) 
(c) (cot2, 0) (d) None of these 


13. 


14. 


Solution: (b) We have 

=> (cot !x)?-S5cot'x+6>0 
(cot ~'x — 2 ) (cot!x — 3) >0 

=> cot'x <2 or cot!x > 3 


As cot ~!x is a decreasing function, then 


x € (-0, cof3) U (co?2, «) 


If -1 <x <0, then tan’! x equals 


(a) m—cos '(V1—x’ ) (b) in" [ 
wae 
x 


(c) cot” (d) cosec!x 


nu 7 
Solution: (b) °.. — 1 <x <0, then oh < tan x <0 


1 
Let tan-“'!x=a> ar 


. tana=x,-17/4<a<0O 


x x 
=> a=sin'! 
l+x° Vl+x 
] (9) ] 
cosa = => cos(-—a) = == 
V1+x? V1l+x? 


where 0 < -a < 2/4 


sina = 


l 
> a=-cos! : 
[he 


Indicate the relation which is true. 
(a) tan | tan! x|= |x| (b) cot|cot!x|=x 


(c) tan’ | tanx |= |x| (d) sin| sin’ x |= |x| 


Solution: (a,b,d) 


tan’ x if O<tan'’x<2z/2 


since | tan-!x | = = ae 4 
—tan’ xif —z/2<tan' x<0 


tan’x if x20 
~ |-tan x if x<0 
=> |tan'x|=tan"|x|forallx e R 
= tan | tan'x| = tan tan! |x| = |x| 
Hence (a) 1s correct. 
Likewise sin| sin? x | = sin sin! | x | =| x | for all 
|x|<1 
Hence (d) 1s correct. 


cot | cot! x | =cot cot!x =x 
Hence (b) 1s correct. 


15. 


16. 


17. 
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since | tanx | is not necessarily always equal to tan |x| 
Hence tan” | tan x |# | x | 


If [ sin! cos? sin! tan"! x] =1; where [.] denotes 
the greatest integer function, then x belongs to the 
interval 

(a) [tan sin cos1, tan sin cos sin1] 

(b) [tan sin cos1, tan sin cos sin 1] 

(c) [-l, 1] 


(d) [sin cos tam1, sin cos sin tan 1] 


Solution: (a) We have [ sin! cos? sin"! tan"! x] = 1 
=> 1<sin' cos? sin'tan!x < 2/2 

sin 1 < cos! sin'tan!x < 1 

cos sin | > sin! tan"! x > cos] 


sin cos sinl > tan“! x > sin cos 1 


WY UU Y 


tan sin cos sin 1 >x > tan sin cos 1 


Hence x € [ tan sin cos], tan sin cos sin] ] 


The value of 

sin | cot| sin” 2 | sow HE sec no is 
(a) O (b) 2/4 

(c) 2/6 (d) x/2 


Solution: (a) We have 


= sin '| cot| sin” v3 =I +cos” NB cae we 
0. 2 nD 


= sin[cot(15° + 30° + 45°)] 


= sin|[cot 90°] = sin 0 = 0 


If we consider only the principal values of the 
inverse trigonometric fucntions, then the value of 


tan 0s Fos ie, 1S 
J29 29 

(a) mas (b) = 
v3 3 

(c) oF (d) = 


4.70 >» Trigonometrry 


18. 


19. 


] 4 
Solution: (d) cos” a = tan 1, sin’ —~=tan "4 


iT 
/ 4 
nd 


= tan[tan"! 1 — tan’! 4] 


= 3 3 
=tan tan” sea tan tan” - 3 cee 
1+4 5 5 


2 


If (tan™' x)’ +(cot™' x) = ae , then x equals 


(a) —l (b) 1 
(c) O (d) None of these 


1 
Therefore tan 0s" —- sin 
9 


9 ze . 5 : 
Solution: (a) We have (tan x)’ + (cot x) = ~— 


2 


By A 
-1 

x) = — 
) 8 


1 


= (tan x+cot™ x) —2 tan x(#/2—-tan™ 


4 4 4 
— —2. —tan!x+2(tan” x)? = — 
A ; ( ) 7 


2 


3 31° 
=> 2(tan'x)’?-atan™ ae 0 
=> tan'x =-7/4, 32/4 
=> tan'x=-27/4>x=-1 


If A = 2 tan“'(2V2 -1) and 

B =3 sin (1/3) + sin? (3/5), then 

(a) A=B (b) A<B 

(c) A>B (d) None of these 


Solution: (c) We have A = 2 tan” (2/2 -1) 


= 2tan“(1.828) > A> 2tan' V3 
=> A> 2n/3 

We have sin™/(1/3) < sin!(1/2) 
=> sin'(1/3) < 2/6 => 3sin1(1/3) < n/2 


ray 
Also 3sin™ (1/3) = sin” 8 Sa (=| | = 


. 23 ae 3 
sin” (|= sin (0.852) < sin (2 


2 


., 


—, 3sin‘(1/3) <sin™ [2 


=> 3sin1(1/3) < 2/3 
Also sin-(3/5) = sin1(0.6) < sin“!(V3/2) 


20. 


21. 


= sin'(3/5) < 2/3 
Hence, 
B = 3sin1(1/3) + sin\(3/5) < 2/3 + 2/3 = 27/3 
Hence A > B 


in! x ah os 
If sin"! x > cos —! x, then 


(a) x€ (1, a (b) xE€ (o, | 
V2 V2 


l ] 
(c) xE|—, 1 (d) re(-5.0] 
V2 V2 
Solution: (c) We have sin x > cos'!x 
=> sin!x>a/2—-sin!x 
> 2sin'x>a/2>sin'x> a/4 


Also sin(sin"!x) > sin 2/4 


l l 

> x>— > xE€/—=, 1], since-1<x<1 
/2 5 | 

The least and greatest values of (sin™! x)? + (cos x) 

are respectively 

(a) —2/2, n/2 

(c) 7°/32, 77°/8 


(b) —7°/8, 7°/8 
(d) None of these 


Solution: (c) (sin! x)? + (cos! xj = 
(sin! x + cos! x) — 3sin! x cos? x (sin! x + cos? x) 


3 
ihe 3sin'xcos’ x = 
2 2 


| ae | | ae ee (a (ae 
= —-—sin x|—-sin' x 
8 2 2 
ae ae 3a : 
= LAIR LI Pg Pe can x)” 
8 4 2 
> 3 , 
= OY ale (sin xy — sin" x 
8 2 2 


FF 
= The least value 1s —— and since 


32 
Z 3 2 
(sin-*x— < (= 
4 4 
3 2 3 
=> The greatest value is Taj eg 1h 
32 16 2 8 
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SECTION-II 


SUBJECTIVE SOLVED EXAMPLES eS at eases 
tan{x} : 
= =] => tan°{x}=1 
1. Solve the following equations for x > 0 cot {x} 

(i) [sin'x] + [cos"'x] = 0 => tan?{x}=1 => tan{x}=41 

(i) [sin'x] + [cos"'x] = 1 But {x} <[0,1) > tan {x} £0 

ieee Shee 
(iu) [sinx] + [cos x] = 2 = tan{x}#-1 Stanie}='1 
Solution: sin'x € [0,2/2] & cos! x € [0,x/2] for x > 0 ={x}=tan'l=2/4 Per eee eres e 6) 
. | sin” x | e {0,1} and| cos” | e {0,1} But x < [0,27] 


Clearly, (4) holds where graph of y = {x} and 
y = n/4 intersect each other in [0,22] which are 


ss sin i xe [0,1)and cos xe (0, 1) 6 points as shown below in diagram 


oe 


(1) | sin x|+ | cos al =0> | sin™ x | = | cos x | =( 


= x €[sin0,sin1)and x €(cosl,cos0| Y 


= x €[0,sin1)(cosl, 1] 


=> x €(cos],sin1) 
[as 0<cosl <sinl < 1] 


(ii) | sin” x | + | cos” a =] 
— _ 3. Solve the system of inequalities cos’ x > sin x and 
—) | sin x | = 1;| cos x | = (0 cos x > cos (1-x). 
a! | =f} =] = 
=>[sin x | ~ 0;| cos _ F Solution: cos! x > sin! x for x S 1 =| re (i) 


ne XN : 
= sin xe 1.5.00 ‘x €[0,1) and cos"'x is a decreasing function so, cos'x > cos” 


(1-x) 
orsin” x €[0,1);cos x € = 
= x €[sin1,1];(cos1,1] 
or x €[0,sin1);x € [0, COS, 1| 
=>xeE [sin 1,1]  (cosl,ljor x €[0,sin1) A [0,cos1] 
=>xeE [sin iil U [0,cos1] Ans 
(111) | sin” | + | cos” x | =2 


—; | sin x | = | cos” x | =| 


=> sin xe [1,2/2|;cos” xe 2 . 
2 — of) ee — oe el (ii) 
=x e[sin1,1];x €[0,cos]| Also—1<1-x1 


= x €[0,cos1][sin1,1]=¢ = -2S-xs0 =22x20 
-.x€[0,2] Also xe€[-11] >xe[0,1].......@i) 


2. Find the total number of solutions of tan{x} = cot {x}; 


oe a ] 
where {x} denotes the fractional part of x in [0,27] POHL) GD ate Gu) We MUSUnaVe 0, 5) ac 
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4. Solve the inequality cosec™'20x — sec” (-20x) < ax 7. Find the domain of the function 


. 2 F Aj ie Stan x+27 
Solution: cosec”'20x — sec” (—20x)< ax Dian eek 
= cosec'(20x)- | x —sec” (20x) | <x 
| 

= cosec'(20x)+sec™'(20x)- 2 < ax Silntions 2 PF 39 

_ = = —2tan'x+z7 
=> —-M@<hX S>-—<ax > x>— 

2 2 = 2 = (Stan x+ 2n)(-2tan'x+2)>0 
— ed 

2 = (Stan! x+ 2m)(2tan' x- 2) <0 


Also 20x <—-lor20x > 1 


20 4 XN 
=| = —-— <tan x<— 
—>x Sor x2 5 2 


20 
- an —a 1 
= ] = tan x €}| ——,— eee 
(rad Daa ameter FO mee a . 4 4 4 
20 20 . . . . . . 
a in which tan“ x is an increasing function 
-($5 | Ls ] Ans ( 2a 4 
2 20 20 => xe} —tan—,tan— 
5 2 
5. Solve the equations yn 
sin! x + cos! (x — 2) + sin) .x?= 22 mia (- tan] 
‘ ee | Jt [a =] , er 
Solution: sin x ¢€ ==.5| > COS (x — 2) E [0,7 | 8. Solve the inequalities 
(a) cos 3x >sin 2x 

and sin” x” €| 0 = 

se) (b) tan '5x<cot 2x 
sin” x+cos(x—2)+sin™ x? <2z (c) tan”'2x>sin'3x 
= sin! x= :cos™ (x-2)=a;sin' x" = i = sch 

9? ae ) Solution: (a) cos ‘3x 2sin™ 2vx.......... (1) 
= xalax- eel =] 3x €[-1]1];2x €[-1,1] 
mn AO el ese | 
— a a | => xeE axe en = aie 
3 3 pay 
6. Solve the system of simultaneous equations 1] 

cosec!(x+ y)—see'(y+z)=— axe|55| 


2 


sec '(y—x)+cosec'(y+z)=3a/2 


Solution: The range of sec!x = on]~{7) and 


range of cosec! x = a4 ~{o} 


We must have cosec'(x+y)= 5 se" (y+z)=0 
ae 


2 
=xty=ly+z=l;yx*=-l;ytz=1 


and sec '(y—x)=2;cosec'(y+z)= 


== Ly=0.2=1 


Case (i) 0<x<— >0<3x<l eos re] 0% 


Also 0<2x< = a cin xe 0, 4 


= sin’ 2x= cos’ ¥1— 4x7 
From (1) cos 3x > cos’ ¥1— 4x7 
= 3x<Vl-4x? = 9x? <1-4x? 2 13x°S1 


. 


See ree sxe] =| 
is Fee) 
But e|0.2| = xe{0 | 
"3 3 
ee | 
Case (ii) ore 
—2 
Te ea eee 


= cos 3xé Em land sin 2xe€ =o] 


“sin 2x =—cos’ ¥1- 4x? 
from (1) cos’3x2>-cos'V¥1-4x7 sk... (2) 


which is always true as cos!3x and cos ¥1— 4x” 
are always non-negative 
=> L.H.S.2>0 and R.H.S.<0 


“. (2) always hold 
aut at —] 
Final solution is x €} —,0]U| 0,—= 
7 Ee rd 
(b) tan’ 5x <cot™ 2x...(1) 


Case (i) forx>0O 


cot’ 2x = tan” (—*) 
2 


x 


(1) becomes 


| 
tan 5x< tan” () 
2x 


eae = 10x? <1 aes 
2 10 
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Case (ii) For x<0O 


cot 2x=a+tan” (— 
2x 


(1) becomes tan"'5x<a+tan™ (}.) 


‘*tan | —]e|—,0|>az+tan | —/eE]—.z7 
2x 2 2x Z 
and tan” (5x) {0} 


Clearly, L.H.S of (2) is less than R.H.S of (2) 
(2) holds for all x < 0 
But x = 0, clearly satiesfies the inequality, thus 
a ] 
Final solution is x €}| —co, —= |~ 40 
(--F5]-0 


(c) tan"! 2x > sin"!3x (1) 


For inequality (1), 3x < [-l], 1] >x< is 


] 1 
Also (1) doesnotholdforx=0;> x € 2.0) 0, | 


Case (i) For xeé (0.5 


sin! 3x = tan 


(a3) 


(1) becomes tan7!2x > tan™ 


Ge 


3x ae , 
=> 2x> (.. tan” x 1S increasing) 


V1-—9x? 
=> 2W1-9x? >3(¢.x>0) 
> 4(1-9x2)>9 
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4. : 9 ; 5 we have 
=> 1-9x" >— => 9x <1l--—->9x <-— 
4 4 4 | ( 
cot} cot 


which 1s never true. 


rz)" (as) 


Xu 
Case (ii) F e|-—,0 |;tan '(2x) €|-—,0 - 
fi) For ve|~5,0)tn-'2¢(~4.0] i phate 
V4—x? V10 
which is always true as L.H.S. <0 and 
..Q R.H.S. > 0 
Case (iil) O<x<2 


and sin 3x¢é (2.0) 
(1) can be written as tan'(—2x) < sin“! (—3x) 


Now sin“(—3x) and tan™'(—2x) € (0.5 x x a 
2 => ae => cos Ze|0.5| 


we have cot se 


a. 


—3 
and sin '(—3x) = tan! iti 
=> cos?|= |=cot7 = 
(2) becomes, a} ae 
—3 
tan '(—2x) < tan” — - 1 
< sin sin” a 
4— x? V10 
—3x 3x 
=> -—2x<———_—_-1| >: ~ 2k>——— 
x 
—— < 
3 V4-x° 10 
=> 2a > (as x <0) 4 
1— 9x" = lO <4— => lx? <4 xs 


1- 9x? 1= 9x? 5 io este 
9 


=> 4-36x?<9 


*< rox?) =a re|- aa 21-10 =| 
=> 36x? > 5 ViVi} LV 


which is always true Final solution is 


x . 
— +E —,0 —2,0 jo |-|-2=| 
E am reev ame te 


ne | 
Final solution 1s S40) 10. Prove that 
: . it l-x’ 
9. Solve the inequality sin(tan™ (cos(sin™ x))) = ’ F38 Vx €[-1,1]. 
ea eae ag il 
se aa a (as Solution: Case (i) Let 1>x>0 
cae 1 

Solution: For the domain of given inequality => sin’ xe 0.2 
x 
re [-1,1] let sinx = 0 
720 re (1) => cos@=yVl-x => @=cos'yl-x 
Case (i) —2<x<0 => sin'x=cos’yl—x* => cos(sin’ x)= V1-x° 

-l< 5 <0 “. tan! (cos(sin“'!x)) 


Vl—x? 
5 N = tan’ Vl—x* =sin 
)e(E aes 


ial (=) cot | “. sin[tan™ (cos(sin™ x))] =i i | 
: a 


11. 


sin(tan“!(cos(sin-!x))) = 
Case (ii) Let-l1<x<0O 


sin xé€ 0] 
2 


cos(sin!x) = cos[—sin'!x] = cos[sin7/(—x)] 


7 cos| cos” Jl ~(-xy 
= cos| cos” Vl—x? =VJl—- x’ 


= tan! (cos(sin'x)) 


= tan’ V¥1—x’ = in| 


V2-x° 


=>  sin[tan"'(cos(sin“'x))] 
: | |- x l= i 
= sin} sin = 415 39 
2-x’ 2-x° 


sin(tan“!(cos(sin‘x))) = |r €[-1,]]. 
—x 


Prove that 


30 4{@ 
tan | —+cos |— ]|+ 
4 b 
32 fa 2b° 
tan} —-—cos (| — | |=———> 
4 b b° -2a 


Solution: 


ale (Fon eel) 
~-tn[ cn (2) ul Eso0(2) 


a 


Let cos” (=) - @ => cos@=— 
b b 


L.H.S. =—tan (= @}- tan (= 0) 
4 4 


--j a 


me 
1+tan@ 


1—tan@ 


__| d-tan@)° + (+ tan 6)” 
1—tan’ @ 


Ld 
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- -| 7a oa _-20+tan? 6) -2 


1— tan’ @ (l-tan*@)  cos20 

7 —2 _ 2 

~ 2cos?@-1 1-2cos’@ 

ee. cae ae — =RHS. 

2 2? 
b22 = 
b 
12. Solve for x, [sin sin! cos?! cos '!cot!x] = 1; 


where [.] 1s gint function. 
Solution: [sin sin! cos’ coscot!x] = 1 


nN 
1 <sin™ sin cos! cos"!cot-x < — 
2 


sin 1 < sin“! cos?! cos? cotlx < 1 

sin(sinl) < cos! cos"! cot?! x < sin] 
cos(sin(sin1)) > cos"! (cot! x) > cos(sin1) 
cos((cos(sin(sin1))) < cot"!'x < cos(cos(sin1))) 
cot cos cos sin sinl > x > cot cos cos sin] 


x € (cot cos cos sinl, cot cos cos sin sin] | 


13. Find the number of ordered pairs of (x,y) which 
satisfy the following simultaneous equations. 
(i) y = |cos x| and y = cos(cos x); x € [—4z, 47] 
(41) y = |sin x| and y = sin“‘(sin x); x € [-2z, 27] 
(ii) y = sin‘(sin x) and y = (cos x); x € [-62, 67] 
(iv) y =tan"™ (tan x) and y = |sin x|; x € [-9z, 9z] 


Solution: (1) Graph of y = cos "‘(cosx) and 


y = |cos x| are as shown below. 


y=cos“'(cosx) 


y=|cosx| 


- 


x< 


Clearly, in [0,27]; y = cos‘(cosx) and y = |cosx| 

intersect each other twice, thus in [—47,4z]; they 

would intersect at 8 points giving 8 ordered pairs of 

solutions. 

(i) Graph of y = sin (sinx) and y = |sinx| are as 
shown below: 
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y=|sinx| 


a ae ( 


Clearly, the two graphs y = sin“(sinx) and y = |sinx| 
intersect each other atnz, VneEZ 
Total number of ordered pairs (x,y) satisfying the 
two given equations in [—27, 27] will be 5 
i.e., (-27,0);(—2,0);(0,0);(7,0); (27,0) 
(ii1) Graphs of y = sin! (sinx) and y = cosx are as 
shown below 
Clearly, the two graphs intersect each other at 
two points in [0,2x], thus in [-67,67], there 


will be 12 ordered pairs (x,y) of solutions. 


y 


y=sin-'(sinx) 


(iv) Graph of y = tan” (tanx) and y = |sinx| are as 
shown below: 


y=|sinx| —y=tan-"(tanx) 


The two graphs intersect each other at each point 
x=nnt,;ne€Z.Thus total number of ordered pairs 
(x,y) satisfying the given two equations in [-97,9z | 
will be 19. 


14. 


Solve the inequality tan” (tan 3 x) < a 3x,| x |< = 


Solution: 
Let 3x =t 


Clearly, (1) holds when graph of y = tan”! (tant) is 
below the graph of y = aa 


15. 


Nt Ian N 5X 

Sfpelo7 2 1G | 

2 2 8 2 8 
7 = (= 1 (2 By 
S56 Se 
3 6 6 24 6 24 


Find the area bounded by g(x) = cos” (cosx) and 


f(x) = sin! (sinx) — cos (cosx) for x € [0, 2r | 


x forOsx<a/2 


Solution: sin™ (sin x)= 4 —- x for <x< > 


3 
v—2n for—-<x<2n 


x forOSx<Sz 


and cos” (cos x)= 
27 -—x fora <sx<27n 
0 for 0Sxs5 


mx for Sx <a 
—# fornsx<3n/2 


3 
2x 4m; for—-< x<27 


16. 


Graph of f(x) is as shown below 


Area bounded by f(x) and g(x) = Area of AOAB 
+ area of trapezium EDCB 


= dion xno (45) xn 
2 a 


2 


= +n =2n° Sq, units 


Evaluate the sum of series Yi cot” (247 + A) + cot” 


(24"+3A)+cot (247 +6A)+cot (247 +10A)+ 
up to n—terms and hence evaluate the sum up to 
infinite terms for A > 0. 

Solution: (T,) = nth terms of series is 


cot” (22 + meta) = cot” 2 ee 


2 


= cot 


2A 


a oot” x= tan” a > 0 
4+n(n+l)Aa° x 


tan" (x)— tan” y = tan™ (2 


=" forsy > 
+ xy 


- bee a > tan” (Sh —tan™ (= A 
lel 2 2 


. If the value of 
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= tan 71) 4 tan a4 
2 oy 


-1 
Forn—-o,s_ = tan oo — tan 


iA GA 
eS an 
2 <2 2 


A 
= cot” 74s tan'x+cot'’x=z/2VxeER 


SS ta 2 
7 2 


Ja —tan™ a and S_ =cot™ = 
Z 2 


1+ f(A-1IA)A4+1)(A 42) 


] 
A(A+)) | is equa 


2 
to ——, then evaluate yw 


Solution: The (A — 1)th term of above series is 
a (A-1)A(A+1)(A 42) 
A(A+1) 


] 
Meg ee =y>x>y 


l 

A+] 

and x > 0 _ => Vl-x =V1-1/7 
_ (4-144) A- — 


aie ; Rs (A+ly-1 


(A+1) ey 
A+2A  JA(A+2) 
(A+1) ah 


—~cos )— 


-l -l 
=COS y—-COS X=COS 


A+] A 
E cos x—cos y=cos” (xy +I —x*fl-y? ) 
forx <y 
nt 1 
t, ,=cos —cos — 
(A+1) A 
=i = cos” eats 
ak n+1) 2 
] il ee 
“im Yt, = 008" —— cos" oo 'O- cos 
Kn HR TX nm 2470 
= —-—- = — —=— => u=144 
2 3 6 g 6 e 
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18. 


19. 


Show that x= cosec(tan™ (cos{cot™ (sec (sin™ a))))) 


and y=sec (cot (sin (tan™ (cosec (cos a))))) are 
equal for a < [0, 1] 


Solution: 


ell 


= cosec tn = 

Va 

_] V3-a’ 2 ; 
=o | ] = ¥3-a’...(i) 


Now y= sec cot! (sin (tan (cosec (cos a))))] 


= sec cot? sit (cosec cose 


. oso sna = a? )}) 
sf (wnt) 


fa) 
= see| sec"'(V3-a*) |= V3= a... (i) 


From (1) and (11) clearly x = y 


Find the range of _ the function 
f (x)= Jsin™ |cosx|—cos™ | sin x| and hence solve 
the equations, A=|sin™"|cosx||+|cos” | sin x ||; 
where Ae Range of f(x) 


Solution: f(x) =./sin™|cosx|—cos"|sinx| ...@ 


f(a#+x)= 


sin‘ |cos(z + x)|—cos '|sin(z + x) 


sin |—cosx|—cos|—sinx| 


= sin“ |cosx|—cos” |sinx|= f(x) 


= f(x) 1s a periodic function with period x. Let us 
find the range of f(x) in period == 2 . 
Case (i) xéE 0 


= sin” | sin( 2 7 = sin”'| sin & | 
ys ps) 


N NR N 
=—+xas —+x€E]0,— 
2 2 | 


Also cos ‘| sin x | 


- -cos{ 4 7 
2 


= COS 


Case (ii) xé«€ Ed 


sin” | cosx |= sin™' (—cosx) 


= sin” sin{ x2) = ary: + Zelo.e| 
2 p) 2 2 


ef 
and cos |sinx |= cos (sin x) 


N 
= cos” cos i aaron 
ia 2 ) 


N N 
=x-5, as x -— €| 0, — 
2 4 


2 2 
. Range of f(x)={0}>2=0 
. f(x)=O0VxeER 
. f(x) =|sin™ | cosx ||+| cos” | sin x |E A 
A€ Rangeof f(x) 


=| sin |cosx||+]| cos’ | sin x ||= 0 


= sin '|cosx|=0;cos'|sinx - Oassin™ x,cos x20 


=] >cosx=0;sinx= +1 


=> lcos x| = 


SSeS (2n+1)>sneZ 


Solution of given equation is {(2n + Ioan = zh 


20. 


Find the values of sin"! (sin7) and sin“ (sin(—5)). 
Solution: Let y = sin! (sin7) 


) 


sin! (sin7) #7 as7 ¢ eee a eg eae 
2: 2 2 


Graph of y = sin“ (sinx) is as shown below: 


YA y = sin-'(sinx) 


21. 


. 5 
From the graph we can see that if 27<x< a then 


y=x-2n 
=> y=sin'(sin7)=7-22 
Similarly, if we have to find sin“! (sin (-5)), then 


3 
pe 5 a 
2 


from the graph of sin” (sinx) we can see that 


sin7! (sin(—5)) = 2” + (-5) = 2a-5 
Find the value of cos” {sin(—5)}. 
Solution: Let y = cos” {sin(—5)} = cos“! (—sin5) 


= m#— cos }(sin5) (°. cos! (x)= a— cos!x,|x| < 1) 


Note that: —277 < & | <-Z 


Graph of cos” (cosx) is as shown below: 


| ¥ = Cos ‘(cosx) 


From the graph, we can see that if -27<x<-a 


then cos! (cosx) =x +22 


‘. from the graph 


‘. from (1), we get 


5 3 
. yHn- (2-5) =e 


i) 
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22. Find the value of tan c cos” S) 


1 475 
Solution: Let y = tan Too | 


5 5 
Let cost = @=>0«€ , =| and cos @ = - 


(1) becomes y = tan (3 


; V5 
,@ 1-cos@ 3 
tan” —= = = 
2 1+cos@ 


F<(0,4}->tanZ>0 
2 = 
from (ili), we get y = tan ae v5 
2 2 
ae: er 84 
23. Show that sin’ —+sin™'— = a-sin’ — 
> 85 
3 
Solution: -. Eee ee and 
5 17 
3) , (15) _ 8226 
5 17 71225 
oi ee. 
sin’ —+sin = —=7- 
17 
sin ' 2 fe ee 
5 289 1 5 
a 8 15 *) ( 
=N-—Sl —+—.— |=7-sin — 
517 175 
24. Evaluat Ae e Gr 
- Evaluate cos” 7, : 2 
12. . 4 63 
Solution: Let z = cos! — + sin! = -tan"! — 
13 5 16 
hoe oe 
sin” 5 5 : 
Z= cos en Le a tan”! 63 
13) \2 16 


< 4.79 
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ia 4 2g LZ _, 63 
Z=—-|cos —-—cos —|-t — 
2 5 13 16 
ae and aegis 
5 13 5 13 
29 a tZ 
cos cos —= 


5 13 
,|4 12 16 { 144 
cos | —x—+,/l—-—, /l-—— |= 
5°13 ¥ 25) 169 


Equation (1) can be written as 


Nu _{ 63 _{ 63 
Z=—-—cos |— }]-tan | — 
2 65 16 
. _,{ 63 _1{ 63 
z=sin |— |-tan | — 
65 16 
sap (OS _{ 63 
sin | — |=tan | — 
65 16 


From equation (11), we get 
z= tan” Sas tan” =0 
16 16 = Z 
5 
25. Evaluate tan! 9 + tan”! Fi 


5 5 
Solution: -. 9 > 0, "a O and ar >] 


1 1 


tan’ 9+ tan™ 


5 “s 
—=y7+tan 
A 


3 
26. Let a@=sin™ eC , B=cos” = and 
85 5 


y = tan” =| , find (a + B+ y) and 


hence prove that 


(1) >) cot ar = [ [cot Qa, 
(11) >) tan a.tan B =1 


Solution: sin 


85 


ss ge py 20 
=> cere ge => tan a= 77 


@ 


a 


‘(s) 
65 


Zils 


4 
B=cos 5 


a2 t ae dt ue 
cos B 5 = tan p q andtany =7; 


tan(a+Pp+y= 
tana +tan #+tan y—tana@ tan # tan y 
1—tan @ tan # —tan # tan y—tanytana 


36 3 8 363 8 
— 4+ —4—- —,—, — 
Seems ae eee 
36 3 8 = 3 = «8 ~~ «(36 
1-| —x—+—x—+—x 
E 4 15 4 15 = | 
tan(a+ B+ y)=0 


+B+y== 
at+P+y= > 
(1) cota + cotB + coty 
= | + po = Zane 1d _ 385 
tana tanfB tanvy 36 3 8 72 
] 77 4 #15 385 
II cot a = Te ae ee = 


tana tanBtany 36 3°8 °° #72 
cot a cot Bcot y= IIcot a = i cot a 
(ii) Xtan a tan B 


tan a tan B+tan Btan y+ tan ytan a 


36 3 3 8 8 36 
= —xX—+—x—+—x— = 1 
77 4 4 #15 #15 =#=77 
Prove that: 
1{ 3sn2a _,( tang 
tan | ——————— |+ tan =a 
5+3cos2@ 4 


A A 
wher 3 aA< 4 


2 


3sin 2 t 
Solution: L.H.S. tan” oe +tan[ an & 
5+ 3cos2a@ 4 


h LEE ee 
WOKE 5 


Let tan a=t 
2tan a 
a] \i+tan*a@ 


_,;{ tan@ 
543 pee eS 


|B es Bre 


tan 


1+tan’? a 


tan” Ot _1{ ¢ 
an) <—— + lan. | — 
8+ 2t° 4 


= tan'(t) =tan’! (tan a) =a=R.HS. 


| 


28. Prove the identities. 


(a) sin” cos (sin x) + cos sin(cos? x) = 7 , |x| <1 
2 


(b) 2 tan! (cosec tan“'x — tan cot"! x) = tan! x (x #0) 


2 2 
(c) tn” | — - Jean aa }- 
m —n p-q 


{ 2MN 
tan | 
M°-N 
where M = mp — nq, N =np + mq, 
2 =| 4 <1 and |—| <1 
m P 


(d) tan (tan"! x + tan'y + tan!z) = 
cot(cot’ x + cot’ y + cot! z); where x, y, z>0 
Solution: (a) 
LHS = sin“! (cos (sin! x) + cos (sin(cos"! x)) 
a) -l <x <0, putx =-|x| 
LHS = sin! (cos(sin™! (—|x]))) + cos? (sin (cos? 
(—|x|))) 
= sin !(cos(—sin“(|x|))) + cos! (sin (2 — cos“!(|x]))) 
= sin! (cos (sin™ (|x|)) + cos (sin (cos (|x]))) 


a 


= gin”! oo 
cos” (sin (sin Vl—- x? } 
= sin! (V¥1— x7 )+cos ‘(Vy1— x’ ) 


= 7/2 =R.HS. 

Gi) O0<x< 1 
LHS = sin"! (cos (sin? x)) + cos (sin (cos x))) 
= sin'(cos (cos'(¥l—x’))) + cos(sin (sin 
(VI-x"))) 


= sin! (V1—x? )+ cos (V1 — x? ) 
= m/2 = RHS proved. 
(b) 2 tan“! (cosec tan-!x — tan cot"! x) = tan"! x 
case (i): x < 0, put x = —|x| 
L.H.S. = 2 tan"! (cosec (tan“(-|x|)) — tan(cot”! 
(— |x|))) 
= 2tan-'(cosec (—tan™|x|) — tan (a — cot |x])) 


= 2tan"' (cosec (tan™ |x|) + tan (cot |x])) 


Inverse Trigonometric Functions < 4.81 


2 —l 
= 2 tan | —cosec co | 
x 


= 2a AE wl | 


Ix] |x| 


; 1-VJl+x’ 
= 2tan™ i ; (put |x| = tanO) 


ae 1—-VJ1+tan’@ = 21an-( 1—cos@ 
ca tan @ tan 8.cos@ 
ee : 2sin~ @/2 


—_—___—_—— | = 2 tan’ (tan 6/2) 
2sin @/2cos 6/2 


0 
= 2tan! (tan S = 2. 5 6 = tan™|x| 


(ii) x > 0 
LHS = 2tan (cosec (tan™! x)) — tan (cot x)) 


= 2tan-!| cosec sore | Boas |} tan) 


x x 


wer a1 —] sec 9-1 
= 2 tan"! = 2tan! 
tan 0 
= 2 tan’ =e ma (tanO = x) 
=94 2sin’ — 2sint @/2 Suara 4) . 
— 2 sin 2sin 6/2cos 0/2 @/2 ee 2 
=tan'!x 
(c) 2 <1;;4 <1 
Pp 
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= 2tan™ (=) atom (2. 
m P 
| for ns!) 
—x 


C 2tan x= tan 


= 2 tan" tan 4| (1) 
m P 
np + mq 7 
Now <l=> = rr (11) 
mp — nq 
Also |“. £) =|7)|4) <1 
m p m|\| Pp 
from (1) 
tt: 5d. 
= 2} tan” Lae 2 tan” he sm he | 
1 ime mp nq 
m p 
2{ set 
mp-n 
= tan” a (-. of (a1)) 


=e 2(np + mq)(mp — nq) ee 2MN | 
(mp — nq) — (np +mqy M*-N* 

where Mf = mp — ng and N = np + mq. 

Hence proved 


(d) LHS = tan (tan ‘x + tan“y + tan“'z) 


+y+z- 
_— an [ztetenne 
l—xy-— yz- zx 
xt y+z-xyz 
aaa lt) 
—xy- yz-2x 
RHS = cot (cot 'x + coty + cot™z) 


agielk al vu 
= cot | tan Pes ee —_ 
Z 


] 1 

2 a xX YZ xyz 
cot | tan IE T_ T i 
xy V2. 2X 


cotta aa uauetecl | 
XVZ-xX-y-zZ 


cot} tan” a cae SER aa 
X+y+Z—xXyz 


29. 


os ' a) 
l-xy- yz—- zx 
sy ey Gi) 
l=xy= yz—2zx 
from equation (1) and Gi) LHS = RHS 


In a AABC, if ZA = ZB = 


soe Si} (mene! 


then find the area of AABC. 
e . l V6 +1 +sin" [+] 
Solution: sin 5 B 3 
V6 +1 af 
ae (ee as ea 
W62T.. 4 
SS 4+ 
= ra" -] 3 S412) 2 a V6 +1 I > ] 
ee No+1 1 |L) V3-2 V2 
V3-J2 V2 


V2(W3 - V2)- (V6 +) 
as eee) 


: ered 
= 7 + tan TT 


V6 -2-J6-1 


s) =n + tant (-J3)= 2-2 = 


“Pe ) 
3 


= n+ tan! 
3 3 


According to the question 


ZA = ZB sf eae a) 


a 
2 
=> /A=/ZB= * 
3 


=> AABC is an sauiisictal A 


Ba is 


ar (AABC) = aca = Fl 


& 


Boye: 6. ae 


- 4B Kex« 


= 3 x 3 x 3 = 27 square units 


30. Find the integral values of k for which the system of 31. Prove that the equation, (sin! x)? + (cos'x) 


equations: 


k 
(arc cosx) + (are sin y)” = —— 
possesses solutions 


(arc sin y)’.(are cos x) = 7a 


and find those solutions. 


i) 


Solution: cosx + (sin“y)?= 
4 


(cos? x) (sin! y)? = = ...(i1) 


Let cos'’x =a>ae (0, z] 


a 
miv=hb se 
sin” y= be 5 4 


Then equation (1) and (11) become 


i255 — <n+—: OK<k<K< aan 
4 n 


k is integers sok = 0, 1, 2 
if k = O from i aa (11); we geta=b=0 
pa 


from (111) 6? = - a put in (iv) 


kr’ X 
a| ——-a |=— 
4 16 


16a? — 4kr’a + nr’ =0 ..(V) 
aéeR 

D=0 

RP>4,k>2 

sok=2 

put k = 2 in (v) 

16a’ — 87’a + r= 0; (4a- 7’) =0 


4 


nu sj a 
a=—=cos x;x=cos— 
4 
2 4 
from (iv); we get fy = Laas ee la sin y 
4 | 2 
Sy =i] 
sok=2 


2 


1 
x = cos! rae Aa 


32. 
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am has no roots for @ < a, and @ > a 
32 8 


Solution: (sin! x)? + (cos! x)? = a7? 


=> (sin'x+cos'x).[(sin'xt+cos!x)—3sin!xcos!x]= a7 


yp AS alee Pie ee ena 
2| 4 


=> sin'x F sin x -* (_8a) 
2 I2 


=> (sin! x)?- = sin” x= -—d — 8a) 


sin” pg Eee ye 
4) 48 


N oe N 
—~- <¢sin'!x<— 
2 2 


=> — <sinty-2 <7 
4 
=> 0<(sin'x-4 ge 
16 
from (1); 66 yee eee 
48 16 32 8 


sO given equation has no roots 


for pes and wast 
32 8 


Show that the roots r, s, and ¢t of the cubic x(x — 2) 
(3x — 7) = 2, are real and positive. Also compute the 


value of tan'!(r) + tan“'(s) + tan‘(t). 


Solution: x (x — 2) 3x — 7) =2 
=> 3x? -— 13x?+ 14x-2=0 


Now, r, s, ¢ are roots of equation, 


13 
= Pre eea 


14 2 
and rs+st+ts ae rst = eS 


Now, tan!r +tans + tant = tan“! 


r+st+t—-rst 
= 7+ tan- arene Crs +st+tr>1) 

2 
-~|: 3.3 
= 7+1tan | —— 
a + tan A 
i 
3 

30 


a+tan"(-l)=2 Sao 
4 4 


r+s+t—rst 
l-(rs+ st+ir) 
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Comprehension Passage Type 


2k 2k 
A: Consider the summation > > cot” (4 =f(k)z, 
L 


then answer the following questions 
33. Which of the following is true? 


(a) f(k) = sum of first k? natural numbers 
(b) f(k) = sum of first k odd natural nos. 
(c) f(k) =k? -2k+5 
(d) None of these 

34. The range of function f(k) is 
(a) (-29,c0) (b) [0,c2) 


35. The roots of equation £(k)+ ; f(k)-—20=0 are 


(a) 4 (b) —5,4 
(c) 3,4 (d) None of these 
36. The solution of inequality f(k) — 100 <0 is 
(a) [-10,10] (b) [0,10] 
(c) [1,10] (d) £1,2,3,4........,9} 
37. The value of tan" ( f (2)- 1)+ sin” eee 
f (2) 
u Xu 
(a) 7 (b) a 
20 SH 
(Cc) = (d) 2 


tk 2k Pe 
Solution: Given 2, 2,00 (4)- f(k)a 


Given summation 


= cot” et . ne = + cot” —~) 
2 3 - 2k 
+cot™ (7 }+< ot” (F}+00t Gr +cot! (=) 
l yi) a. 2k 
+cot iy 7 “hor (=) cot” (= 
; 3 | to 


33. 


34. 


35. 


36. 


37. 


- Diagonal elements are each equal to cot’ (1) 
which are 2k in counting and the elements above 


and below diagonal forms pairs of the form 


2k) — 2k 
cot! (7) cot! * Jana they are aS] 
n m Z 


in counting 


2 24(=)4 (2k) -— 2k 
4 2 
2k? —k 
pi 2 
given 


. (kak 


fk) =R=14+3+5+....4+ Qk) 
= sum of first k odd natural nos. 
= Option (b) is correct 
fk) =k 
=> range of f(k) = [0,0) 
But k EN 
= Range of f(k) = {1,4,9,16,.....} Ams (d) 


ld 
2 


= (k + 2k? - a =k’n = f(k)ax 


k 

fe) 9) 9-0 
=> k?+—(k?)-20= 0 

k 
=k’ +k-20=0 =>(k+5)(k-4)=0 
=>k=-Sork=4 But keN 
= k = 41s the only root of given equation 
f(k) — 100 <0 
=k’ -100<0 


=k e(-10,10) ButkeN 
Solution set of given inequality will be {1,2,3,4,5,...9} 


f(2)-1 | 
f (2) 
tan” (V3) +sin™ 3 )- att en = (c) 


2 3 


tan™| f (2)- 1} +sin™' | 


38. 


39. 


40. 


: If it is given that sin (cos’x) = 


l—x’ for all x, 


cos (sin'x) = ¥l—x° for all x and tan (cot? x) = a 
for all x 40, then = 


sin(cos"! x + sin7! (x —2)) = 
(a) -l 
(b) | 


(c) Vl-x? ¥-x’ +4x-3 +x(x-2) 
(d) Vl—x* ¥x* —4x+3 +x(x-2) 


Solution: (a) cos'x > -l<x< 1 
sn (x—2) >-l<x2<l>l<xs<3 
x=] 
sin(cos! x + sin"! (x — 2)) =sin (cos! 1 +sin“(-1)) 


M4 
= sin| -— | =-l 


l ee | 
+ cos = 
x+]1 x+2 


@) V3+v8 bo) V3 +v8 
6 6 

() 43-8 
6 


cos sin” 


(d) 0 


Solution: (c) 


staal rel sill 
coOs| Sin —+cosS — |}=COS| SIN — 
2 3 2 
COS; COS — |—SIN| SIM — jsmM| cos — 
3 2 3 
oF ee ee ee 
43 2 9 6 


tan tan 1? +i4+cot™ =) = 
+2 


x 
4 4 

(a) 7 (b) _ 

(c) = (d) Not defined 


l 
Solution: (b) tan tan” 5+cot” =| = 


l 
tan (tan 5] + tan cot ;| 


1—tan (tan 5] tan cot ;| 
3 


: It is given that A = (tan™’ x)> + (cot'x)’; where 


x > 0 and B = (cos"!#)*+ (sin"'2)*; where t € 0 


ry 


41. 


42. 


43. 
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1 

and sin'x + cos'x = — for -1 < x < 1 and 
1 

tan-x + cot"lx = 7 for allxe R 


The interval in which A lies is 


ae 
(c) ES = (d) None of these 


Solution: (b) A = (tan-!x)> + (cot!x) 


=> A=(tan'x + cot x) —3 tan! x cot '!x(tan x + cotx) 


3 
=> 4=|" Laan heer te 
2 2 


Lama x2 tan ts 

= BD 2 
n° 3K mx) n\ 7 
——+-——| tan x-—] ;0<] tan’ x-—| <— 
a2: 2 4 4 16 

3 3 

asx > 0, foe ee 

32 8 


The maximum value of B is 


2 2 


= = 


a 5 te 
(a) = ©) 

T° 
(c) a (d) None of these 


Solution: (c) Given B = (sin™'f)? + (cos 'f)* 


=> B=(sin't+cos's’- 2 sin't cos't 


n° x 
= Pf =—=2sin-'¢| —=sin't 
4 E 


B a +2 (sin poe ) 
te net. 
8 4 


a | a 
+2 — 


16. 4 


If least value of A is A and maximum value of B 


X |. 
is 4, then cot! cot is equal to 


@) = ) -2 
710 7X 
(c) ro (d) as 


XN 
Solution: (a) A = —— 
ee 


= ae 
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A-Un _N_ -7n 
Ll 8 8 
A- Ul 4] 70 \ & 
= cot'!cot =cot cot} ——— |= — 
8 8 
Assertion Reason type 


(a) If both assertion and reason are correct and reason is 


the correct explanation of the assertion. 


(b) If both assertion and reason are correct but reason is 


not correct explanation of the assertion. 


(c) If assertion is correct, but reason is incorrect 


(d) If assertion 1s incorrect, but reason is correct 


l 


1 1 
44. Statement 1: cosec”! H+ 5 | Sec =] 


45. 


Statement 2: cosec'x > sec”! x if 1 <x < V2 


Solution: (a) cosec’!x > sec'!x 


—l T -] -] N 
> cosec x > > —cosec "x => cosec x > 4 


1 <x <2 and H+ | e[1,V2) 


Statement 2 is true and explains statement | 


Statement 1: sec"! 5 < tan! 5 < tan"! 7 


Statement 2: sec"! x < tan"'x if x > 1, sec'x > tan—!x 
ifx <—] and tan'x, > tan” x, if x, > x, 


Solution: (a) tan-'x is an increasing function by definition 


secx = tan! x’ -1 forx>1 


‘ 4 
sec! x <tan!x if tan! ¥x° —1 <tan'!x 


If Vx? -1 <x if x?- 1 <x? which is true 
Also for x < -l; 
sec xe (Fa Jan tan xe (-=,-4| 
2 2° 
= sec!x>tan!x 
Statement —2 1s true 
Statement —1 sec7'5 < tan’ 5 < tan’ 7 holds by 
statement-2 


Column Matching Type questions 


46. Column-I 


(a) Ifx > 1, then sec (cosec™'x) is equal to 
(b) If x <— 1, then sec (cosec™'x) is equal to 
(c) If x > 1, then cosec (sec™'x) is equal to 
(d) If x > —1, then cosec (sec™!x) is equal to 


Column-Il 
(p= 
ss “—] 
(qq) = 
q 2] 
(r) : 
r 

x’ -] 


(s) Not defined 
Ans. (a) > (p); (b) > (|); 
(c) > (p); (d) > (@) 
For (a) and (b) sec(cosec"!x) 
Solution: Let cosec! x = 0, then x = cosecO, 


"<g<o0or0<a< 


2 2 
“ secQ= V1l+tan’@ 


| l 
cot” @ 

—— eee 

cosec’ @-1 2 


l x 
= j/l+——, x #+l1= ba ca aed 
x —| x*—] 
x 
> xX>l 
,) 
x —] 
“sec (cosec™!x) = 
—Xx 
x<-|] 


2 2 
xX — 


For (c), (d) cosec (sec™!x) 


Let sec!x = 0, 


then x = sec 0,0 <0 <— 


1 
or— <O0<Zz 
2. 


l x 
= jl+——_;x#4+l= Ed eel 
x x’? —] 
x 
,x>l 
2 
Vx — 
=> cosec (sec !x) = 
—x 
,x<-l 
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SECTION -—III 


OBJECTIVE TYPE (ONLY ONE COREECT ANSWER) 


2 3 4 6 
ipsa 22 2p. east eee 
24 2 4 


= for 0 = || </2 , then x equals 
2 


| 
Cee (b) | 


l 
Ores (d) -l 


. cos(sec™! (cosx)) 1s real, if 
(a) x € [-1, 1] 
(b)xeER 


(c) x is an odd multiple of ae. 


(d) xis a multiple of z 


. tan Cee + tan ier , x # 0, is 
4 2 4 2 


equal to 

(a) x (b) 2x 
Z 

(C). = (d) None of these 
x 


. The set of values of & for which x? — k + sin! 


(sin4) > O for all real x is 


(a) (b) (-2, 2) 
(c) R (d) None of these 
. 2(tan'] + tan~'2 + tan! 3 ) 1s equal to 
(a) 2/4 (b) 2/2 
(c) a (d) 2x 
. The value of tan™ “—tan7? e for |a| < |b] is 
b a+b 
nN n 
a) — ne, 
(a) : (b) i 
(c) = (d) 0 
6 


. Solution of the equation 2tan (cosx) = tan”! (2 cosec x) is 


(a) v= nn + ne L 


) x=nn+2 ne Z 


10. 


11. 


12. 


13. 


14. 


. If fx) = sin! S 


(c) renn+— in = A 


(d) None of these 


v3 1 l-x’ arse then 
. 2 2 
fix) is equal to 


eee ae 1 
a) sin-!'——sin 7! x b) sin!x- — 
(a) 5 (b) F 


(c) sin’x + 2 (d) None of these 


. The value of 


% | . =}; 2 
sin COs; Sin 


| +cos” Ee sec” 8) 1S. 


1 
(a) 0 (b) 7 
4 1 
(c) = (d) By 
The maximum value of (sec™!x)? + (cosec"!x)’ is equal to 
1” 51° 
Obes b) = 
(Cc) 7e (d) None of these 


If [sin'cos'sin'tan'x] = 1, where [.] denotes the 
greatest integer function, then x belongs to the interval 
(a) (tan sin cos sin 1, tan sin cos sin2] 

(b) [tan sin cos 1, tan sin cos sin] ] 

(c) [1-1] 


(d) [ sin cos tan 1, sin cos sin tan1] 


Number of solutions of the equation sin’'x + sin’ 
(1 — x’) =cos'x + cos!(1 — x’) is 

(a) 2 (b) 3 

(c) 0 (d) 1 


1 
If tan'x+tan’ yt+tan”! z = aor oe then 


(a) xtytz=3xyz (b) xtyt+z=2xyz 


(Cc) xy+zx+yz=1 (d) None of these 


_ xytl 1 yz+l _) 2x+1 
cot! 2 + cot! =~ + cot ‘sx >y>z>0 


x-y y-z zZ—-Xx 
and x, y, z distinct is equal to 

(a) 0 

(b) 1 


(c) cot'x+cot"y + cot!z 
(d) None of these 
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15. 


16. 


17. 


18. 


19. 


20. c 


21. 


22. 


+ - | 
if tant oe 4 tan? 2° * — 7 | then x? is equal to 
a a 6 
(a) 23a (b) 3a 
(c) 23a? (d) None of these 
= 4 € . 
If tan” yee ee oe iy 
Cytx l+c,¢, l+c,c, 


ery | 
upto n terms = 0; x, y, c,, c,> 0 then tan” —~ is equal to 


n 


(a) tan? ~ (b) tanc! yx 
x 
(c) tan? (d) tan” (x —y) 


The number of real solutions of the equation 
V1+cos2x = J2 sin” (sin x), -r7<x<7is 

(a) 0 (b) 1 

(c) 2 (d) infinite 


The number of real solutions (x,y) where |y| = sinx, y 
= cos! (cos x), -2m<x <2, 1s 


(a) 2 (b) 1 
(c) 3 (d) 4 


fora) r l 
Value of >) tan ——; | is equal to 
a lt+r+r 


@) = o) = 
ae”. 4 
N 
(c) vi (d) None of these 
(2 x +V1-x° ‘fez cost — cos tx holds 
for 
(a) |x| <1 (b) xER 
(c) O<x<l (d) -l<x<0O 
Total number of positive integral value of ‘n’ so that 
the ae cos x + (sin! y)’ is equal to 
nn 7 ee ea si x 
——— and (siny)* — cos"!x = {sin —cos x=— 
7 and (sin"y) (sin y) eZ 


are consistent, 1s equal to 


(a) 1 (b) 4 
(c) 3 (d) 2 


~ l 
Sin (sin (+ r is equal to 


(a) tan” (Vn) -= 
(c) tan * (vn) 


23. 


24. 


25. 


26. 


27. 


28. 


The complete solution set of [cot x]? -6[cot!x]+9< 
O, where [.] denotes the greatest integer function, 1s 
(a) (xo, cot3] (b) [cot3, cot2] 

(c) [cot3, oo] (d) None of these 

If [sin-'x] + [cos"! x] = 0 where ‘x’ 1s a non negative 
real number and [.] denotes the greatest integer func- 
tion, then complete set of values of x is 

(a) (cosl, 1) (b) (-1, cos]) 

(c) (sinl, 1) (d) (cosl, sin1l) 


Complete set of values of x satisfying [tan™! x] + [cot x] 
= 2 where [.] denotes the greatest integer function, 1s 
(a) (cot2, cot3) (b) (cot3, — tanl) 
(c) (cot3, 0) (d) None of these 


sin'(cos(sin'x)) + cos'(sin (cosx)) is equal to 
1 

b) = 

(b) 5 

(d) 0 


Ife +yt+27=r;x, yz, r>0, then 


tan” 2 + tan” = +tan”! (=) is equal to 
zr xr yr 


(a) x b) > 
(c) 0 (d) None of these 


If sin! a + sin'b + sin'ce = az, then the value of 


a,|(1- a?) +b, |(1-b?) +c (1-c?) will be 


(a) 2abc (b) abc 
] 1 
(Cc) y abc (d) a abc 
29. cos! ,/—— = sin” is possible if 
(a) a>x>b (b) a<xx<b 
(c) a=x=b (d) a>b,xeER 
30. If x, = 2tan”’ T= | x, = sin (= } where x € 
l-x = l+x" 


31. 


(O, 1) then x, + x, is equal to 


(a) O (b) 2x 

(c) 4 (d) None of these 

Ifae (--2), then the value of tan'(cot a) — 
cot ‘(tan a) + sin“(sin ot) + cos (Cos ot) 1s equal to: 

(a) 2x +a (b) x+a 

(c) O (d) x-a 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


1 
If z = sec! [» +4] +sec™! ( y 4 , where xy > 0, then 
3 y 


the value of z (among the given values) 1s not possible: 


SI 70 
alee 3 ®) To 

On SH 
aT s, 


The number of solution of equation x cot'(x-1) + 
(x-1) cot!x =2x-1 


(a) O (b) 1 

(c) 2 (d) 3 

If xe [-1, 0) then cos"!(2x? -1) —2 sin'x equals 
—1 37 

a) — b) — 

(a) 7 (b) 5 

(c) —2n (d) None of these 


If ve (20) then value of the expression 


sin!(cos(cos !(cosx) + sin“!(sinx))) equals 

1 1 
(a) = (b) > 
(c) O (d) None of these 
Which of the following is negative 
(a) cos (tan! (tan 4)) (b) sin (cot? (cot 4)) 
(c) tan (cos! (cos 5)) (d) cot (sin (sin 4)) 


If x,, X,, X 


» Xy» Xz, X, are roots of the equation x*—x° sin 2B + 
“ 4 

x’ cos 2B — x cos B — sin B = 0 then > tan” x, is equal to 

(a) x-B (b) x— 2p" 

(c) r/2-—8 (d) x/2 — 28 

The inequality log,(x) < sin” (sin(5)) holds if x € 


(a) (0, 2°") (b) (2°, «&) 
(c) (2°, &) (d) (0, 2°) 


If sin! x + sin ly + sin“!z = SL and f(1) = 2, f(p + q) 
= f(p). f(q) V p, q € R, then x% + pO + 2 _- 


X EV rZ = 
xO 4 yf 47/8 
(a) 0 (b) 1 
(c) 2 (d) 3 


3 
Iftan!x+cos" ha Tie sin” Vio where x andy are 
+ve integer, then number of possible pair of (x, y) 1s: 


(a) 1 (b) 2 
(c) 3 (d) 4 


Ifx >0,y > 0 and x>y, then tan’ (x/y) + tan! [(x + 
y)/ (x — y)] 1s equal to: 


43. 


44. 


46. 


47. 


48. 
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(a) —1/4 
(c) 3n/4 


(b) 1/4 
(d) None of these 


. The inequality sin“ (sin 5) > x? — 4x holds if 


(a) x=2-J9-27 
(b) x=2+ J9-27 
(c) x € (2-J9-27 ,2+ 9-27 ) 
(d) x>2+ 9-27 


The value of cos~! re ~ cos! v6 +1 is equal to 
3 23 
1 1 
eae bys 
(a) a (b) : 
1 1 
c) — d) — 
(c) : (d) : 
If ee. x < 1 then cos'!x +cos! cae ee is 
V2 2 
equal to 
(a) 2 cos!x = (b) 2 cos-lx 
1 
c) — d) 0 
(c) r (d) 


. The set values of x for which the equation cos?! x + 


cos? Gan —3x? == holds good, is: 
] 
b) | 0,= 
) [0.5] 


(d) {-1, 0, 1} 


(a) [0, 1] 


© [pt 


The no. of pair of solutions (x, y) of equation 1+ x? + 
2x sin (cosy) = 0 1s/are 

(a) 4 (b) 3 

(c) 2 (d) 1 

Number of solution of equation sin’ x + n sin‘(1 -x) 


mm 
=F where n > 0, m < O18: 


(a) 3 
(c) 2 


(b) 1 

(d) None of these 

Equation of the image of the line x +y = sin/(a*+1)+ 
cos /(a7+1)-—tan(a+ 1), a € R about y-axis is given by 


(b) x-y =0 
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49. 


cosec!(cosec x) and cosec (cosec'x) are equal func- 
tions then maximum range of value of x is - 


v/a v/a 
2 ie _ E 4 

TW TW 
” |-§.0) 0 | 
(c) (<0, -1] U [1, ©) 
(d) [-1, 0) u [0, 1) 


30. 


S1. 


If cos’ p+ cos! q+cos'tr=z. Then value of p? + q? 
+ r? + 2pqr + 4 is equal to- 

(a) 1 (b) 0 

(c) 5 (d) 3 


The number of real solution of tan? V*(*+) + sin 


KH . 
Vx’ +x+4+1=— 1S 
2 


(a) zero (b) one 


(c) two (d) infinite 


SECTION-IV 


OBJECTIVE TYPE (MORE THAN ONE CORRECT ANSWERS) 


Indicate the relation which is true. 
(a) tan |tan“x| = |x| 

(b) cot |cot!x| = x 

(c) tan“ |tan x| = |x| 

(d) sin |sin7! x| = |x| 


1. 
The value of f(x) = tan 7 sin 


is 


(a) fix) = ze if0<x<1 
l= x" 
ao, 25> 2% 
(b) fix) = - ifx<] 
l-x" 


(c) not finite if x > 1 
(d) None of these 


If tan’ y = 4 tan'x, then y is not finite if 
(a) x =3+2V2 (b) x? =3-2 2 
(c) x* = 6x?- 1 (d) x*=6x?+ 1 


If the equation sin'(x* + x + 1)+cos'(ax +1) = has 


exactly two solutions, then a can not have the integral 
value 

(a) —1 (b) 0 

(c) 1 (d) 2 


The value (s) of x satisfying the equation sin“ |sin x| = 


/sin”' |sinx| is/are given by (n is any integer) 


(b) nx+ 1 
(d) 2nx+ 1 


(a) na 
(c) na— 1 


If tan'(sin’8 + 2sin0 + 2) + cot (4° 9 +1)= 5 has 


solution for some 8 and ¢ then 


2x 1  _1-x 8 
-+—cos > : 
I+x 2 l+x" 


10. 


11. 


. If f(x) = sin! x 


(a) sin 0 =-]1 
(c) cos = 1 


(b) sinO0=1 
(d) cos ¢=-1 


. If tan’ (= +tan” = ae , then x 
x x 2 


(a) Jab fora, b>0 (b) -Vab 
(c) 2ab (d) does not exists for a.b <0 


2x 
If 2tan x + sin” ax? is independent of x, then 
x 


(a) x € [1, 0) 
(c) x € (-«, -1] 


(b) x € [-l, 1] 
(d) None of these 


- cos! x + tan! x - cot! x - sec’! 
x + cosec x, then which of the following statement(s) 
hold(s) good ” 

(a) The graph of y = f(x) does not lie above x axis. 


(b) The non-negative difference between maximum and 
6 


minimum value of the function y = f(x) 1s la 


(c) The function y = f(x) 1s not injective. 
(d) Number of non-negative integers in the domain of 
f(x) 1s two. 


Let f: R > R defined by f (x) = cos! (-{ —x }) 
where {x} 1s fractional part function. Then which of 
the following is/are correct? 

(a) f 1s many one but not even function. 

(b) Range of f contains two prime numbers. 

(c) f 1s aperiodic. 

(d) Graph of f does not lie below x—axis. 


If (sin x) + (sin y) + (sin z) = — , then the 
value of (x-—y +z) can be 

(a) 1 cb) sl 

(c) 3 (d) —3 


12. 


aS : 
In AABC, if ZB =sec (3) +e0sec 5. HE 
DS (9 
cosec”! oi + cot! 2 and c = 3. Which of the fol- 


lowing statement(s) is/are correct? (where all symbols 
used have their usual meanings in a triangle) 


(a) tan A, tan B, tan C are in arithmetic progression. 
(b) The distance between orthocentre and centriod of 


AABC is - 
(c) Area of AABC is irrational. 


13. 


14. 
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(d) Radius of escribed circle drawn opposite to vertex 
A 1s rational. 


The value(s) of x satisfying the equation sin" |sin x| 
= ,/sin"'|sinx| is/ are given by (n is any integer) 
(a) nt (b) nz+1 


(c) nx -1 (d) 2nzx + 1 


If tan! (sin?0 + 2 sin 8 +2) + cot?! (ar? +1)= 7 has 
solution for some 8 and o then 

(a) sn 0 =-1 (b) sin0=1 

(c) coso= 1 (d) cos 6 =-1 


SECTION-V 


ASSERTION AND REASON TYPE QUESTIONS 


The questions given below consist of an assersion (A) 
and the reason (R). Use the following key to choose the 
appropriate answer. 


(a) If both assertion and reason are correct and reason 1s 


the correct explanation of the assertion. 


(b) If both assertion and reason are correct but reason is 


not correct explanation of the assertion. 


(c) If assertion is correct, but reason 1s incorrect 
(d) If assertion 1s incorrect, but reason is correct 


Now consider the following statements: 


1. 


De 


A: sin”! sin ae ae 
3 3 


R: sin’ sin 8 = 9; where 0 € -%. | 
2. 2 
A: cos! x + cos! y = cos?! [xy Vi= x" I-y’}. 
Ifx,y>0. 


R: cos (cos?! x) =x when x € [-1, 1] 


1 1 
. A: The value of tan! (1) + cos"! [- >] + sin (-—) 


is equal to = 


R: tan"! x+cot! x= 7/2 


37 


A: If tan"! 2 + tan! 3 = va 


x+ 
R: tan’ x + tan’ y = tan" (2+) . where x > 0, y> 
xy 


0 and xy > 1. 


10. 


11. 


: cot! (x) = 2-cot!x. 
: The range of cot! x is (0, 2). 
: cot!2+cot'8+cot! 18+cot! 32 +... 1s equal to 7/4. 


: The sum of the inifinite series is always equal to 7/4 


> FP KX YP 


: Equations 2 sin’ x +3 sin! y= = and y= kx —5 
hold simultaneously when k 1s equal to 6. 
R: sin! x is continuous function in x € [-1, 1] 


L <4 1 3 
A: The value of cos (00s =| is equal to ~ 


R: The main point of the definition of inverse function 
is that if fis one-one and onto mapping then f' 
exist (as a function) 


A: sin! (sin 3 )=3 


R: For principal values of x sin“ (sin x) = x 


A: Ifx <0, tan! x+ tan” (~) < 
x 2 


1X 
R: tan?x + cot! x = Bee ER. 


Atl x= 
y = sec(cot™ (sin(tan'(cosec(cos“'a))))), where a 
€ [ 0, 1], thenx=y 


cosec(tan"! (cos(cot!(sec(sin'a)))) and 


] 
R: sin” (2) = cose" x € (-0, -1] U [1], 0), 
xX 


cos” (+) = sec ' x, Vx € (—c0, — 1] Uf], ©) 


x 


afl cot x, x>0 
tan |— |= 
x —7+cot x,x <0 
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12. A: The solution of system of equations 2n 
13. A: If })sin' x, =n ne N. Then, 


cos x+(sin” y)* = PF and (cos"x) (sin"y)? = = 
4 2 n n i n 
<< is x= cos and y = £1, for permissible in- »* = a re pies 
] i=] i=] i=l 
teger values of p. - = 
R: —-— <sin'’x<—,V xe [-], 1]. 
R: AM = GM for non-negative numbers. 2 2 
SECTION-VI 
mn 30 
LINKED COMPREHENSION TYPE QUESTIONS eee R ae 
2° 2 
cot lx R (1, 27) 


A: The inverse of a circular function fA > B exists iff fis 
one-one onto function (bijection) and given by f(x) = y. Based on above system, answer the following questions: 
Thus f' (v) = x. Consider the sine function sin x : R > 


IR which is a many one into function. So its inverse does 4. sin"'(—x) is equal to 


bee a (a) —sin-!x (b) m+ sin!x 
not exist. If we restrict its domain | -—, — | and co- ; 
a> ve (c) 2a-sin!x (d) 3x-—cos!vl-x°,x>0 
domain [—1, 1], then sin x would be one-one and onto 
and hence its inverse function would exist. 5. If f(x) = 3sin'x — 2cosx, then f(x) 1s. 


1. If sin’ sin 0 = 2— 9, then 0 belonging to (a) even function 


- (b) odd function 
(a) R (b) 0 4 (c) neither even nor odd 
xz 37 (d) even as well as odd function 
(c) BE = (d) [0, 27] - ; 
6. The minimum of (sin“'x)’ — (cos'x)’ 1s equal to 
2. The trigonometric equation sin’ x = 2 sin'y has a (a) _ 93 0 (b) 63 03 
solution for 8 
l l 125° 1252 
< = <= (c) —— (d) - 
(c) R (d) V2 Sit 7. The value of sin-'x + cos x is equal to 
(a) Z o) 22 
3. The value of x, if 2 sin"! x = sin”! (2xvi — x 1S 9) 2 
ast ots © + = 
(a) Ja’ (b) 


1 1 1 8. If in another such system co-domain of sin™'x is 
©) |? OR UIN IAN) 5x 3 
v2" v2 v2 v2 =, 3 and sin'x + cos!x --2 then in the 
B: While defining inverse trigonometric functions, a new ne ene eee oe Pree ee 
system is followed where co-domins have been rede- y : 
fined as follows: (a) [47,571] (b) [32,47] 
Function Domain Co—domain (c) [6,77] (d) [57,67] 
act [1,1] z, = 9. sec’ (tan! 2) + cosec?(cot’ 3) +2 is equal to 
2 2 (a) 17 (b) 15 


cos 'x [-1,1] [x, 27] (c) 25 (d) 27 


10. 


11. 


12. 


13. 


14. 


15. 


: If |x| < 1 and |y| < 1, then the system of equations are 


defined as, 
(cos'x )+ (sin'y) = — sass (1); 
4 
, . 
(cos'x).(sin ly)? = — ....(i1) 


16 
The set of values of a for which equation (1) holds true: 


(a) (0, — 7 (b) joa] 
(a 
(c) R (d) @ 


The set of values of a for which (1) and (11) posses 
solutions: 


(a) (~~, -2] UV [2, ~) (6) (2,2) 


4 
2,—+t+1 
@ fate 
The integral values of ‘a’ for which the system of 
equations (1) and (11) possesses solutions: 


(a) {2} (b) {x:x=n,n eZ} 
(c) {-1, 0, 1} (d) None of these 


The values of x and y for which system of equations 
(1) and (11) posses solutions for integral values of ‘a’: 


r: r 
(a) {cos (b) {cos} 


(c) {cos a (d) {(ey):x € Ry € R} 


(d) R 


cot! [(cos a)"?]-tan -! [ (cos a)!” ] = x, then sinx is 


equal to 

(a) tan? (S| (b) cot’ (<.| 
pl 2 

(c) tan a (d) cot (<) 


: Let f: A > B be a function defined by y = f(x) such 


that fis both one-one (Injective) and onto (surjective) 
(1.e., bijective), then there exists a unique function 
g:B—-A such that fx) =yo g(y) =x, Vx € A and 
y € B, then gis said to be inverse of f 

Thus, g=/f': B>A= {(f(), x): x € A}. If no branch 
of an inverse trigonometric function 1s mentioned, then 
it means the principal value branch of that function. 


The value of cos (tan tav4) is 


1 1 
(a) Wii (b) TF 
(c) cos 4 (d) —cos 4 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
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If x takes negative permissible value, then sin™'x is 


equal to 
= ) V1— x? 
(a) cos J(d-x ) | : | 


(c) w-cos’j(l-x*) (d) -r+st-| =a 


x 


(b) cot” 


If > <x< = then sin-!(sin x ) 1s equal to 
(a) x (b) 
(c) 2m-x (d) x-272 


2x 
If x > 1, then the value of 2tan” x + sin“ . +e is 
x 


V4 1 
a) — b) — 
(a) ; (b) 7 
(©) x @ + 
2 
If 0 <x <1, then the least and greatest limiting values 
of tan”! (7 | are 
l-x 
NN a 
a) -—,— b) 0, — 
(a) a (b) Fi 
NT 
Olveiry (d) 0,2 


x, * 1 : <1 -1 
——_—— |= ) (tan x,—tan™ x_,) 
ee mr of 2 / - 


r=1 


M: 
an 
5 
—~ 


= tan’ x, —tan’x,,VneEN 


The sum to infinite terms of the series 
ya fre al Oe 
tan "| eta |) eee Wal | | sel 
3 9 Le 
1 1 
a) — b) — 
(a) ri (b) 5 
(c) « (d) None of these 
The value of 


cosec'/5 +cosec'/65 + cosec ',/(325) +..... to ois 
3 

a) 1 b) — 
(a) (b) ri 
N XN 

c) — dj) — 
(c) 5 (d) A 


. ; ] 
The sum of infinite terms of the series cot™ G + 7 + 
] ] 
cot” G +} cot” (2: +¥] galls 
a. 2 


1 
(b) a 
(d) —cot*2 


1 
(a) m 


(c) cot ’2 
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23. 


24. 


The sum of infinite terms of the series cot-!3 + cot7!7 
+ cot!134+.... is 
A 
a —— 
(a) 5 
(b) cot!2 
(c) tan !2 


(d) None of these 


The sum of infinite terms of the series 


tan” : Ps 23024 
Taaeae | oe is 


t 
4 
A 
a 
37 
4 


(d) None of these 


A 
: Let a=cos! = and B= tan’ ( 


. at Bis 


~ 


WwW | bo 
Se 
re] 
> 
@) 

-) 


4 (d) tan! (18). 


7) @ am (i) 
(b) tan 7A 


(d) tan”! (= 


SECTION-VII 


MATRIX MATCH TYPE QUESTIONS 


- Column—I 


(i) tan” *) ~Atan™ a 5=0 


(ii) [tan!(3x + 2)]? + 2 tant(3x + 2)= 0 


Qi) 3(tan"'x)? — 42 tan'x + 2? = 0 


Column-Il 
(a) x =-3 tan 1 
(b) x= v3 
2 
Cc —— 
(c) x 3 


- Column-I 


(i) If tan! x + tan” y + tan'z = a, then 


7 n 
(i) If tan’ x + tan! y+ tan! z= then 


i) If tan"! x + tan! y + tan!z = uid andx +yt 
(111) y - y 
z= Re) , then 


Column-Il 

(a) x =y=zZz 

(b) xyz > 3V3 

(c) xty+z=xyz 
(d) xyz < 2 


3/3 


(6) xy F yz bax = 1 


- Column-1 


(i) If principal values of sin” (=) tan (5 


l 
and cos” [ ; | are A and p respectively, then 


(ii) If principal values of sin” (sin and 


cos” {- sin (= are A and yu respectively then 


3 
(iii) If principal values of sin™' = and 


a 


sin’ S sin" =| are A and yu respectively, 


then 


Column-IlI 

(@—) A+w=> 
(b) w-A=> 
(@) Atm=-= 
@ w-a=—2 
(e) A+u==% 


- Column-I 


Gi) If 2tan"! (2x + 1) = cos? (-x), then x is 


(ii) If 2cos! x = sin! (2x,/(1—x*)), then x is 


Gii) If tan? cea + tan! cans 7 then x is 
x-2 x+2 4 
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Column-Il 


1 
rns 
(b) 0 

1 
(c) Va 
Me) 
d) N2 
(d) 5 


(e) 1 


. Let (x, y) be such that sin'(ax) + cos'(y) + cos! 


N 
(bxy) = es ; then 


Column—!I 
ai) If a= 1 and 5 = 0, then (x, y) 
ai) If a = 1 and b = 1, then (x, y) 
G1) If a = 1 and b = 2, then (x, y) 
(iv) if a = 2 and b =2, then (x, y) 
Column-Il 
(a) lies on the circle x? + y?= 1] 
(b) lies on (x? - 1) G’?- 1) =0 
(c) lies ony=x 
(d) lies on (4x?- 1) G?- 1) =0 


SECTION-VIII 


INTEGER TYPE QUESTIONS 


. The value of sin“ | cos (tan = tan” +) is 7/k; 
then find the value of k. 


4 2s\\ 2 
. The value of tan feos" —+tan” | 1S cad 5 (A, w) = 1, 
5 5 L 


+19 
then evaluate A 


] 
. If two angles of a A are tan”! a and tan™'1/3, then find 


= (where 9 1s third angle of A in degree). 


. If cos! ¥x-1 =sin! /2—x holds Vxe[a, 5], then 
evaluate a + b. 


. If the area enclosed by y = sinx and y = sin" (sinx) 
Vxe |-2n , 21 | is 2 — k, then evaluate k. 


10. 


11. 


. If the value of a = — 


. If the solution set of system of equations 3sin™' x = —2 


— sin! (3x —4x°) is [a, b] and that of 3sin-'x = 2- sin! 
(3x —4x°>) is [c,d] then evaluate |a| + |b| + |c| + |d| 


. 2 cos'!x = sin! [2xVi- x"). Iff x € [a, b], then 


l+a’b 
evaluate —_.. 


. [tan™’x]?- 2[tan-'x] + 1 < 0, where [x] denotes greatest 


interger < x, iff x € [tan k, tan 2) then evaluate k. 


3a +A 
for which x? + ax + 


sin! (x? — 4x + 5) + cot! (x?— 4x + 5) =0 has a solution, 
then evaluate (A — J). 
If m = number of positive integer solutions (x, y) of 


equation tan-'x + cot'y = tan 3 and we have equation 
(1 +axy’=1+4+ 8x + 24x’+ ....., then evaluate (2m — a). 


Find the number of solution of cos (2sin/(cot(tan 
(sec (6cosec!x))))) + 1 =O; where x > 0. 
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12. If tan'n, tan'(n + 1) and tan"(n + 2),n Ee N, are | 15. 
angles of a triangle, then find n. 


13. Find the number of pair solution (x, y) of the equation 
1 + x? + 2x sin (cos y) = 0. 


14. Find the number of ordered pairs (x, y) satisfying |y| = 


cos x and sin"! (sin x), where -2m <x < 31. 


Answer Keys 


SECTION-III 


1. (b) 2. (d) 
11. (b) 12. (a) 
21. (a) 22. (a) 
31. (c) 32. (d) 
41. (c) 42. (c) 
51. (c) 

SECTION-IV 

1. (a, b, d) 

6. (b, c, d) 


11. (a, b, c, d) 


SECTION-V 


1. (a) 
11. (b) 


2. (a) 
12. (a) 


SECTION-VI 
1. (c) 
11. (c) 
21. (d) 


2. (b) 
12. (a) 
22. (c) 


SECTION-VII 


1. G) > (a) 

2. @) > (b, c) 
3. (1) > (b, e) 
4. a) > (b, c) 
5. (1) — (a, c) 


SECTION-VIII 
14 
11. 3 


23.3 
12. 1 


3. (c) 4 
13. (c) 14 
23. (a) 24 
33. (b) 34 
43. (c) 44 
2. (a, Cc) 

7. (a, b, c) 
12. (a, b) 

3. (b) 4 
13. (a) 

3. (Cc) 4 
13. (c) 14 
23. (d) 24. 
(11) > (C) 


(11) — (d, e) 
(11) — (a, d) 
(11) > (c, d, e) 


(1) > (6) 
3. 9 4. 
13. 1 14. 


- (a) 
- (a) 
- (d) 
- (d) 
- (c) 


. (Cc) 


. (Cc) 
. (a) 


(b) 


3 
5 


If the range of m for which the equation cosec’' x = mx 


has exactly two solutions is fo a then, find 2. 


16. If tan” | ane + tan"! ane sale where 
5+3cos2a@ 4 4 
ae <a< * then find 2. 
2 Wy 

5. (d) 6. (b) 7. (b) 8. (b) 9. (a) 10. (b) 
15. (c) 16. (c) 17. (c) 18. (c) 19. (a) 20. (c) 
25. (d) 26. (b) 27. (b) 28. (a) 29. (a) 30. (c) 
35. (b) 36. (d) 37. (c) 38. (a) 39. (c) 40. (b) 
45. (c) 46. (d) 47. (d) 48. (a) 49. (a) 50. (c) 
3. (a, b, c) 4. (a, c, d) 5. (a, b, c,d) 

8. (a, c,) 9. (a, b) 10. (a, b, d) 

13. (a, b, c) 14. (a, c, d) 

5. (a) 6. (c) 7. (b) 8. (d) 9. (d) 10. (d) 
5. (b) 6. (a) 7. (c) 8. (a) 9. (a) 10. (b) 
15. (d) 16. (d) 17. (d) 18. (c) 19. (c) 20. (a) 
25. (a) 26. (b) 27. (a) 
(111) —> (b) 
(111) — (a, d, e) 
(111) —> (b,c) 
(111) — (a, c) 
(111) — (a) (iv) — (d) 

5. 8 6. 3 7. 3 8. 1 9. 8 10. 2 
15. 5 16. 4 
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HINTS AND SOLUTIONS 


TEXTUAL EXERCISE-1 (SUBJECTIVE) 


1. Let principal value of angles be 0 then 


(b) 


(c) 


ee ree 
2 6 
cosec (2) =O € -2.2| ~ {0} 
cosecO = 2 > Q=— 
a 
tan? (-V3) =6 €| -—,— 
an’ (—v3) ( 5 | 
tan0 = — V3 => O=-= 
af 1 
cos | -—|=@e[0,z] 
2 
epee! => 9=2% 
3 
qn 
tan? (-1) = 9 €/] -—,— 
an’ (—1) ( > =) 
tanO0 = —1 = p23 
A 
2 
sec’ [=.|-0e10.m1~ {=| 
V3 
2 x 
secO =—= = cos@=— => O=— 
V3 6 
cot1(—V3) = 6 € (0, 2) 
5 
cotd = —v3 Bass ee ee 
6 6 


tan“‘(1) +cos” De) are) te [eam cea 
2 Z 4 3 6 


_ 324+827-22 _ On _ 32 


12 ~12. «4 


tan'(V3) — see(-2) = [-T>=-F 


k 
0 <cos?x,< 2 thus } cos’ x, <kz 


i=l 
Equality possible iff cos’x, = x, V1 = 1, 2, —k; 1e., x, = 
-1Vi=1,2,...,k 


k -_ )k 
> =. *_=-] 
=“ k 


n 
4. Given > (sin™ x, +cos” y,) eer es 
i=] 


3nt 
Z 


ing a 
sin” x, <> and cos"y,<a Vi=1,2,....,n 
1 
Thus above equation holds iff sin(x,) ary and cos’'y, 


=o 1 
=> x,=1 andy, =~] therefore, 


(i) >» >> =n 


Gi) 4H =DCY=-2 dy NE, +y)=0=0 
_n(n-l) 


(vy) > >o4%= > >U-1=-"C, = 5 


l<i< j<n lsi<jsn 


. @ f(x) = sin(2x + x’) is defined iff -—1 < 2x +x?< 1 


=> 0<x07+2x4+152 > OS G@4t1¥ 52 

=> |x+i)<v2 => xe [-1- 2, v2-1] 

Ss Vl-sin x 

(ii) f(x) =——— 

log, (1 — 4x") 
1 — 4x?>0 and 1 — 4x? #1 

=> (2x-1)(x+1)<Oandx #0 


1 1 
— ve(-3.0}U(0.5] 
(iii) f(x) = V¥3-x +cos7 
(log, x) is defined 


+cot (1—{x}) is real and finite if 


3-2x 


+ log, (2|x| — 3) + sin™ 


nw l|o7x20& Spee oes 26 
iff 5 
2|x|-3>0 & -1slog,x<1 
xe (-0,3] & xe[-11,4] 
re(-0,-3]u aie & xe is 
2 2 2 
Taking intersection of domain sets 
=> ve(3.2 
2 
(iv) y =./sin(cosx) to be defined cos x > 0 
=> se|2nx—Z2ne +4], n eZ ... {) 


y = In(2cos?x + 3cosx — 1) to be real and finite 2cos?x 
— 3cosx +1<0 


1 
=> (2cosx —1)(cosx—1)<0O > cosxe (=) 


.. Gi) 


=> se (2ne—%,2nn +3) ~ nr} ne Z 


-1{ 2sinx+1 
Similarly y=e (Ss) to be defined 
2sinx +1 


—-1<——— <1 and sinx > 0 
2V2sin x 
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=> 


WJ UVUNY 


6. (a) 


Y UY 


2 sinx + 1 > —2V2sinx ... dil) 
And 2sinx + 1 < 2V¥2sinx ... (iv) 
And sinx > 0 .. (V) 


From (iv) and (v) as (iii) holds good always, we get, 
Asin’x + 1 + 4sinx < 8 sinx and sinx > 0 

Asin’x — 4 sinx + 1 < 0 and sinx > 0 

(2sinx — 1)? < 0 and sinx > 0 

2sinx — 1 = 0 and sinx > 0 

sinx = 1/2 


x= 2nn +7 or (nN 7 neZ 


But at x = (2n — 1)x — 2/6 cos x < 0. Therefore rejected 
as it does not satisfy the out come of equation (1) and (11) 


1 
Thus x = 2nz ar > n eé Z is the domain set 


D =| s:2nn += mez 


f 


u 3 
f(x) =cos i is defined iff -1< —<] 
3+s1nx 3+si1nx 
and 3 + sinx ¢ 0. 


ei 
+sinx 


As 3 + sinx > 0 therefore 


sinx > 0 
x € [2nz, (2n+ 1)x];n el 
D,:\J[2nz,2n+)z] 


neZ 


(b) f(x) = sin“(log,(x* + 3x + 4)) to be defined —1 < log, 
(x? + 3x +4)<1 
=> 5 Sut 434442 => 1<2x?+6x+8<4 
2x7 +6x+720& aes 
=> 
x’ +3x+2<0 (x +1)(x +2) <0 
> xeRoan[,-1] => xe [-2,-]] 
7. (i) f(x) =cos'(2x — x’) for domain —]1 < 2x — x? < 1 
=> -l<x?-2x<1l = O<x*—-2x +152 
=> |x-1]/<v2 => xef[l—v2,1+ V2] 
For range: *. —1 < 2x —x’< lifx e D, 
= cos’'(—1) = f(x) = cos” as cos™x is decreasing function 
=> 0< f(x) <7, thus range of f(x) in [0, 2] 
=> D,: [1 -V2, 1 +v2]; R,: [0, 2] 
(ii) f(x) = tan™ (log, ,, (Sx? — 8x + 4)) 
Since tan" x is defined V x € R, thus f(x) is defined if 
5x?- 8x +4>0 
Which is true V x € R, as the quadratic polynomial has 
a>OQOandD <0. 
= D,is R for range 
For range: 
4) 4 
$52 8x4 = OS 
5 25 
4 ‘5 4 
=> —<5x°-8x+4<0 ; taking log to the base — 
25 25 


=> 


1 2 log, ,, (Sx* — 8x + 4) > —co, operating tan'x we get 


i aU 
i ars 


Range of f(x) 1s (-=.2| 


y = cos "[x] for domain —1 < [x] < 1 
x € [-1, 2) 
For range: Since [x] =—1, 0, 1 


y =cos [x] € {72.0} 
1 
D,: [-1, 2]; R,40%a} 


y = sin '(e*) to defined -1 < e* < 1 

O<e*%<]1 = 6 se Se) 

x € (—o, 0] 

For range: If x € (—<, 0] 

O<e*<1 => sin’0 < sin‘(e*) < sin‘(1) 
ya ya 

Ss => ve(04| 

D, : (0, 0] and R, : (0.2 | 


(iii) y = cos’ {x} 


— 


=> 


=> 


Clearly defined V x € R as {x}e [0, 1) thus function 
remains defined. 

For range: 0 < {x} < 1 

cos!0 > cos! {x} > cos? 1 


NR 
—>y>0 
5 y 
[i au 
vel 0.5] a arena (0.5 


(iv) y = sin’ {x}. Domain same as y = cos {x} 


— 


=> 
=> 


(v) 


.@ 


D,: R 
For range: y = sin‘ {x} 
O< {x} <1 
sin’0O < sin" {x} < sin “‘(1) 
1 
O<y<n/2 => Ee 0,— 


2 
D,: Rand R,: ye > 


y = cot "(sgn x) 

Clearly domain is R as both cot™'x and sgn(x) functions 
are defined for all real number. 

sen(x) € {-1, 0, 1} 

cot’ (sgn x) € {cot' (-1), cot’ (0), cot"(1)} 


- sin? saan a, aa = 8 and tan” (=) = 
85 5 15 


cota =cot| sin” =| mel 
85 36 
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AN: A 14. Let (cos'x) = y the inequality becomes y? — 5y + 6 > 0 
And cot B =cot cot 2) = 3" Similarly cot y = 15/8 => (y-2)(y-3)>0 
=> y<2ory>3 = cot'x <2 orcot'x > 3 


Therefore Xcota = cota + cotB + coty 


77 4 15 385 77 4 15 
= —+—+—=— = —x—x—= cota cot coty 
36 3 8 72 $36 3 8 Y 


= [[ cota ... (i) 
(ii) Further dividing by cota. cotB. coty both side of (1) we 
get, tanB tan y + tana tany + tana tanB = 1 


=> 0<cot!x <2 o0rz>cot!x>3 


= 2 tana tanB = 1 hence proved. en 


a sab ( n : x mae N em be. Cea ee OneNen nN 
x) © i 


ya 4(n : . . 
=> z <cos | — |Z applying cosine: cot3 cot2 
1 


B 


| no 
ee 2 - 7 . pps cot?x is a decreasing function 
a3 19 => cot0>x>cot2 orcot a <x<cot3 
> n< 5 ae (approx) => xe (cot 2, 0) U (-~, cot 3) 
= n=1,2asneN => xe (-o, cot 3) U (cot 2, «). 
Thus maximum value of n = 2. 15. sin“(x? — 2x + 2) is defined iff x? 2x +2 e€ [-1, 1] 
1.e.,(x — 1)? +1 € [-1, 1] 
1 1 1 > => x= 1, therefore the equation ax” + sin‘(x? — 2x + 2) + 
11. cos” lim il cos” Wari be cos” G a cos (x? — 2x+ 2) = 0 has real solution only x = 1 
23 >(5) if a + sin7(1) + cos*(1) = 0 1.e., a = —n/2 
. , 16. (i) f(x) =sec"'(x?+3x-+ 1) to be defined x?+ 3x +1 ¢(-1,1) 
STANT os ame ae ee 
a) a. ee ») . e so let us take -1 < x? + 3x+1< 1 
= BUN se ae) => x?+3x+2>0 and x?+ 3x <0 
= sin ¥=—> or2 => (x+1)(xk+2)>0and x(x + 3) <0 
= 3 oe sae ae => xe(-o,-2)U (1, ©) and x € (3, 0) 
=> sin += “5 assin xe -2.2| Taking ~ of both sets, we get, x € (-3, -2) U (1, 0) 
So sinx = 2 is not possible Therefore f(x) to be defined x ¢ (—3, —-2) U (1, 0) 
3 => xe (Co,-—3] VU [-2, -1] v [0, «) 
=e eS -sin{ 3 => D,: (2, -3] vu [-2, -1] v [0, ~) 
x x 
(b) « O<x<l = [<1+xs2 (ii) y= 00s" ; is defined Vx e Ras 0S$——-<l 
1 1 x’ +1 x +1 
ay Lg <1 = 1<—<?2 (x? 
2 1+x l+x Vx € R and thus cos |-— a takes real and finite 
7 x 
Se en ss. == <1 x 
l+x l+x values € es 
1-x 
= tan ’(0) <tan’| —— |<tan “(1 
( ) | —*) ( ) => D, -R 
=> Os f(x) <7 =: fa = Orand: Jae =7 (iii) y= tan""(v e -1) takes real and finite values if 
x Vx’ -1 is real and finite thus x? — 1>0 
= Range: OF => xe(-o,-1] U[I1, ©) 
, => D,: (%,-1] v [1, ) 
13. Let cos © (= =6-; cos20 = a/b 18. tan?(sin?x)> 1 
7 - tan(sin”’ x) <—1 
L.HS. = tan (= + 6] + tan (- - 0| = or 
a l+tané , 1-tan@ _, 1+tan’ 6 tan(sin™ x) >—1 
l-tan@ l+tan@  |(1—tan?9 Operating tan’x both side as tan‘(tan x) = x Vn 


__? _ 2 _2b pug -(-2.4) 
cos20 a/b a ae 
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Te en ya 
—-—<sin x<-— 
2 4 


Hence we get or 


jo 
19. (i) tan'x>cot'x => 2tan ices 


=> xe(l,o) 


y 5 
=> tan ar 


(ii) Therefore, tanx < cot'x 
=> xe(-o, 1) 


(iii) and (iv) sin'x > cos™?x 


. | vim . -] vi 
= 2sin x>— = sin x>— 
2 4 
: ra 1 
— C<sin'’x<— => —<x<l 
4 2 V2 


=> xE (<1 


Thus for sin'x < cos x 


=> xE | 


Result can be verified from the graph. 


20. 


; , ya 
f(x) = cot (x? + 4x + a? — a) is a function f: R > (0.5 


to be defined we must have 0 < cot!(x? + 4x + a?-—a)< 2/2 
O<x’+4x+a*?-a<oVxeR 

D<0 

16-4(a?-a)<O0O => 4a’?-4a-16>0 
a—-a—-4>0 


ee Ee : 


; and f to be on to 
2 2 


WY YUUUY 


1417 
A= 


2 


TEXTUAL EXERCISE—1 (OBJECTIVE) 


(b) sin. ——+sin —= = Saas = 105° 


‘ 6) -o(s-Ca))-mls) 


(a) cos” (cos 


(d) cosec”!(cos x) to be defined |cos x| > 1; but we know that 
|cos x| < 1 therefore we have |cos x| = 1 
= cosx=]l => x=nt 


(a) Dicos*a,=0 +" cosa, €[0,7] 
i=l 


=> cos‘(a,)=0 Vi-=1,2,....,0 
=> a =1V1i=1, 2........ wn 


=> Sa, = x1 =n 
i=l i=l 


or — ‘ees OE 
. (a, b) sin’x + sin“y + sin'z = — 


Vas 
: | : ; : 
Since sin € 2.2] , thus its maximum value is 2/2 con- 


sequently above equation holds good iff sin’x = sin“y = 
sin'z = 1/2 
= Ke yo Za i 
9 

ta ala ae Aaa yl + yi! 4 iol == 0 

Option (a) 1s correct. 

X22 + y4? + 762 _ 220 4 420 _ 7620 — 3-3=0 

Option (b) 1s correct. 

Option (c) and (d) are clearly not true. 


(by 2V2 -1%1.828°« (=.] 


tan(2V2 — 1) <Oi.e., A <0, where as 


B re >0 
3 5 


10. 


11. 


12. 


13. 


14. 


15. 


=> 


(d) 


Y J 


(b) 


(d) 


tes ri ; : sens 
Vx e€ (0, 1] sin "xe [0.5] , 1.e., sin’x takes positive 


values 
Consequently B>A. 


f(x) = cos'x + cot'x + cosec'x domain of f(x) is 
[-1, 1] Gy (00, 00) CY R i (-l1, 1) 
Clearly D, = {-1, 1}. 


I (x)= cox :; to be defined —1< —<] 
5+sinx 5 sin 
sal i 
ee is always positive 
5<5+sinx 
sin x > 0 => xéE e [2nz,(2n + Iz] 


neZ 


f(x)= \fsin'(2x) aa to be defined sin(2x) + 1/6>0 


and -1 <2x<1 
: a 1 1 
—-—s<sin  2x<— and -—Sx<— 
6 2 2 2 


1 1 1 
—-—<2x<l and -—<x<- 
2 — o 2 


f(x) = sin’x + tanx + sec™'x, clearly domain of f(x) is 
{-1, 1}, thus range of f(x) = {f(-1), f(1)} 


K 2 XK 2 x 32 
= 9-—-—4+27,—+—+0>7 = 4—,— 
2 4 a ey ‘3 * 


f(x) = cos“[1 + sin’x] for domain of f(x): [1 + sin’x] < 1 
[sin’x] < 0 = [sin’x] =0 

O < sin’x < 1 

—] < sinx < 1, with in domain [1 + sin?x] = 1 

f(x) = cos“(1) Vx e D,=0 


sec(sec (-30°)) =sec“(sec 30°) = sec™ (=. == 
3) 6 
Let sin‘(0.8) = 0 
sind = a and Oe 4.2 
5 2.2 
sin (2 sin(0.8)) = sin20 = 2sin@ cos0 


= tan(4°) 


V1+x’ -1 
x 


sec@ -1 
tan@ 


Let x = tan@ = tan 4° 


16. 


17. 


18. 


19. 


20. 


21. 


=> 


=> 
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2sin’ “a 9 
=tan4° = tan (S| = tan 4° 
2s 2 
sin —cos — 
2 2 
0 =8° => x=tan 8° 


(a, c) cos?x = tan!x = 0 and 0€ 0.2) 


=> 
=> 


=> 


1 
(b) 


YuUUY 


x = cos0 = tan 


cos’70 = sin® => sin?0+ sind-1=0 


~14./5 


sin @ = , but sinO > 0 
sin 0 = = = sin(cos * x) 
x” = cos’0 = 1 — sin’0 


_ 1 _[St122V5 \_4-6+2V5 _ (V5 ~-1 
4 4 2 

if 3sin26 
—sin | ————— |= 
2 5+4cos@ 
at 3sin20 
sin |: ——$____— 
5+4cos20 


3sin8 = 5 + 4cso20 
_ 2 
3(2tan@) _ sal tan | 


ya 
4 
ya 
2 


1+tan?@ 1+tan’ @ 


6tan9 = 5 + 5 tan’0 + 4 — 4tan’0 
tan?0 — 6 tand + 9 = 0 

(tan?0 — 3)? =0 

tanO = 3 


(c) sin’x + cosy + sin'z = 22 


=> 
=> 


Equality possible iff sin'x = sin'z = 2/2 and cos"y = 2 
x=z=landy=-l 
No of order triplets (x, y, z) 1s one 1.e., (1, 1, —1) 


(b) 2(sin’)? — 5 (sinx) +2 = 0 


=> 


= 


=> 
— 


(2sin!x — 1) (sin! x —2)=0 
oa IK 
sin'x = 1/2 sin x€ -.2| 

2°72 
then sin'x #2 
x = sin1/2 is only solution 


(c, d)x?-x-2>0 


=> 
=" 


(x —2) (x + 1)>0if «a satisfied it a € (co, -1) U (2, «) 
Clearly, sina, cosa does not exist but sec! a, cosec™ 
m exist 


(b, c, d) sin'x > cos?x 


=> 


sin! x >2n/2-—sin'x => 2sin'x > 27/2 


| eee ya ee ee ee Je 
—2>sin ear > om as 


es 2G 


RB = eal 
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Graphically: 


1 
Clearly, V x€| —=,1], sin-'x > cos“ x holds. 
: s | 


(b) 


(d) 


(e) 


(f) 
(g) 


(h) 
(i) 


@) 


TEXTUAL EXERCISE-2 (SUBJECTIVE) 


is sin '(sinx) =x for xe 2.2 
2 2 


cos [cos = 2 [-.. cos (cos x) = x for x € [0, z]] 


no ool 8) 
| 


= tan” [an (2 = a . As tan‘(tan x) = x for 


oe eae 2 
sin sin 4 = not defined 


[-.. sin(sin™ x) is defined for x € [-1, 1]] 


[ - 1 
cos| cos > — | =— 
6 6 


2 2X 
= ae [‘.. tan(tan™x) = x for x € (—00,00)] 


[‘.. cos(cos’?x) = x for x € [-1, 1]] 


sin? (sin 10) = 3x — 10 


nes ieee 1 a 

(.. sin'(sin x) = x only for x €| -—.— |) 
2 2 

sin (sin10) = not defined 
[*.. sin (sin'x) is defined for n € [-1, 1]) 
cos(cos?! 5) = not defined 
[*.. cos(cos? 5) € x only for x €[-1, 1]) 
cos (cos 5) = 2n — 5 
cos ‘(cos 5) = (cos? cos(2n — 5)) 


cos? cosx = x for x € [0, 7) 


(k) 
() 


. (a) 


(b) 


(c) 


tan (tan! (—5)) = — 5 tan (tan'x) = x for x € (—co, 0) 
tan”? (tan 5) = (2 — 5) [tan ‘(tan x) = x 


for x€ eg ) 
22 


-l 7TH -1 1x 
COS cosS— | = COS cos| 27 -—— 
6 6 
4 5axz\ 5 
= COS cos — | = — 
6 6 


sin E ~ sin” Bal = cossin™ sin -=]| 


‘| zal . 2a 3 
s1n} COS POR ae =s1n — 


35 


(d) sin an" (-V3) +cos” Gal 
2 
st 2) 4 “| 
= sin} tan | tan— |+cos | cos— 
3 6 
2x 5x| . [9x [ =) 
sin| —-+— |= sin| —| = sin] -— |=1 
6 6 
sin‘(sin 8) = 3x —8 
51 

Je (=a) as sin ‘sinx = 3% —x 

=> tan'(tan 10) = 10-32 
712 

10e ere as tan'tanx = x — 32 
= cos‘(cos 12) =42z—- 12 
‘° 12 € (Gn, 472) as cos 'cosx = 4n — x in this interval 
=> sec (sec 9) = cos ‘(cos 9)= —-2n + 9° 9 € (21, 32) 
=> cot (cot 6)=6-17 6 € (1, 27) 
=> cosec'(cosec 7) = sin ‘(sin 7) = —2n + 7 

TE (22, 

2 

Consequently 

y = sin‘(sin 8) — tan‘(tan 10) + cos‘(cos 12) — sec” 

(sec 9) + cot (cot 6) — cosec(cosec 12) 

= (3n —8)-(10 —- 32) + 4n —-12-(:224+9)+6-2+ 

2x -—7=13n-40zan+b 

Thus a = 13 and b = -40 
=> a-—b=53 

ra PN shoe 


en ees a 46x 
sin ee + cos or + 


4 =| es ( =) 
tan | —tan——/+cot | cot} -—— 
8 8 
: 4x 


I 
e 
—) 
es. 
Ms 
=) 
| 
eee 
ee 
+ 
° 
o 
“a 
a 
° 
© 
TR 
| 
eee, 
Ea 
+ 
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= ED ee ease see = sin” | sin 3% _ 36 +cos '(cos36) 
7 a 8 8 Z 
6z 32 3x 132 1 

= ae ag age age Now, since ve[-L-3) 


7 a ee ae 
5. f(a) = 008" x +008"'( 242 5-38 | = 9=c0s'xe| =x | = 30 © [2n, 32] 


= cor teor'[ xd Vi-F > *30¢{-3 4) 


2. 2 
3x 9x 
Let cos ?x = Ge i as xE 1, = f(ay=-n-(#2-20} 220-430 = 66 —-— 
3 2 2 2 
2 ign, “OME 
f(x) =0+cos" [co d.cos= +sin é.sin =) = 6cos™ x yy 
If f(x) =acos'x+bx => a=6and b=-9/2 
= -1 ae 
Seine [cos G 2 ) 8. y = cos'sinx and y = sin'cosx both are periodic function 
with period 2x thus analyzing for x € [0, 27] 
ze i . Pp yzing 
= 0+—-6@ as 0-—€] -—,0 x. 2ye" 
3 3 [ 3 Be ae 
=> f(x)=27/3 a x fa 37 
= -1 fers = ae —< <<. 
6. Lettan’x=0 => x=tand — cos 3 “)| ga ae aa 
=> a= tan **) —2tan ee pao oF p25 z 
l-x 1—tan@ p) y) 
Z X 
= 2tan {tan (Z+6)| where as y = sin(cosx) = sin” sin & *) 
2{2 +0}, if xe(0,l)ie.,0€ (0, a O<x<x 
2{-« +240), if x>lie,Ge (=.=) 
4 4° 2 
7420, if xe(0,1) 
= a=) * 
-> +26; if x>1 


= 2 
Similarly = sin™ ae 
1+tan“@ 


sku ie 


7 ~26:if xe(0,l)as Ge (0,2) th = 259 E (0.5) 
2 4 2 2 


= sin ‘(cos20@) 


p= = ie 7 Clearly area enclosed for x € [0, 2x] = Area ABCD = 
poe xe(Lojie., de =.) => —-26e ( 0 1/2(2n)n = 1 
. Thus total required area = A = 7(x”) square units. 
Clearly a+ f= m, if xe(0,1) _ = Thus 49A = 7 x 49 x x? square units = 343 x? square 
—x, if xeE(1,0) units. 
7. Let cos!x =0 sn eee 20 9x7 +4 
: : 5 9, s—=2+ -~€(2,4] VxeR 

beex 1+x° 

= x= ¢080=sin( =—0) 9x°4+4 (x 3x 

9) => 5-€| =.— |, therefore 

1+x 2. 2 


f(x) = sin (3x — 4x) + cos1(4x? — 3x) 


Set ; 5A : a | : 2x’ +4 
= sin | sin3| —-@]|+cos (cos36) sin | Sin} —; <a-3 
) x +1 
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10. (i) 


1. (a, b, d) tan (\tan™x|) = am 


=> 


4. (d) 


2x7? +4 2x7? +4 
xz-|— <a - - >3 

x +1 x +1 
2x?+ 4 > 3x?4+3 => x?<] 


x € (-l, 1) 
Stan'x + 3cot!x = 2n 


Desh tsa =2x 


tan'x + cot!x = 2/2 
X X 
2tan x =— = tan’x=— 
2 4 
x=1 
Asin '!x = 1 — cot!x 
3sin |x =a-(sin x+cos x) 
wee X — X 
3sin x =— = sin'’x=— 
2 6 
. ww | 
x=sin—=— => x=1/2 
6 2 


TEXTUAL EXERCISE—2 (OBJECTIVE) 


tan(tan™ x) x; 
tan(— tan” x) 
tan |tan™x| = |x| 
cot (|cot'x]) = cot(cot'x) = x 
cot!x > 0 
—-x, if - 7 <x<0 
tan ~'(|tan x|) = 

ya 

x, if 0O<x<— 

p 


periodic 7. 
Option (c) is not true 


sin(|sin™x|) = 
ee 
[si (=) fs (=)) 1 
sin | sin] —]|]=sin | sin} — | |=— 

3 3 3 


sin(sin’ x); 


if O<x<l 
if -l<x<0O 


cos ‘(cos x) =x V x € [0, 2) 


2H _ {5x Ax {2a 
= cos} — |] =sin| —-—-— [=sin| — 
5 10 10 10 


if O<x<l 


sin(-sin’ x); if -l<x<0 


= |x| Vx e [-1, 1] 


if x>0 
if x<0 


Option (a) is true 


Option (b) is true 


and the function is 


af 7 7 
cos} cos | —— ||=~~ as cos (cos’x) =x Vx € [-1, 1] 


25 25 


3 . Where sin'sinx = —22 + x 


5a (3 = X 
—_—eE ——_,> — 


ad 


10. 


11. 


12. 


7 € (22, 32); where cos'(cos x) = -27 + x 
cos! (cos 7) = —-2n+ 7x7 —6.28 = 0.72 <1 < 7/2 and 
clearly positive. 


(c) cos(2sin ) —. Let 0 = sin™x; x = sin® 
1 
=> cos 20=1/9 => 1-2sin"d=— 
= 2sin?@ => => e222 
9 3 
=> gees 
3 


(c) cos'(cos 8) — sin ‘(sin8) = —22 + 8 — (3% — 8) = 16—5x 
8E (=, 3- 
2 
(b) -” sin“(sin x) e -# 4 
2° 2 
cos! (cos y) € [0, 7] 
sec (sec x) € [0, m] ~ {2/2}, therefore sin'(sin x) + cos” 
(cos y) + sec”'(sec Z) = = possible iff 


sinx = 1, cosy = —1 and secz = —1 
=> sinx + cosy + secz = —1 


(a) cos ‘(sin (sin (sin x))) = 0 
=> cos (sin x) =0 
=> sinx=1 x € [0, 27] 


x X 
=> x =7/2 and therefore ales = Ley =] 


(come (o(22)}}~ (oo (%) 


| | 
TN TN 
i’) f@’) 
* | 
a 
TR TN 
fe’) f@’) 
© © 
fe Ne ON 
| NIA 
&/A | 
NY ive) 
1 ‘ : 
o NY 
QO 


» foto 


‘-al- 


From equation (1), we get, ian ae 


Applying componendo and dividendo, we _ get 
,_V5-3 
543 
— 2 — 
eo sian but (0.5) 


t 


therefore rejecting —ve sign 


t 


5 
14. (b,c) 9 = tan" (tan) =_xz yo 
4 4 4 


¢ =tan” [tan = = tan’ (tan C - =) 
3 3 
= tan” (tan =) =e 
3 3 


Consequently 9 < o 4 
x x %TX 


40 —-30 =n-n2=-O08 64+¢=—4—=— 
4 3 12 


15. d) ve|= ar 
2 


cos ‘(cosx) = x 
sin (sinx) = 1% — x 

= sin’ [cos(cos? (cosx)) + sin“(sinx)] 
= sin'(cosz) = sin! (-1) = —n/2 


16. (i) (b); (i) (a) 


Let x = cos@ 1.e., cos!x = 0 € (0, 7) 


f(x) = 9 + cos? [cos cos + sini ol 


= @+cos” (cos(= _ 0) ** sinO > 0 


+4 -9-F if x>==206(0,5 he 5-06 (0,2 | 
3 3 2 3 3 


3 
x. 1 n 2 2 
6+6-— f xe|-L5]}>0¢(2.x |e 2-0¢|-2 | 
3 2 3 5 3 
zi ve|3.1| 
=~ f(x)= - 
2e08's-Zif xe|-1.3, 
3 2 


= £(2/3) = 2/3 & f(1/3) = 2eos 12 == 
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TEXTUAL EXERCISE—3 (SUBJECTIVE) 


712 712 
(a) COS] Cos oe ar as cos ‘(cos x) = 2n —x V 


51 
xe [322] >-—— 


(c) sin (ar cos(-3 = sin (cos (+) 
[ -1 | ; ( =) 3 
= gsin| 7-—cos —{=sin| 7-— | = — 
2 2 > 
sin an) +cos” (-2) 


V3 


= sin ~tan"'(J3) +2 - cos! 

a 1 (=) 

sin] -—+2z-—-—] = sin] —]=1 

3 6 6 

(a) sin aye =sin| sin” 1-2. a 
5 \ 25) 5 

(b) cos{ ta) =00s cos" (poe _t aa 
a V1+9/16)} 5/4 5 


(c) sin (= —sin” (-2) = COS sin” (-3) 
Z S 5 


(d 


A 


2 
(d) sin * sin” _N3 =cos aes a 
Z 2 3 2 
asin | } if x>0 
Vi+x? ) 7 
(e) sin(cot” x)= 
ial si ! } if x<0 
V1+x? 


cea ede. NS 
asin ro] aug 


(a) R.HLS. = 2tan™ (cosec( tan” x) —tan(cot x) 


| 2 
2tan™ ss se" fal tan tan” 5) if x>0 
x x 
| 2 
2tan™ so se" | —tan C +tan™ :)} if x<0 
x x 


= 2tan” aera ifx e R~{0}~2tan( 01) 
x 


and 


Let tan—'x = 8; x = tanO 


= 2tan” - as *) =2tan” tan >| ; 
sin 0 Z 


4.106 


(b) 


(c) 


> Trigonometrry 


= 2tan™ tan e) = 2(5 =@ =tan'x = L.HS. 


sin(cot /(tan (cos? x))) 


sin} cot” cc (=) ; if xe(0,1] 


x 


| = 2 
sin| cot” {rot ( 4) ; if x e[-1,0) 


x 


= sin oe =) ifx € [-1, 1] ~ {0} 


if x €(0,]] | ie 


if x €(0,1] 
—x, if xe[-1,0) 


sin(sin” x); 


sin(z +sin” x); if x e[-1,0) 


L.H.S. = cos (tan"(sin (cot'x))) 


cos| tan” sinsin"[ ) > if x>0 
Vl+x° 
a ee a | ; 
cos| tan ial sin | > if x<0 
V1+x? 


= ot ! | = cos| cos” — 
l+-x 1+ 


x +1 


x +] 
x’ +2 
Aliter: 
Let cot'x = 0 € (0, 7) 


x = cot 8 


LHS. = cos an 


! |-cosa 
V1+x? 


=-a> 


1 
= tana@ = 
Jive Vise 


24+x° 


Let tan” 


(d) tan’x + cot'(x + 1) = tan"(x?+x+ 1) e., to prove that 


=> 


tan(tan’x + cot"(x +.1))=x?+x+1 
Let tan?x = 0 and cot"(x + 1) =6 


PCT tan @ + tan @ 
1—tan @tan @ 


= ——__.._—_ = x? +x + 1, hence proved. 
1-a( =) x+1 1 


ae: 
(e) Let sin’—=0 => x=asinO,a>0 
a 


“i x if asin@ 
L.H.S. = tan | ———— } = tan | ————_ 
a’ — x’ | a|| cos @ | 


aX 
9e|-2.2 ; cos8 > 0 
2 2 


Geet asin@ 
acos@ 


= tan'(tan9) = 9 


(i: ees a ee ee = 
1+sinx Z 2 
1x +x x 
cos’ —- sin? — cos——sin— 
= tan” 2 z = tan” 2 
cos—+sin— cos —+sin— 
| tan = ma x ma x 
= tan” 2 = tan” (tn( = -)} = (z-2 
ar 42 4 2 
x xX 1 


. (a) cos” (4) =x -sn-[ ft-2 | = xsi 22 
=o 9 S. 


= cos” (=| =7+tan” ga = n — tan(2V2) 


7 
(b) tan” (2) = sin” = = sin” (=) 
(24)? 
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(c) cot™ (=) = m-cot” (=) = m-tan™ (=) i+—! 
24 2A 7 IA ce — 


= Ccosec; cosec og oe = 


V2-a’ 


oe el ee oo ae 
an a a ee ee RHS. = “fol 


<a iow) 
25 


. sin(cosec')(cot (tan™'x))) ‘ eee | 
—a 


1 = sec] cot™| sin| sin” : 
sin cose sot{ oot 2)] ; if x>0 1) 
x > 
= ; aay 
sin [come [ct [-« +cot™ +))} if x <0 
i 1+ 
2 
mer Gi | sec| cot” = sec| sec| 42-2" 
sin| cosec 'x|—||; if x>0 1 


fb). 3 
in ove (+)} if x <0 = see( sec" ja V3-a’ . Clearly L.H.S.=RHS. 


=xifx e R ~ {0} 8. sin (cot7(x + 1)) = cos(tan™x)... (1) 


y=tan- ESE =NLEo eee reread if x +120 
Vl+x? +V1- x? x 


L.H.S.= 
2 ; 1 
_, af d+x*)+0-x")-2v1- x" sin| z— sin '|——————— | if x+1<0 
= lan Gesu eae 1+(x +1)’ 
1 
1-y1-x* i 
-1 
mae! oa al aa Ta Vx? +2x+2 | 
x COS| COS x €[0,00) 
oe = V1+x° 
=> x*tany= ee eee (1 —x? tan y)?=1-x! Similarly R.H.S. = 
=> 1+ x* tan’y — 2x’ tan y = 1 — x’ cos| —cos" — x €(—0,0] 
= x‘ sec’y = 2x’ tan y vay 
=> x’?=2siny cosy = ksi 2y = 
1+x? 


Also when x = 0 the original equation gives y = 0 


= sin 2y V —1,1 eat, ty , 
eMail eee Thus solving (i), we get Vx" +2x+2 =V1+x° 


. L.HS. = cosec (tan “(cos cot(sec(sin™ a)))) => x +2x+2=x'+1 


= 2 lS 
1 
_ -] -] -] 
= cosec c c c 7 <2 My) => x=-1/21s only solution 
= | x x 
9. cos (cot!x) = cos cos nerd =———— VxeR 
liad 1+x° 1+x? 


Also sin (cot™x) 


y 


cosec} tan™'| cos| cot” 
ere a’ 


io si | if x =0 
V1+x? 


= cosec| tan™’| cos! cos” = 
te 1 ; 
re sin| 2 —sin +) if x <0 
1+x? 
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Thus the expression given reduces to 


fine (_ 
Vl+x? V1+x 
= Vx’ +1 Vx? = |x| Vx? +] 


10. (a) LHS. = tn Looe (2) = tan 2) say 
Z 3 2 
=> cor [}-0¢10. 


V5 1-tan’6/2 
sO 


=> —=cosd =—___ 
3 1+tan*@/2 
Applying componendo and dividendo, we 
15-3 59 
= —tan” — 
V5 +3 2 
— = 2 
=> t nr 0 3 V5 => tan? - B25)" 
34/5 2 4 
= gates, 4s Belg 
2 2 2 2 


(b) L.H.S. = sin(tan? 2) + cos(tan™ 2) 


“(or S) efor) 


2 l 3 


= —_+-~=—— =RHS. 
V5 V5 V5 
TEXTUAL EXERCISE-3 (OBJECTIVE) 


_{ . 41 1 
1. (b) Let sin{ sin Bttes ) = sin(O + 9), 
Where @ =sin™ = + sind=— 
2 2 


1 1 
=cos—and cos¢ =— 
d 3 an d - 


V3 2V2 


= sin8 cosd + cosOsind = — a 
o d= Ae 
Je (0.5) and 8€(0,z) = 1k 
2 6 
2. (b) f(x) = eostcos”! x” )+tan(cot™ x”) = Page > e 


ae | 
x 


sin’ V1—x7; if0<x<l 
a—-sin' Vl—-x’; if -l<x<0 


Replacing x by (2x — 1) we get, 


3. (b,c) °° cos’ x + 


sin"(2 x-3'); fi 232i 
cos (2x -1) = 2 
z—sin (2 x- if OSx<— 


‘ 2 1/2 
ad hs] “1 = V1+x? |(1+x?)-1 


get 


— —cos y1l-x’; if-1<x<0 
4. (a,b). sin’ x= 
cos | V1—x’; if O<x<l 
Replacing x by ——— we get 


ifpoveyei 
2 


if xe(0,]] 


5. (c,d) °° cos x= 


— 2 ° 
z+tan™ =} if x €[-1,0) 
x+1 
Replacing x > a we get, 


V3—-x(2+ ; 
tan” eva if-1l<x<]l 
xt+ 
ov 251) 


2 


az +tan- 
x+l1 


- = 2 
(=) ee 


Cos cos v1 x"); if0<x<l 
cos{—cos” 1-2}; if -1<x<0 
= Vl-x’ Vxe[-1,1] 

sin(sin” Vl-x? . 
sin(z—sin™ Vi-2°); if -1<x<0 
= Vl-x’ Vxe[-1,1] 
Thus (cos(sin™ x)) = (sin (cos x)) 


=1-x?Vxe[-l, 1] 
Option (a) 1s correct. 


6. (a,c) cos(sin™ x) = 


ifQ<x<l 
sin(cos x) = 


2 


(cos (cos'x))? =x? => _ (sin(cos’x))? = 1 —x? 
Option (b) 1s incorrect. 

(sin (sin'x))? = (cos(cos’'x))? = x? Vx € [-1, 1] 
Option (c) 1s correct. 


(sin (cos 'x))? = 1 — x? 


=> [Esin(sin-'x)] = = 


Option (d) is incorrect. 


7. (a,d) cos” (=| =4e[0,z]~ ‘3 | 
x 2 


=> sec!x =0 
1 = sec? — 1 


=> x=sec0 


— a ce => x’?-—1]1=tan’0 


=> vx’-1=|tand| 
Vx?-1 if Oe 0.) 
=> tand= 
3 ya 
—Vx°-1; if 9e|=.n] 
2 
8. (c) Let sin'x = ae|-%, 4 
2-2 
1 . 2 ] 
=> cos(2@)=— => 1-2sin°d=— 
9 9 
. . -1 2 8 
= 2(sin(sin  x)) a = x2?=A4/9 


=> x=+2/3 


9. (a) Let tan” pe A and tan” ue B 
3 2 
Clearly A,Be (0,5) and tan A = 1/3, tan B = 1/2 


11 1 ; 
cos{ tan yt tan 5) = cos(A + B) = cosA cos — sinA sinB 


Foe) Ge) - wee“ 


10. (d) Lettan“(1/5)=98 = tan@= 1/5 
tan| 2tan™ :)-4 = tn 20-2] = ano 
5) 4 4) 1+tan20 
ai 
12 2 Pen re, 2tan@ 2,25 _ 5 
ar | ~]-tan?6 5 24 12 


I 1 
11. (b) Let cos” (3)- gq => cosd =~, 
sin Z-0) =2 => 
2 5 
41 . mee | v/a 
cos} 2cos —+sin —]| = cos| 20+—-@ 
5 5 2 
a 
~ cos| = 40 | —sin 0 7 4 
ee 24 = v6 
= -vl-cos - 1-= Sy 


12. (a) Let cos” (2 =@ 


— Dery aa 
3 


pag 
2 5 


13. (d) 


14. (c) 


1. cot 


=> 


=> 


The equation reduces to tan‘a + tan'b 
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Applying componendo and dividendo, we get 


53 50 
= —tan” — 
V5 43 2 
,9_(3-V5 9 _ (3-5) 
tan* —= => tan —=—— 
2. \ 34/5 D 4 
g| 3-5 
tan —| = ——— 
2 2 
Je 02); a 0,— 
2) 2 4 
g 3-5 
tan — = ——— 
2 2 
a ea | 4 
sin{ sin are s\=1 .. 4) 
| 1 
Let O=sin — => sind=— 
5 5 
od = cos!x => cosb=x 


Clearly Ge (0, and o € (0, ) 


Equation (i) becomes sin(9 + o) = 1 
sinO8 cosd + cos sind = 1 


ie 


=()4=> l-x’ =1 


2J6V1—x? =5—x 


Squaring both sides we get, 24 — 24x” = 25 + x?-— 10x 


25x?-10x+1=0 => (5x-1)?=0 
to8 

5 
x?-x-—1+ sin ‘(sin 2) <0 


ya 
2€ (=.2); sin! (sin 2)=n-2 


Thus the above inequality reduces to x? - x —-2 <0 
(x-2)(k+1)<0 > xeC€l,2) 


TEXTUAL EXERCISE—4 (SUBJECTIVE) 


lx + tan?3 = 7/2 


1 
cot x= rt tan’3 = cot?x =cot!3 
x = 3 1s only solution. 
2b 
> =2tan™ a; sin > =2tan'b 
a b 


= tan-!x 


Taking tan on both sides, we get, tan (tana + tan 'b) = tan (tan™'x) 


atb _ 
l-ab 


3. Ifx € (0,1) 


sin| cot” 
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ze 1 HA \. : 
= sin 5 ofan +cos” = = tan’ x=—; Thus x= tan =) is solution 
- = 1+ 2 12 
= | ri : : 
= sant x+2tan”? ki = => tan x= 3 = x= Y3 is solution. 
Ifx € (1, «) 7. (a) 4sinx+cos” x = 
l-x? 2X a 2x 
tan | —— |=-z+cot™ = -4+—- tan *—— eA gh TO, fF eas OO 
[ 2X | 1-x’ a l-x’? => 4sin°x+—-sin saan 
= -—-(-2+2tan™ x) = 7 ~2tan™ x 1 = 
2 => 3sin’x=— > sin’ =— 
Wh cos” Lax" 2tan' x : 
ere as —_ = , 
1+x° 43 fi fGen 
1-x 1-x x ee 3 °4 er 2 2° 2/2 
Therefore sin| tan-’'—— +cos*——— | = sin( =) =] 
2x 1+x° 2 2S va y 
=> WVx> 0 the expression takes constant value 1. (b) Stan x+3 2 Co aaa 
—~m-2tan'x, x<-l 1 Wx 3x a 
4. As we know that sin ae = 2tan x; -l<x<l 4 2 8 
+X a 
m—2tan” x, x>l + x=tan2>0 + tan—= a 

1-x’ 2tan'x, xe (0,0) 8 4 l1-x 

and cos ——~ = 2 a 
l+x° |-2tan*x, x€(-0,0) => x'+2x-1=0 

a ae meee 248. | | 
Let 9 =—sin ~ +—cos => x= ; reyecting negative —ve sign 

2 l+x° 2 ] 2 
0 = 2 tan'x > x=V2-1. 

2 tan(tan™ 2 
tanO = tan(2tan'x) = eee 7 a 8 
1-(tan(tan ~~ x)) l-x" 8. @) L.H.S.=sin| 2sin = 


=. 2 
a =2tan™' x 3 9 
b° = sin| z-sin” {2 i 
5 25 


= 2tan'a — 2tan'b = 2tan!x 


Taking tan or both side we get, tan (tana — tan™'b) = tan 6 116 24 
fn => —,/—=—=RHS. 
ane) 525 25 
a-b _ 
1acah - (ii) L.H.S. = cos (2tan™ 2) + sin (2tan™ 3) 
a+2tan x; x<-l _ 
$28. ae 2x tan x: ieee = cos| cos” —) + sin} z—sin™ 2N3. 
= ia ? 1+4 143 
-m+2tan'x x>l 
= Ss) 2) 2% 
eee l-x?\ | 2tan‘x if x>0 ~ aS. 10} 
1+x? —2tan’x if x<0 Pa 
; = ly +sin” t de| -—,— 
The equation reduces to ee a 1+ x Let tan x= e( De 3 
2 
xz—-cos? =s ~tan” zc y = 20+ sin’ (sin 20) = 
1+x l-x 3 Xr 
20+(-20-2), if 20€| -z,— 
f{1l-x? . 2x a 2 
=> cos > |t+tan Til haem 
l+x eo ie ve i 20e(-F. 4 
22 
2tan x +a +2tan x == x €(-0,-1) 
204+2 -20, i 20¢{ =x) 
~2tan'x+2tan?x=7%: xe (-1,0) 
= 3 Clearly y is independent of x 1.e., independent of 0 if 
1 
2tan'x+2tan’x=—,; x €[0,1) 1 = (= =) 
3° de| -—,-— [VU] —,— 
2 4 4 2 


-] cot ee A 
2tan x-2z+2tan™ x =a x € (1,00) => tanO € (-0,-1) U(1, o)i.e., x € (0, -1) U (1, &) 


xz . ,({1-x? x 
10. (a) Given |—~— sin = i< = 
2 1+x 3 
,1-x a 
=> |cos —,>|<— 
1+x 3 
[tan x |< = x20 
=> 
|-2tanx| <2 x<0 
a z= a 1 
=> -—<tan *<— > -— —sx<- 
6 3 3 


(b) 


2x7 +4 
Therefore the inequality becomes 7 — = A < 
x 
2 
=>: Zeb <= 
( x —) 
2 
= = Fl SS ox 
bat od 


11. As anpe(0.=] 


— tan—e(0,1) and tan( = -L Jeo 
2 4 2 


a 1 
=> tan—.tan oe € (0,1). Let it equal to t. 
2 4 2 


LHS. = 2tan“(¢) = tan” ; za 7 


Pe 1-tan£ 
2 tan —| ———— 
ifn 
= tan” 2 ; 
1 ae 
1—tan? 2} ——__2 
1+ta z 
2 
21an&{1- tan? 
= tan” 


x-3 


ee, ee 2 ee 
2 2 
ea — a an qa 
2 £) 2 2 
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a 
2sin—cos 
- B 


2B 


cos’ — 
2 


F +2tan£ — tan? — ae sec 2B ~rtan 
2 Z 2 


= tan : 
2sin—cos B 
= tan = + er oe 


ep ces tan’ —| 1- Dae 
Z 2 2 Z Z 


2sin “cos p 
= tan” 


f1- (an: — 2) ino (1-tan?&)+-sin ps? 2) 


1a 
eae 2sin “cos Bcos” — ror ameaue 
cosa +sin B cosa +sin B 
3(-m-2tan x), if x<-l 
12. 3sin" = 6tan” x; if-1l<x<]l 
3(a —2tan™ x); ifx>1 
4f{1-x? -8tan’x, if x>0 
= —4cos "| —~ |= a 
1+x Stan’ x, if x<0 
: -m+Atan'x, if x<-l 
= 2tan(- *.|- Atan” x; if -l<x<l 
* z+A4tan™ x; if x>1 


Adding the above three functions we get, 
1 


3 7 4a 6tan” x, if x<-] 
ya 4 ; 
zoe x; if -l<x<0O 
= 7 2tan" if 0<x<]l 
a | . 
3 74% —10tan x; if x>1 
tan” eee if x<-l 
tan x =—- if -l<x<0 
54 
=> 
“4 ya : 
tan ar if 0<x<l 
ta ag ue if x>1 
30 
=> en a ae 
18° /3’ =~ 30 
13. Let tan'x = p and tan"y = q, clearly p+ q=2/2 ..() 


y = (tan™ x)’ + (tany)’ = p® + q’= (p + q)’ — (3pq (p + q)) 
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= q(t -16px +12p’) 


127 4, Pr a _3a ( =) x 
8 19 2 4 48 


N X eZ 32 x _% 
ow, * —-— —:- —-—<—: 
A 5 P 5? 4 P 44° 
2 
ya 9x? 

O< -—|< 

[> =) 16 

| a a Va 287" 
ay Ze ty 

48 48 4 48 


pepe 
oN a3 3 
14. p=sin'x and q = cos’'x 
pt+q=n/2 


y-p tq = 


(p + q)’ — 2pq = = -29=-p] 
4 2 


15. Let sin’x = p and cos'x = q 


p>+q=arn 
lf (F-r)}eor 
2 
=> =~ EP 43p* =2az" 
2 2 
_, pee. 
2°12 3 
= -“) a’ a 2ax" _5 
Pv4) 122 16 3 


2 2 - 
_, p-4) nae 32a) _9 
4 48 


2 2 
_ 2° (32a-1) 92? 


> 0< < => 0<(32a—1)<27 
48 16 
L 7 
=> 1<32a<28 => ael|—,— 
328 


16. Consider tan'x = p 
5x” x) x 5x 
(tan!x) + (cot!x) = 3) => |—| -2p|\—-pl= 


2 


2 2 


17. 


18. 


2 2 2 
a p-4) ee ee 
A 2 
Z 3x x 
=> tan x=—or-— => x=-l 
4 4 


Given equation (x, y € —Z); 


in| E | soon" y 
V1+x? Jl+y? 


Let tan” x=0e (-=.3) and cot"! a p € (0,7) 


= tan 3 


= sin '(sin@)+cos ‘(cos¢) = tan '3x 


=> cot'x + cot'y = tan'3 
=> cot'y = tan’3 + tan! (-x) 
=> cory =tan*(3—*) 
1+3x 
3x+1 
> y= => xyt+3x-3y+1=0 
3-x 
=> (x-3)(yv¥+3)+10=0 
=> (x-3)(y+3)=-10°.°x,yeZ 


x-3=1& y+3=-10, => x=4, y=-13 
x-3=-10; y+3=1 
x-3=-10; y+3=-1; 


=> x=-T,y=-2 
=> x=13,y=-4 


x-3=-]ly+3=10, => x=2,y=7 
TM eee Ot AGS eeA es: pele ets 
Y=3=-2yt3=3,. => x=], y=2 
*=3=3; 7432-2; = -x=8, y=—) 


x-3=-5, y+3=2,; 
=> (4,-13);03,4);(-7,-2),2,-1);6,-8);8,-5);01, D352, )) 


=> x=-2,y=-l 


1— tan? tan? ~ 
(a) R.H.S.= 2tan” (tan tan 4 —cos? 2 


1+ tan’ 5 tan” ¥ 


cos? cos? > — sin? ~ sin? ~ 
-1 2 2 2 2 


+x 
cos? cos? > +sin? ~ sin’ 2y 
2 2 


Me Ve 8 ate aN y 
cos~cos2 +sin—~sin~ COs — 5008 —sinl> sin 
~ cost] X22 22 re 


ay x yy 
cos—cos — +sin—sin— -2sin sin = ee ~ cos~ 
2 2 2 2 


cos palit 
lara a | 2 
= cos’ 
tert 


Bg 
2 


__ cosxtcosy 
1+cos(x — y)—sinxsiny 


COS x +COS y_ 
= LES. 
Uecenseeey 
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ay os os och f, «s/s -1 = 
Aliter: LILS.=cos'| £08% +908”. 3. (©) wwifwi a+ )+ (Vo at) 
1+cosxcos y i eel 
; mee ae 2 
_ sinm =sin—=1=sin°a@-—tan’a 
2e05(**” Jeos( =>”) o 2 
-1 
= cos) | — A? ae | i re +1 in BEST 
1+cos(x — y) —sinxsin y 4. (b) sin“(cos(sin"x)) + cos ‘(sin(cos’x)) sin-(cos 
(sin x)) + cor sin sin 
She ho on ae Ae = sin !(cos(sin™x)) + cos“(cos (sin™x)) = n/2 
-1 
= COS ae Geir. 0G er 2A ney 
Bye bbe Aste ane 5. (a) sin’ x+sin” 2x= a => sin (2x)= sin x 
2 2 2 2 
Taking sin of both side sin(sin™ 2x) = sin (= —sin” | 
1-tan?~ +tan?~ 3 


= cos. | ———4——__+ => 2x=—cos(sin’x)-—.x 
2 Z 


1+tan? tan” - 
3 cos{ cos” V1l- x? ) if xe [0,1] 


= 2tan” tan tan =RHS. => 5x= 
2 2 V3 cos(—cos” (Vi-x )) if x e[-1,0] 
2* 
Lin ‘iiss 2 => 5x=3V1-x’ {Clearly x >0} 
| + tan’ = => 25x? = aS 3x? > 28x? = = 
2 2 
(b) R.H.S. = cos | ——~————=+ an Eee G6 
1—tan? = 
atb ——a2 a 
: sin +cosec?— = — 
1+tan 2 (d) 5 4. 2 
= sin” cosec 2 
(a+b)+(b-a)tan’ — A 
= cos” re) eee Eee ae ee 
eee Byin => sin sec ri => sin . cos 
‘of 4 b san ; => sin” (=) =sin 1-= = sin 
ind 1 a+b 2 => x=3 
i+} [2 b ane 7. (c) sin’x + sin“(1 — x) = cos™x, taking sine of both side 
atb any sin(sin’x) cos(sin“(1 — x)) + cos(sin’ x) sin(sin™ 


(1 — x)) = sin(cos™x ) 


= xVl-(-x? +VI-¥d-x)=vl-% 
5. Wde=e Hl=9 <eVI-w SVIEX” 
= x(V2x-x-Vi-x)= 
= 
= 


I 
i) 
-_ 
& 
za 
ra 
Q 78 
+] | 
od 
_- 

o 

=) 

NO | & 
ed eS 
I 
oz 
ae 
NM 


TEXTUAL EXERCISE—4 (OBJECTIVE) : 
Either x =O or V2x-x? =V1-x’ ie, 2x=1 

- SZ = x= 0.12 
1. (b) Let sin'x = Ge |-.0) as x € [-1, 0) 


8. (a) oufauua az *) + ( *¥) 
=> x=sin0 sie 
=> cos "(2x?— 1) — 2sin'x = cos*(—cos’6) — 20 = in{ sin | +cos{ eos" (=45)} 
= nt — cos (cos 20) — 20 = x — (-20) -20=2 =" 3.6 pt 
2. (c) log, ,(sin’x) > log, ,(cos*x) (23-6 Gl, 1) 3% 103 = 53 “15 
=> 0<sin’x < ee ’ log, x 1s iia function 9. (b) Let tan? x=0e (-=,5) huts S41 thus € (=.2) 
=> 0<2sin’x<— => O<sin’x<— 22 4 2 
2 4 (2x 
2tan” x—tan™ = 20-tan ‘(tan’ 0) 
. | KH ] ]- x? 
i.e., O<sin  x<— => O0<x<— 
4 2 =20—(n+20)=n. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


(c) *.. x > 1 thus @=tan'xe (=.=) 
4 2 


2x ; : 
2 = 20 + sin ‘(sin 20); 


— 2tan'x +sin”{ 
XK 
20€|—,7|=20+2-20=n7 
2 
(b, c) sina + sin’b = 2/2 
— joes | ae 
= gin’a=—-sin’b or sin 'b=—-sin a 
2 2 
= sin'a=cos”b or sin'b = cosa 
-] XN . -] 
(a) *.. cos x en x 


Sy xa nx Sx-2x 32 
=> cos x=—-—= = 
2 3 10 10 


: ; 2x 

(b) Given sin?x + siny = a 
di -1 a ag 2X 
=> —-cos x+—-cos” y=— 


2a = af a = q 
=> ie age x+cCOS y => COs x+COS a 


] 
j= 
(a) sin” (=| +2tan™ =) = sin” (=| +cos?| —? 
: , : 1+ 


l _-14 (=) . 14 14 24 
as —>0 = sin’ —+cos | —] = sin’ —+cos —=—., 
3 5 10 5 5. 2 
a’ a’ 7 
(a, b) sin” | a-—+—+...|+cos"(1+b+b? +...) == 
3. 9 4 
1 a Xt -] 1 
=> sin a =a () 
1+— ~ 
3 
s| a \|_ xt 3a 
=> sin = $1 — => = —_ 
3+a 1-5 3+a 1-5 
— 1-b == ae p= 
G a 
Clearly fora=—3 => b=1 
a= 1 => b=-1/3 
a= 1/6 => ,_i/3-3 _=16 
1/2 3 


(b) Given 2cos” x = sin” (2+ f\- x) 
Let cos?x = 0 € [0, z] 


x = cosO => 20 = sin™“4(2cos6 |sinO]) 


=> 20 =sin'(sin 20) sin > 0 
=> 20 = sin’ (sin 20) 
26; 26 0.2 | 
2 
x 3K 
=> 202 XH — 26, 20 ae eae 
2 2 


—27+20, 206€ 22 | 


17. 


(c) 


20€|0,— SBE. 
2 4 


1 
x=cos@e}] —,1 
Ls | 


Given o < sin'x + cos’x + tan’x < B. Clearly domain 
of function is [—1, 1] 


Ls é 
ae—+tan'’x< Bf 
2 
Ls Soa le — aye: UE 
[2 ee 1 -7 Stan FST and sin’ x+cos ne 


3 
Thus adding we get sin’x + cos?x + tan'x € =| 
32 


1 
a=—and B =— 
4 P 4 


TEXTUAL EXERCISE—5 (SUBJECTIVE) 


(a) L.H.S. = tan™1 + tan'2 + tan”? 3 


(b) 


(c) 


=7+tan” (2) + tan’ 3 
1-2 


= 7 —tan“4(3) + tan'3= 2 =R.HS. 


1 1 

— + — 

L.H.S. = tan"( 2) tan Be ‘goo 
d 13 jt 

91 


1/7, 1/3 > 0 and their product < 1 


= tan” (2) = tan” =RHS. 


eas 
=tan?| 4 > |+tan7 (=) = tan (22) tan (=) 
a 7 19 
20 
falta 
| ee 
11 /\19 
27 8 
2 x: V1 19 {513-88 
tan AT x8 = [ 315 
99 
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2. @) LHS. 
-] 2 3 | 4 -1 4 
ere 1 (b) 7, =cot™ | n° -— |= tan ; = tan | ——_— 
5 289 "7 


3 15 _ 4. af Qnt2)-@n-2))\_, eee 
gas fs 15 + i en (8 i tan fee tan*(2(n +1) - tan "(2(n -1)) 


5 17 
_ n _ n a = 
(ii) sin 2 +sin —_ = sin Oh ie 1-2? S, = Dh = > tan (2(k +1)) — tan (2(k -1)) 
13 13 BY 625 25) 169 fla 
= TA en ea -1 2 -1 1Q_ sy 
3 24 7:12 204 (253 [(tan e tan (0) + (tan™ (6) : tan‘(2)) + (tan 8 — tan 
= sin” ia tae oe = sin” a6 = COS Bae 4)+ (tan? 10 + tan? 6) +... + (tan“(2(n + 1) — tan'(2(n + 1)) 
S, = tan“(2n) + tan“(2n + 1)) — tan” 2 
(iii) L_H.S. = sin™ 3) ~cos” " = sin” 3) gas S. =lim(S,) = 2+ -tan72= 2 -tan?2 
Bike 5 13 5 13 By eee te oe 
1 
= sin” | eee i= ee 5. °* x <0 does not satisfies the equation thus x € lo 
5 169 a 25 6/3 
3 12 5x4 16 Now consider the equation sin” 6V3 = n/2 — sin? 6x = 
=sin’ | —x—- 4 
(3 13 he (8 s) cos” 6x 


= sin6 V3x = sin? V1-36x 
3. (i) cos"(2} +05°(2}=co “(2 =) h-- —-— S h-t) => 108x* = 1 — 36x? 
2 - > 13 169 = x=1/144 => x=1/12 


= cos” 3 -35) =cos? (= 6. (a) sin’x + sin'y + sin'z = 
=> sin'x + sinly =z - sin'z 


(ii) cos"{ © | +e08"( -7] cos (# aire _t a 4] = sin’ (xi-> tyvi-x)=2-sin"z 


Taking sine on both sides, we get 


= cos” ja — an +cos (*) =cos” 3 +cos” *) xJl-y? tyvi-x? =2 
14 1 14 14 FE eI ee: 
= %— Cos” D +cos” “tid =e Squaring both sides, we get, x? (1 — y?) + 2? 
2zx,/1- y? =y'-x’y? 
4+ 7?-y?= 2zxq/1- y? 
x4 + Z4 + y? + 2(x? 2? — Zy? — xy’) = 427x? — 4x’*y’2? 


roan where ne N 
= 
— 
~ 7 ee ae n ae in nel] => x4 + y* + y A +4 x’y7zZ? = 2(x’y? ae yz? ae Z2x?) 
(b) 
> 


cos’x + cos'y = 1 — cos"z 


cos" (xy - Vi-2* Ji-y?)=2-c0sz 
xy+z=V1l-x°Jl-y’ 


a (es) * 


1 ; 1 => 
=> T,=sin'—=-sin” 
vn vn+l => xy?+ Zz? + 2xyz = (1 —x’) (1 -y’) 
Sct: 2% 29° => xy*+z?>+ 2xyz = 1-x’*?-y’? + x’y’ 
sin’ ——sin” —=|+ Se es _ 
) => Xow 2 a 2xye— 
1 


x-l 


1 ] 
+... +[ sin —sin” Ss) 
vn n+l oath 2) —- 


nv>n 


=> —— 
=> S§ =|sin’1-sin™ een er oe mMx-I ol 
ats 2 diel => 2x?-x+1=7x-1) > 2x?-8x+8=0 
=> x’-4x+4=0 = 4x=2)=0 
=> 


5/3 
=> 8S, =limS, = > x = 218 the solution. 
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(b) tan? (x —1)+ tan! (x + 1) = tan”! 3x — tan'x 
Taking tangent on both sides, we get 
(x-l)+(x+1) _ 3x-x 
1-(x-1)(x41) 143? 
2x. 2% 
2-x? 143% 
=> Either x = 0 or 2—x?= 1 + 3x? 
> x=O0orx=£1/2 => x=0,-1/2, 1/2 


. Consider the series 


cosec 1/10 +cosec/50 +cosec?V170 +... 


=> T, = cosee" (x? +1Vx* +2x+2) 
. *{ 1 
= sn | ——_—-__—_—_____ 
Vx? +1Vx? +2x4+2 
= sin” ee 
(n +1)’ —2nJ(n +1)? +1 


2 Qk 
. S = tan” Sa 
(a) >, 2 raed 


= ; tan” ee 
= 1+(k? +k +)(k? -k +1) 


2 oe (k? +k +1)-(k? —k +1) 
1+(k? +k +1)(k? -—k +1) 


k=] 


= 3i(tan +k+1)-tan"(k* -—k +1)) 


k=1 
= {(tan’ 3 — tan? 1) + (tan?! 7 — tan? 3) + (tan? 13 — 
tan? 7)+.....+ (tan? (n?+n+ 1)—tan™ (n?—-n+ 1))} 


ae 
= (tan? (n? + n+ 1)—tan? 1) = tan” [e 


l+n’?4+n+1 
n'o+n 
=> §,=tan~’| ———— 
( 


1 
1+ — 
= S§ =limtan 3 ee 
noon eae a 4 
non 
=> s, =a | 5 hi | en S.=— 
n> +n+2 


a, af +x — ke 
a [ee | 


k=1 
= (tan (k +1)x —tan™ kx) 
k=1 


= [(tan!? 2x — tan! x) + (tan? 3x — tan? 2x) + ... + 
(tan“(n + 1)x — tan? nx)]= tan? (n + 1)x — tan’ nx 


= 8, -tan'| and S, =0 


x 
1+n(n+1)x? 
(c) Consider the series cot’ 2 + cot? 8 + cot?18 +.... + 0 


T. =cot'(2n’) = tan”'} ————— 
ieee ee fern 


10. 


11. 


12. 


_ tan" | (2n +1)-(2n-1) 
1+(2n +1)(2n-1) 


T= tan™ (2n +1) — tan™ (2n — 1) 
S,= >, = [tan? 3 — tan? 1) + (tan? 5 — tan? 3) + 


n=1 
(tan? 7 — tan? 5) +.... + (tan? (2n + 1) — tan"(2n — 1)] 
S_ = tan? (2n + 1)—tan™ 1 


(d) Consider 
n ot n phim a 1) 
S = > tan”? —_—_ ] = > tan? ae ae 
| F la a : +2727" 


n oF _ ps rr) 

= Stan | ———— |= Stan 7"(2’)-tan7(2"" 

pa (: a] 2 ( ) ( ) 
= tan” (2°) — tan (2°) = tan?! (2°) — 2/4 

=> S_ =tan™ (2%)-27/4,S8,= 2/4 

Consider the series 3.4 + 8.9+ 15.16 +...... 

t=(n+ 1P-1) (+ 1)?=n(tn+ 2) (n+ 1P = n(n + 1) 

(n + 1) (n + 2) = (n? + n) (n’? + 3n + 2) 


S, => tan” [ elle 


FAA 1+(n? +n)(n? +3n +2) 


— >i tan"(n* +3n+2)-tan"(n’ +n) 


n=] 
= [(tan? 6 — tan? 2) + (tan (12) — tan? (5) + (tan? (20) 
—tan?(12))+....+ tan? 3n’?+ 3n+ 2)—tan?! (n?+n)] 
=> S_=tan“(n’ + 3n + 2)—tan™ 2 


ea) 


SS" ata? 
2 
= cot(S,)=cot [= - tn) =2 


sec’ /|x|+cosec "yj x| : 
2 = 


Consider the series 


Which is clearly an infinite G.P. thus to have finite value as 
it sum |CR| < 1 


=> |I—|<l => egy 
a 2a 
=> 2a>1 > a>l/2 
=> se(3.0] 
2 
Sea a 2H 
Given sin x +sin ee (1) 


ii) 


4 4 XK 
and cos x-cos y = 
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Adding both equations together, we get, 2/2 + 2/2 —2cos'y =n The equation reduces to 
=> cosy =0 => yql __, ftan?@ . ,f{1-tan’@ so 1 
oh i, er sin <> +sin | ——— |=sin | —————— 
Substituting in equation (i1) we get, cos’x = 2/3 sec” 0 1+tan’é V1+tan? @ 


=> x=cos7/3 = 1/2 
=>: eo 12y— 1 


ead Woe es Ailes a ae . a 
(ai lala +b +c) b(a+b+c) => sin (sin@)+sin sin( =—20 | =sin [sin( 2 0)| 
_ be \ ca 
Xt XR 
_ (a+b+e) _atb+e. 2 _, => Ot 2B 0 
. ‘ ¢ => 0-6 which is an identity for all x > 0 


and both are positive therefore. Set of solution is x € [0, 0) 


we. cece - 
L.H.S. = tan “———— | eoreas ees. 12 aie 4D 
16. sin’ —-cos — = sin —-sin = — 
5 13 5 13 
creer ; : 
3) “la] 
“ —| +/—]| <l 


= sin’ sin’ @ +sin'cos2@ =sin ‘| cos@| 


5 13 
ere e Met) 
= a+t = sin” 2 ieee ieee = sin “(3 Cie ay ed 
ee — atbte. s¥ 169 13 25 5 13 13 5 
( (z 
= sin. | ——— |= — 
pCEEESS) +b+c) 65 65 
17. (i) Consider the equation 2cot? 2 — cot? 4/5 = cosec'x 
i= +b)c re => 2tan"*——cos*==cosec"x 
= ¢+Ktan” +tan- a 2 
(a+b) 1 
| eee 
-] 4 4 = 
=> cos | |—cos” ~ = cosec x 
_ = (fe). Bp on er 
cos” e cos '— =cosec 
=n=RHS. 7 5 ~ * 
14. p>q>Oand pr <-1 <qr (2 9 S) 1 
2 => cos | —+,/l-—,/l-— |=cosec x 
= tan" | pr =tan™ p-—tan" gq 2> 25 y) 
1+ pq 4 
i => cos” (*) =cosec x 
= tan” [2 P =(a +tan™"r-—tan™ p) 2 
ae as 5h (ek) inl 
pr <-—l and p>0,r<0O => sin Was = $1 > 
_ a1, 47F |_ 1. 4,n-l 
= tan [4-7 | =(tan” g—tan r) ahs wie = Z sin? 
cor ; r<Oor 25 
= > => = 
v en r>0 = 7 
Thus adding all the above three we get, (ii) sin (2cos™ (cot (2 tan” x))) = 0 
L.H.S. = (tan“p — tan’q) + (tan’q — tan’r) + a + = 2cos (cot (2 tan’x)) = 0, 2 or 22 
(tan'r — tan'q) =x =R.HS. ‘* cos? x e [0, z] 
=| | = 
15. Consider the equation =7 GOS= ACO Cae i ee 
=> cot (2 tan x) =1,0,-1 
sin? ,{—— - sin” (==) = sin” ; => 2tan!x =+7/4,+ 2/2 
x+] x+1 Vx+1 => tan!x =4 7/8,+ 7/4 
Clearly x = 0 1s domain restriction. => x=+1,1-V2-1-v2 
Let tanvx = 0 € [0, 2/2) Vx = tan 0 € [0, «) => xe {-1,-1-V2,1,1+ v2} 
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18. 


1 3 
(iii) 2tan™ 5 +cos = cosec ‘x 


(i) 


(ii) 


=> 


ee Cc! ae 
a7 —Ssin Fo ek, 
(25) x 
(Z 41 
sin| Z —Ssin —_ |} )/=SsIn — 
25 x 
24 1 _25 
25 x 24 


sin’ an 3-cot™ (-3) 
2 


wuidifau’ - 7+ *- |) 


sin? (tan?! 3 + tan? 2 — 7) 


'( “(32) 
sin’| z+tan | ——|-z 
1-6 
(-sin (tan (-1))y? = [sin Ga) 


L.HS. 


= gin| sin” 


R 
sin| 2tan” _ + tan (Fsin” 2 
2 2 17 


15 2 tan — 0 53 0 : 
aa => tan—=—,— but—e€] 0,— 
YT 1 4+tan?Z 2 35 2 4 
0 4 0 4 3 7 
tan><1 = [+tan>= 7+ 7=—=RHS. 
zZ 5 2, > DS 
(iii) L-_H.S. = sin 2tan* — ~tan{ 3 ald 
2 17 


in {sin (5 15 4 3.1 
= sin] sin’ — |—tan] — | where sin@ =—- =—-—=— 


- (a) 


TEXTUAL EXERCISE—5 (OBJECTIVE) 


. (a) tan’ x+tan” y+tan z= then 
Vv ee~,-—~’ 


A Cc 


B 
x = tanA, y = tanB, z = tanC 
=> tanA+ tanB + tanC = tanA tanB tanC 
=> XxtytZ=xyZ > x+y+z-—xyz=0 


ae 3 — Stan | 2 @—D 
a 28 Cares ~ fan fear 


n=] 


= Ditan“(n +2)-tan“(n-1) +7 (n +2) (n—1)>-1 

n=1 
= [(tan? 3 — 0) + (tan? 4 — tan’) + (tan? 5 — tan™ (2)) + 
(tan? 6 — tan’? 3) + (tan! 7 —tan™ 4) + (tan? 8 — tan”! 5) + 
... + (tan (n + 2)— tan? (n—- 1))J=-Asn—- 


[tan (> —] 
n-+n-1 


—(tan™ 1+tan” 2) = -(4 + tan” 2| 


—tan‘1-—tan’2 


| 
| 
a. 
4 
+ 
—s 
pe) 
zi 
— 
— 
+ 
No 


#2) = -(¢-tan’3)=tan'3-z 


Thus sum is either (tan? 3 — 2) — 2/4 — tan” 2. 


l<x<v2 
0<x-1< 2-1 
x(x —1) € (0,2-— V2) and2<x+1<v2+1 
(x —1)(x+ 1) € (0, 1) and x(x + 1) € (2,2 + V2) 
Thus tan?(x — 1) + tan?(x + 1) = tan? 3x + tan(-(x)) 


4 Lx ye if BEA 
= tan [a ae = tan 5 
1-(x° -]) 1+3x 


= Either x = 0 or 1 = 4x? or x = £1/2, but x e (1, V2) 
therefore x # 0, —1/2, 1/2, hence no solution 


=> 
=> 


. (c) Given tan™'x — tan"y = tan’A; xy > -1 


= tan'x + tan’ (-y) = tan"A; x(-y) < 1 


= tan?| 2% 
1+xy 


jan A. = Aso =2 
1+xy 


. (b) Given cos’?x + cos'y + cos'z = 2% 


= cos’x+cos'y = x-—cos’z 
= cos” (» +V1l-x°Jl-y° =cos (-z); ifx+y 20; x, 


y € [-l, 1] or 


2x - cos" (xy +V1-x* J1-y?)=cos"(-z) if x + 
y <0,x,y € Cl, 1) 

xy+Vl—-x’Jl-y* =-z 

xy+z=V1-x°Jl-y’ 


x’y? + Z? + 2xyz = 1-x?-y?+x’y’ 
x? + y? + z+ 2xyz = 1 


YUU Y 


10. 


(b) Given tan’ 2x+tan™ 3x =7 


Applying tan on both side tan(tan? 2x + tan? 3x) = 1 


2% 3x 
> —W— = => 5x=1- 6x’ 
1-(2x)(3x) 
=> 6x?+5x-1=0 
=> 6x*+6x-x-1=0 => 6x(xk+1)-(k+1)=0 
=> (6x-—1)(xk+1)=0 
=> x= 1/6, -1 but x = -1 does not satisfy the equation as 


L.H.S. becomes negative 
=> x=1/6 


(b) Let A = tanx, B = tan"y and C = tan"'z 
tan’x + tan'y + tan'z=n7 
=> A+B+C=nz 


1 1 1 
— +—+-— =cosA cosB + cosB cosC + cosC cosA = 1 


xy yz 2x 
. -1 = | 

(d) Given cor Bs ac x 

= Taking cotangent on both side, we get cot(A + B) 


= cotC 


cot Acot B-1 
SS ECOL. 
cosB+cosA 


ap _ 


Bra 
(a) Given tan” = +tan” . —cot’8 


x>0, v>0,xy<1 


= tan?| 4 > |~ tan ) 


V5 42 
=> ——+——= 
9 9 

V5 +42 
=> = 
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11. (d) Consider the expression 


12. (b) 


YUUY 


es 
tn (=) tan x | =tan7 (tant tan? 
y 142 y 
x 
= tan? +tan~ -tan"1 
y x 
tan? +cot; xy >0 
_ y x 
tan? —z+cot?~—4, xy <0 
y y 4 
= Te eee dae - 3 
2 4 2 4 4 4 
-] P| 
cos —+2tan — 
5 
je 
= cos '—+cos” 25 |= cos ( ) +20 (2 
oat 17 B 
25 


1Sx12. 1-(8) (12) 
17x13 17) 13 
tial 8 =) 
17x13 17 13 

140 
cos OP} =" (aaa) 
17x13 17x13 


eee (221) ew) msi (SS) 
(221) 221 


4H... SE e a 
tan et tan 'y=sin” 


tan? x +——sin7 y = sin” (=) 
2 l+y? 10 

(Fs) 
10 


cos” a =tan” y—tan™ x 
Ji0 


ce tn 22) 
3 1+xy 


1+ xy =3y —3x => xy+3x-3y-—9=-10 
(x - 3) (y +3) =- 

Clearly x —-3 <0;x <3 andy+3>0 
x-3=-l,;y+3=10 

x-S3S-—2yr3-5 

x =2andy=7orx=1andy=2 

(2, 7) and (1, 2) are only two solutions. 


x 


} 
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14. (b) Since tan" 2, tan 3 be two angles say A and B => x’?-kx-—q>0 => x?-kx+p-4>0 
aah Post pe 2+3 a eee, => Disc. <0 => (-k)-4(p-4) <0 
1-6 4 4 => k<4(p-4)<0 
i1 al 1 1 Which is impossible. 
15. (c) tan —+tan —+tan —+tan — 
3 5 7 8 5. (d) 2(tan'1 + tan?2 + tan7?3) 
* tan(x) + tan’ 
I A : 1 ie 1 (x) : (y) 
= tan” tal eg tan” 4 fan (222) forxy <1 
—— 1-—x— l-xy 
15 7 8 
4 3 = = stan (242 | ory >Oand >1 
GB) eel 2 veel 2 1 as 
=tan | —|+tan “| — |= tan 73 i 
7 I] ae mr stan "2 ory <Oanday>| 
(44421 5 X 142 
= tan 77-1) = tan (1) = 4 . (tan ae tan7!2) =7+ tan” 1-12) Z (1)(2) 


=> tan’'l] + tan!2 =x —tan’33 
= tan’']+tan!2+tan'3=2z 
=> 2 (tan'l + tan'2 + tan'3) = 22 


eee x x = x! x° 4 = 1 @ _ 34 a-b 
1. (b) sin (s-L4..} re (e-5+2..]-2 6. (b) Let &=tan Pi tan (a 


2 = tant (£)+tan( 2-2 
eee | | ecco] PEC (= F—) 
E 3) ° Now, (2) 7-4) <1 ss, OS) 


5 sin?| 2 “a 5 ad (3 b)\b+a b (b+a) 
2+x 2+x?| 2 ab—a’—b*>-ab —(a* -b’) 
=> — << > —— 
2x = 9x? b(a +b) b(a +b) 
7 24x 2+ => b(a+b)>0 
=> (2+x)x-(2+x)x?=0 => b<0;a+b<Oandb>0;a+b>0 
= x[x?+ 2 — 2x — x] =0 => b<0;a<-bandb>0;-a<b 
=> x2(1-~)]=0 = x=O0orx=1 i ie a ee 
But 0 < |x| < \2 sas ig =  |a| <|b| which is given Hs 
— + ——_ 
2. (d) cosec (cos x) is real if cos x € (—o, —-1] U [1, ~) », joa (2) +a F—*) ~ tan?| —o b+a 
=> cosx=-lorl 7 a 12 (b-a) 
= x= integer multiple of z b bt+a 
,|ab+a’+b’-ab| zx 
3. (c) tan Fee tee| ean) oes a = | a ee 
; 42 4 2 ? b° +ab-ab+a 4 
Let 1 oat x =e 0.5 7. (b) 2tan™ (cos x) = tan™ (2 cosec x) 
° ; LHS. = 2tan7 = tan?{ 7908 | ¢ +] 
2s aaele =e 2 eee p HLS. an“'(COSs x) i caus Or COS X # 
1-tan’@ 
= 2cos 
ad ¥ Sane R.H.S. = tan’ (2cosec x) => 3 = 2cosecx 
1X x = cos’*x + sinx cos x—1=0 
Required expression = tan( = +0}-+-tan( 26) ; foe 
A 4 => sinxcosx-—sin°x =0 
Z l+tan@ | 1-tan@ _ 2(1+tan*@) _ 2 = sin X (cos X — sin x)= 0 
l-tan@ l+tan@ (l1-tan’@) x => sin x = 0 or sin X = cos x 
=> cosx=+1ortanx=1, butcosx #+1 
4. (a) x*—kx + sin’ (sin4) > 0 V real x Besa eye nn 
x?— kx + sin! (sin (p + q)) > O where 4=p+q,qe 4 


(q, p/2) Or cos x = +l; x =nt 
=> x’?—kx + sin“(sin(-q))> 0 L.H.S. = + 2/2, but R.HS. is not defined for x = nz 


8. (b) feaysin Bx Sine Lens, ts f(x) to 


10. 


be defined, x € [—1, 1], so let cos0 = x and 9 € [0, z] 


O=V1-x° 


=> sin x 
f(x) =sin" {sin cos - cos sin o| 
= sin” {sin( 2-0) 
3 
Now for 
Oe 0,52}. -6 € |-%.0 and—-6e -2.2| 


(a) sin™'| cos} sin” A 


-| 
_ 
“" 


cos 4 Sin | aa 


ea 5x 
4 3 


2 
cOs4 sin sin( 


. 
+ - i. 
es 


(b) (sec!x)? + (cosecx)? = (sec x)? + [= —sec” | 


2 


4 


2 


Z Sire, SUE 
= 2sec’ x)* — sec ans 


2 2 
= 2] (sec” ey see ee sia 
2 16 8 
= 2{ see's) Taal 
4 8 


Now sec?x € [0,2]~ = 


11. 


12. 


=> 


=> 


=> 


a~ 
) 
— 


“UUYUU VYUYUUUYNY 


=> 


Or 


Or 
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(wes Fel FF ta 
sec x-— |e] —, ~ 4 
4 4 4 
2 2 2 
[see 4) E 0,2 ap ae 
4 1 16 
xr) 2 [x 5x 

2{ seer’) +—eé : 
4 8 8 4 


Maximum value = 


[sin’ cos’ sin’ tan’x] = 1, [.] is gint function 
1 <sin™ cos“‘sin™ tan?x <2, but maximum value sin™?x 


ee) 
2 


1 <sin™’ cos? sin? tan?! x < 2/2 
sinl <cos? sin’! tan’x < 1 
(*. sin@ is increasing on [—2/2, 1/2]) 
cos (sinl) > sin! tan?x > cos 1 
(.. cosO is decreasing on [0, 7]) 
sin cos sinl > tan’'x > sin cos] 
(*. sinO is increasing on [0, 2/2]) 
tan sin cos sinl > x > tan sin cos1 
(*.. tanO is increasing on [0, 1/2) 
x € [tan sin cosl, tan sin cos sin1] 


Given equation is sin’x + sin? (1 — x”) = cos?x + 

cos (1 — x?) 

sin?x + sin? (1 — x*) = 2/2 — sin'x + 2/2 — sin? (1 — x?) 

2[sin?x + sin?(1 — x’)] = 

sin’x + sin7(1 — x”) = 2/2 

sin’x = cos ?(1 — x”) 

sin’ x and cos’(1 — x”) € [0, 2/2] 

x >0 

cos’ ¥l—x*? =cos ‘(1—x’) 
l-x’ =1-x > (1 

(1 — x”)? — [(1 — x?) -1] = 0 

(=x) -Cx)=0 

x =Oorx=+ 1 (Butx>0) 

There are 2 solution 1.e., x = 0 and x = 1 


— x’)? -(1-—x’) =0 


. (c) tan’ + tan"y + tan'z = 72 or 2/2 


tan’x + tan“y = (x — tan™'z) 
If sum is z also in this case each of x, y, z will be non- 
negative. 


tan” 42 =mtan™z for x,y,z >0 
ey 


+ 
az +tan” (=*2) =7-tan” z for z,y,z >0;,xy <1 
ay 


=-z for x, y,z>Oxy<1 


tan” [242 =—tan” z for x,y,z20;xy <1 
a 


x+y 


=-z for x, y,z>0 
l-xy 
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=> xtytZ=xyZ 
Also for tan? + tan“y + tan'z = 1/2 


= (Either all x, y, z are non-negative or at most one is 
negative) 


=> tan’x + tan'y = cot'z 


=> wn"( 242) cots for xy < 1 
— xy 


+ 
or «#+tan7| 77” 
1-xy 


= tn 222 
1—xy 


=cot'z for xy >1 


tan” (2) for > 0; for xy <1 
Zz 


z+tan” a or z <Q; or xy<l 
Z 


op ae etan |  |S 
l-xy 


x+y 1 
=> =— for xy <lorxy>1 
l-xy 2z 


=> xzt+yz=1-xy 


14. (a) cot” (2) +cot™ (2241) +cot” [22 h 
ey y-z Zax 


x >y >z> 0 and x, y, z distinct 


= tan? | ~—” |4tan7} 2=7 +tan"{ 22) 
1+ xy 1+ yz 1+zx 
= (tan’x — tan'y) + (tany — tan™'z) + (tan’'z -tan'x) = 0 


15 -] atx -] a-x _# 
. (c) If tan | —— |+tan =— 
a 


tan 2) for >0; for xy >1 
Z 


z+tan”™ . or z <Q; forxy>1 
a4 
Z 


=> xy +yZezx= 1 


a 


For x = 0, L-HLS. = tan’1 + tan’1 = 27/2 +R.HS. 
at+x\(a-x\) a’-x x 

So, x #0, Now = a! ae a 
a a 


a 2 


8.) K.] 


2a” 1 
oi 8 gems 
x 3 
16. (c) tan” us ae +tan™| —2—_ | + tan | 2 a 
Cytx b4+¢5¢; 1+c,c, 


=> 


=> 


17. (c) 
=> 


=> 


18. (c) 


4| ¢-—ye 
tan?) 2?" | + tant c, — tanec, + tan'c, — tanec, 
l+c,.y/x ° 
+....F tan? c¢ —tantec ,=0 
a1) 


tan“c,-tan’—=0 => tan’c = tan'y/x 
x 


tan? 1/ C= tan” es 
y 


V1+cos2x = V2sin (sin x);-2<x<z 
V2 |cos x| = V2 sin "(sin x) 


. -] . 
lcos x| =sin (sinx);-7<Sx<7z 


sin-'(sinx) 


There are exactly two solutions 


ly| = sin x, y = cos? (cos x); 2n <x <2z 


y = cos"'(cosx) 


There are exactly three solution in [—27, 27] 


a Se 
19. (a) 2.80 (— > tan 


20. (c) 


cos 'x—cos” y= 


=n 1+r(r +1) 


= 57(tan'(r +1)-tan™ r) = lim tan“ +1)tan“r 
r=0 iets r=0 


= lim {(tan? 1 — tan! 0) + (tan? 2 — tan 1) + 
(tan? 3 —tan’ 2)+....+ (tan? (n+ 1) — tan’ n)} 


= lim| tan "(x +1) | = 


x0 


2 
cos” ie +V1-x", i =| =cos” 5 —cos’x ...(i) 


cos? (w+vi-x Ji-y ); x<y;,xye[-L]] 
—cos" (xy +vI-2 Ji-y ); x>y;xye[-L]] 


N/a 


x 
is true for Ao 1.e.,forx>QOandx<1 


x € [0, 1] 


21. (a) cos? x+(sin7 y)? == 


22. (a) 


23. 


24. 


YUUYY 


4 


2 
KX 


d (sin™ y)? —(cos” x) = — 
and ( yy -(¢ ) 16 


ee ees 1 
Adding (i) and (ii) we get, 2(sin™ y)’ = =n +4 


Only positive integer value of n= 1 
sin” (——) ~sin” (— >] 
Vr +1 Vr 
= tan” (—- —tan” (—) 
vr r-l 
: fin"( )-sin- (--)| 
= Vr +1 vr 


_ Year |-tan-| | 


({cot?x] — 3)? <0 
[cot'x] =3 

3 <cot!x <4 

3 <cot'x <p 

—0 <x <cot3 


(d) Given [sin™x] + [cos?x] = 0 


Y J 


X 1S a non- negative real number 
sin’ x € [0, 2/2] and cos’ x € [0, 2/2] 
[sin™x], [cos?x] € {0, 1} 


Equation (1) holds when [sin™'x] = [cos?x] = 0 


G) 


Inverse Trigonometric Functions < 4.123 


=> 0O<sin'x < 1 and 0 <cos’?x < 1 
=> 0<x<sin'x < 1 and cosl <cos?x < 1 


t/i4 1 n/2 


Clearly sinl > cos1l 
x € (cosl, sinl) 


25. (d) [tan™'x] + [cot'x] = 2; [.] 1s greatest integer function 
[tan'x] € {-2,-1, 0, 1} and [cot'x]e {0, 1, 2, 3} 
=> Given equation is satisfied for 
| tan” x| = -1;| cot” x| =3 


| tan” x | =0;[cot’x]=2 or 
| tan” x | = 1,| cot” x | =] 
tan” x €[-1,0)andcot’ x €[3, z) 


= {tan x €[0,1);cot™ x €[2,3)(impossible as x > 0 > cot x > 2/2) 
tan” x €[1,2);cot™ x €[1, 2) 


=> xe [-+tanl, 0] and x € (-o, cot3] or tan! x € 


1. }ta 2 €[l,2)i-e., tan? x, tan” i E 1.2) 
2 x x wy 


1 
i.e.,x © [tanl, 0) and —e€[tan1,) (impossible) 
x 


x € [-tanl, 0) and x € (—, cot3] is the only possibility 
= xe f(No solution) 


26 (b) sin” (cos(sin™ x)) +cos” (sin(cos x)) 
sin” sin (= —sin” *) +cos” (sin(cos” x)) 


= sin” (sin (cos™ x)) +cos” (sin(cos” x)) = p/2 


tan” (| +tan™ (= +tan™ (=) 
zr xr yr 


27. (b) 


-l 
= tan 


¥(242) 
= tan” a +tan™ (=) 
1 y yr 
re 
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2 2 
ro - 2 
= tan” dec +tan7| = 
r zx (r°-y") yr 


= tan” = +tan” = = tan” (2) +cot™ (| wae 
zx ry zx zx. 12 


28. (a) sin'a+t sin’b + sin'c = p 


=> 


29. (a) c 


Each of a, b, c should be non negative as otherwise sum # p 
aVl—a? +by1-b? +eVl—c? | 

Let sin‘a = q 
Let sin’b = f 
b = sinf, cos¢ = V1-8? and sinc y 
l-c’ 


=> a=sinq; cos@=Vl-a’ 


c= siny; cosy = 
qt+ity=p 
Now, sing cosq + sinf cosf + siny cosy 

= = (sin 26 +sin2¢ +sin2y) 

= = [2sin (0 +¢).cos(@ - 9) +2siny cos y | 


= =[2siny [cost — $) -cos(@ +9)]| 


= SL siny(2sin Osin ¢)] = 2sin Osing siny = 2abe 


os J > = sin 


For permissible values of 


ae 
cos” in| 1-() sm =e 
a- a-—b a-—b 
1>—s0 
a—b 
=> (a-—x)(a—b)>0;a#b and (b—x) (a—b)<0;a#b 
Case (i): Fora>b 
a—x>0Oandb-x<0O 
1e.,b<x<a 
Case (ii): Fora<b 


a—x>0Oandb-x>0 
X<aandx <b 


30. (c) 


Xx<a<b 


ae 
s,m =2tan"( 1 +sin™ ae ; x € (0,1) 
1-x Lea 


= 2tan” (tn( = +0) }F cos ‘(cos2@); where 8 = tan! x 


=> 


Also 8 = tan’ andx e (0,1) >0€ (0,7/4) 


= +0e(5, =) and 20 e€ (0.7/2) 
4 4 2 


XeceX, -2(2 +6)+2—26 = a 


31. (c) Forae (-$.-2).tan a.<0 


=> tan(cot a)-—cot'(tana)=-12 
Also for points in 2"! quadrant 
sin ‘(sin a) + cos ‘(cos a) = 7. 


32. (d) xy >O0 >x & y are of same sign 
x+— 2>2o0r <-2 
= Y 


Hence, value of z (among the given) which does not lie 


in the set is = 


(> 
2 


33. (b) Let f(x) = 2 cot*(x-1) + (n —- 1) cot! x 
f(x) = ae =e <0 VxeR 
(x-1)°+1 x41 
Hence f(x) is decreasing function 
and 0 < f(x) <a (2x -1) 
‘. {(x) = 2x —1 has only one solution 
34. (d) .«. cos’(2x7-1) = 2n-—2cos'x ifx<0 
So, 2n — 2cos?x — 2sin'!x = 1% 
35. (b) ‘." cos? cosx = cos’ cos(2n — x) for xe 
=2m -X 
sin? sinx = x —2n 
‘. sin! (cos (cos“(cosx) + sin (sinx))) 
= sin’ (cos 0) = sin”? (1) = 5 
36. (d) (a) cos (tan (tan4)) = cos (tan™ tan (4 — 2)) 
= cos (4—2)=-—cos4>0 
(b) sin (cot? (cot 4)) = sin (cot? (cot 4 — 2)) 
= sin (4-2) =-—sin4>0 
(c) tan (cos? (cos 5)) = tan (cos? cos(2n — 5) 
= tan (2n — 5) =—tan 5 > 0 
(d) cot (sin’ (sin 4)) = cot (sin sin™ (x — 4)) 
= cot (t —4) =— cot 4 <0 
37. (c) We have 


S, = 2x, = sin 2B 
S, = 2 x,x, = cos 2B 
§ Seee cos B 


1203 
S, = X,X,X,x, =— sin B 


1%,%,%, 


ar -l 4, 5, —S; 
So that 2d an x, = tan 1-S, +S, 
sin2f -cos 8 _, cos A(2sin f -1) 


= ancl _= : 
a 1-cos2 -sin B ces sin B(2sin B -1) 


= tan cot B = tan” (tan (7/2 — B)) = 27/2-8 
38. (a) Graph of sin” sin(x) = f(x) 


f(x) = sin! (sinx) =x-2n 32/2 <x <5n/2 
f(5) = sin? (sin 5) = 5 —22 

log,(x) <5 — 2x 

x > 0 

xX < 25-24 

So, (0, 2°") 


39. (c) —- == sintx< 


N/a 


aie ss se 3x 
. sin’ x + sin’ y + sin’'z = 5 
ya 
=> sin’ x=sin' y =sin'z= a 
SxS ya zZ— 
Also f(p + q) = f(p). fq) Vp,qeR .. 1) 
Given f(1) = 1 
from (1), 
Fd + 1) = f(1). f) => f(2) =1?= 1 
from (2), f(2 + 1) = f(2) . f(1) 
=> 136)> hele ae 1 
Now given expression = 3 — zi =2 
40. (b) tan’ x + tan” oe tan’ 3 
y 
= yitl_., ee 3x+1 


2 


y-x 3-x 
3x +1 


-x 
x = 1, 2 and corresponding values of y are 2, 7. Hence 
two pairs (1, 2) and (2, 7) are possible. 


y>0o=> 


>0 => -3<x<3 


41. (c) Since ooo > 1 .The given expression is equal to 


yx-y 
x x+y 
n+ tan? |—>—"~¥ 
EELS 
y x-y 
x7 +4 2 
=n+ tan ae =m + tan? (-1) = 30/4. 
(x+y 


42. (c) Since <5<2, 


We have sin 5 <0, so sin? (sin 5) = 2x — 5 


Inverse Trigonometric Functions < 4.125 


Thus the given inequality can be written as 
2n —5 > x? -— 4x or x?-— 4x — (22 —5) <0 


m -* eee 9) 


See OE) g 


2 


=> [x —2 - V9-2z ] [x -(2+~V9-2z )] <0 
x € (2—-V9-27 ),(2+V9-22 ). 


fas 


1 
43. T= tan? | —|- tan? 
ae (=) ee (J6 +1) 


—tan!? /3 + tan” V2 


44. Here, the expression could be written as 


=> 


— 


—? 


2 

1 ] 

cos?x + cos? x—=+V1- x. [I- a= 
V2 (=. 


1 


cos! x + cos”! 2 — cos !x 


12 


yz 4 


45. (c) k=cos?x+ cos? e+ i538 a 


46. 


(d) 


—1 <x <1, also 3 —3x?20 

ee os > ¥3-3x7 <1 

-l<x<l 

0< >t 1+ > V3-3x? <1 

Solving (2) we get option (c) 

‘. The given equation can be written as 


1 
x+— 


* = _ sin (cosy) (x # 0) 


ieee Se aca <2 
x x 


L.H.S. = R.HS. if sin (cos™ y) = +1li.e., x =+1 


When x = —1 sin (cosy) =1 
y=0 asO<cos'y<nz 
When x = 1 sin(cos‘y) =—1 
Not possible as O<cos'y<z 


x =—1, y = 0is only solution. 


(2) 
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47. (d) sin'x is defined if —1 <x < 1 and sin’ (1 — x) is defined 
if-l<l-x<1>0<x<2 
sin! x + n sin! (1 — x) is defined if O <x < 1 when0< 
x<l,alsoO<1-x<l 


So 0 < sin? x <> and 0 < sin? (1 — x) <> 


LHS = 0 & RHS < 0, so equally holds if LHS = RHS = 0 
But LHS = 0 if sinx and n sin“(1 — x) are simultane- 
ously zero, which is impossible. 


48. (a) a=0 


¥ 


x+y=—1/4 
equation x + y = 
. 1 
image x —y + a =0 


49. (a) cosec (cosec?x) =x Vx €e R-(-l, 1) 


ww’ 


also range of cosec”'(cosec x) € 2.0) U (o. 4 


so combining these two. 


sl es a 


50. (c) Let cos" p= a, cos'’q =f, cost r=y 
cosa=p,cosB=q,cosy=r,at+tBt+y=2 
cos (a + B) = cos (x — ¥) 

cos a.cos B — sin a sin B =—cos y 

8 ers er ee 

pet qe tr’ + 2pqr= 1 
p?t+q?t+r+2pqr+4=5S. 


51. (c) Clearly, x(x + 1) = 0 and x7 +x + 1< 1. Together they 


imply x (x + 1) = 0. 


x =0,-1. 

When x = 0, 

LHS. = tan’ 0 + sin? 1 = a 
When x = -1, 


LHS. =tan! 0+ sin? JI-14+1=0+sir? 1 ee 


Thus two solution. 


SECTION—IV (MORE THAN ONE CORRECT ANSWERS) 


1. (a, b, d) 
(a) tan |tan™‘x| = |x| 
For x > 0 tan(tan™'x) = x = |x| 
For x < 0 tan |-tan™|x|| = tan (tan™|x|) = |x| 


-_ 2 
Also 2tan™ x = 00s" {i : 


cot |cot?x| = cot(cot™x) as cot!x > 0 and cot (cot 'x) =x 
b t |cot? t(cot? t?x > 0 and cot (cot? 
tan'(tan x) for x >0 


—tan7'(tan x) forx <0 


(c) tan” |tan x| = 
1 

x forxe| 0,— 

frse[0) 


x 
—x forx €| -—,0 
, ( 2 


Thus tan™ |tan x| = |x| for x¢€ (-=,2) 


(c) is false 

sin(sin”’ x) for0<x<1 

—sin(sin” x) for-1<x<0 
x forO<x<l 

7 ea 


domain of sin™x. 


(d) sin |sin x| = 


= |x| for xe [-1, 1] which is 


(a, c) f(x) = tan sin"( zai }* Econ i 
. (ac = tany— > |+— 
2 lt+x') 2 1+x° 


sin” | ule for x €[-1,1] 
1+x° 
2x 2x 
orx<—-l=>sin™ 
2) (2. 


sin" | fors> 
1+x° 


2tan) x =4-z-sin” . 


2tan’x for x €[-1,]] 
= sin"( zi - —7-2tan"x forx<-l 


a —2tan™'x forx>] 


cos” ae forx 20 
1+x 


1+ x’ 


-v08"[E* | for <0 
+X 
7 enlboce 


—2tan™ x for x <0 


~5 = 2tan x forx<-l 


0 for-1<sx<0 


2tan’ x for0<x<1 


A 
— forx >1 
5 


| ee ee 1 ,f1-x? 
=> x)= tans —sin +—cos 
I@) f (<5) 2 =} 
= tan{2tan™ x} = ana ; = ; J} ze 


forO0<x<l 


And f(x) = tan{0} = 0 for -l< x <0 and 


f(x) = tan 3 —2tan™ «| 


x 
= —tan (= +tan’x | =cot (tan™ x) 
2 


= cot [cot 2) = Z cor x < —land 
x 


f(x) = tan = = Not definite for x > 1 


3. (a, b, c) tan’ y = 4 tan!x 


=> 
=> 


tan (tany) = tan(4tan'x) 
y = tan (4tan™x) 


3 3 
y is not defined for 4tan?x = eras or as 4tan? 


x € (-2n, 27) 


x= ea aes tan 
8 8 


Now 1= 2tanz/8 
1-tan? z/8 
2% 2/x —2/x 
= 7 Or L= 7 orl= 5 
l-x 1-1/x 1-1/x 
1-x’? =2x 
orx’ -1=2x ves eee A) 


orx’ -l=-2x 


1 
x’? +2x-1=0 
x’ -2x-1=0 
x*+2x-1=0 
x 


=> ... (il) 
24444 
7 
=> or from (ii) 
24444 
aa 
=> x=-l+v2orl+v2 
=> x?=3+42V2 = Option (a), (b) 
Also x? — 1 + 2x (from (i)) 
=> x'—2x*+ 1 —4x? => x= 6x7=1 
=> Option (c) 
4. (a,c, d) sin! (x? +x+1)+ cost (ax +1)=72/2 ... (A) 
= xox lax] ... il) 


UU Y 


Inverse Trigonometric Functions < 4.127 


x? + (1 —a)x = 0 

It has exactly two solutions. 

Exactly two real roots (different) 

Disc. > 0 => (1-a)’-4(1)(0)>0 
(l-ay’>0 > axl 

1 is the only integer that ‘a’ can’t attain to satisfy 
equation 2. 


Now 7 Sx? +x41<land arte) 2.1 


=> 


=> 
=> 


YJ 


— 


a ee, 
4 


x?+ x <0 and 4x?+ 4x +1>0 


x (x + 1) <Oand (2x + 1)°>0 

x € (-1, 0] 

For a = —1 

x eax el 

xo 2x =0 => x(x+2)=0 
x =Oorx=-2 


3 
ax + 1 =Oor3 but(ax+ lj) e€ 3.1] 


and also —2 ¢ [1, 0] 

a #1; (only one solution, not two solution) 

For a=0;x?+x+1=1 

x(x + 1)=0 => x=O0orx=-l 

sin/(x? + x + 1) + cos“(ax + 1) = p/2 1s satisfied by 


x =0,x =-landa=0 


YVUUUYUEY® 


For a = 2 

exe lea Se ee xeHK Oo 
x =Qor 1, but 1 ¢ [-1, 0] 
Thus a #—1, 1 and 2. 


. (a,b, ¢, d) sin” |sin| = /sin™|sin x] | 


Let sin” lsin| =k 

k = vk 

k?-k=0 

sin”? |sin x|=Oor 1 


=> k=Oork=1 


|sinx| = O or |sinx| = sinl 

sinx = 0 or sinx = sin (+1) 

X=nw orx=nz+(-l)’ G1) 
Xx=nnrornz+(-lY;neZ 

x =nz,nz+1,nxt—1;ne€ Z are the values satisfying 
the given equation. 


. (b,c, d) 


tan” (sin? 6+2sin@ +2) +cot” (4 sec’ p +1) = 


=> 
=> 
=> 
=> 


sin’? @+2sin@ +2 = 4sec”* +1 
sin? 6 +2sin0 +1=4* * 
(sin@ +1)? =4°* 


suNle se g\ 
sind + 1=+ (4sec ‘) =+(2 os ‘) 
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=> sind+1=+ (ee?) sec’ ¢ €[1,00) 


= 2% €[2 0) 
= -2%' €(-00,-2]and 2** * €[2,0) 

sin@ +1=2sec” gand = —2sec’ ¢(impossible) 
= sinO = 1; sec’ = 1 


= 9 =| 2ne-+= |and p= nen eZ 
and sinO = 1; cosd = + 1 


7 (6 
. (a, b, d) tan (¢] +tan (2) aie ; clearly x #0 
x Cc 2 


=> tan” (=| +cot” (=| ae 
x b 2 


a x 
=> Tape =ab = ab >0asx #0 
x 


=> x=+ Jab 


From given equation, it is obvious that if atleast one of 


b 
tan” (<| or tan” (= is negative, then the sum # p/2 
x x 


= ane, 
x x 


=> ax,bx>0 


= Fora,b<0,x<0Oand fora,b>0,x>0 
for a,b <0, x=—Vab and for a, b > 0, x=ab 
for a. b <0, no value of x exists 


sin | for-1sx51 
Lee 


. (a,c) 2tan" x=4-z-sin” [28 | for s-1 
l+x 


2 


z-sin"| 2) for x21 
1+x 


—x for x<-l 
:}= x for x=1 


Atan’ x for-1<x<]l 


2 
= 2tan’x+sin” ( = 
1+x 


2 
=> 2tan'x + sin’ (> : is independent of x for 
x 


x € (-0, -1] U [1, o] 


. (a, b) Domain of sin'x and cos™x,each is [—1, 1] and that of 
sec! x and cosec! x, each is (—o, —-1] U [1, ©) 
Domain of f(x) must be {—1, 1} .. Range of f(x) will be 
{f(-1), fC} 
where f(-1) = sin(-1) - cos?(-1) - tan*(—1) - cot *(-1) 
- sec /(—1) - cosec“(—1) 


(=) (2) (=) (2) - SE ana 
= 0 {as cos’ 1 = 0} 


(i) Thus, the graph of f(x) is a two point graph which 
doesn’t lie above x-axis. 


= —3n5 
64 


—3x 
11) f(x) =O and f(x)... = 
( ) ( Vices ( ee 6 A 


32° 
Hence | ye ~ aia = 
(111) f(x) is one-one hence injective. 
(iv) Domain is {-1, 1} 
Number of non-negative integers in the domain of f(x) 
is one. 


6 


10. (a, b, d) We have f(x) = cos (—{-x}) 


D,=R 
AsO < {x} <1 VxeER 
=> -1<- {x} <0 
So R,= =x] . Clearly, f is neither even nor odd. 


But f («x + 1) =f (x) => fis periodic with period 1. 


11. (a, b,c, d) As [> ssin xs > V-1l<x<l 


3x7 


O< (sin x) < (sin y) +(sin™ z) < 


2 


ope 2 ne ae ee eee ae hak 94 
(sin x) +(sin y) +(sin z) 7a is possible if x, 
y,ZE€ tbs 1} 

Possible values of x — y + z from the ordered triplet (x, 
y, Z) are as follows : 


(x, y, Z) X-ytz 
(— 1, -1, -1) —] 
(—1,1, 1) —] 
d,-1, 1) 3 
d,1,-1) —] 

d, 1,1) 1 
d,-1,-1) —] 
(-1,1,-1) —3 
(-1,-1,1) 1 


Hence set of values of x —y + zis {+1, + 3)] 


12. (a, b) ZB = sec” =} seosee"V5 = tan” (3) tan G 


3 1 
42 
tan “3 T tan 2 


| oes 
42 


13. 


14. 


_B 
ae +tan ae tan| 24 9 | = tan33 
24 9 aes 
24 9 
ZA=nx-ZB-ZC=2- tan"! 2 - tan’ 3 = tan 1 
2 3 
sin A =——, sin B =—~— and sin C = —— 
AD) 5 V10 
a= sinA = a : =/5 and 


c 2 
GR) 
V10 
(1) tanA = 1, tan B = 2, tan C =3 are inA-P. Ans. (a) 
(2) The triangle with sides a’, b* and c will have side-length 
5, 4 and 3 respectively 


b= sinB: 


distance between orthocentre and circumcentre = circ- 


hypotenuse _ 5 


umradius = 5 Ans. 
(3) Area of AABC, A= 1 tne /5 : Ne > 
; 2 2 Ji0 
== = 15 
10 


All other parameters are irrational. Ans. (d) 


(a, b, c) The solution of y = ay isy=Oory=1 

If sin’ |sin x} = 1 > x = 1 or x — 1 (in the interval (0, 7)) 
But y = sin”! |sin x| 1s periodic with period 2, so x = na + 
lornz-1 

Again if sin“ |sinx| =O >x=nt 

(a, c, d) The equation holds if 

sin?6 +2 sin0+2= 4° % 41 

Now L.HS. =(sin8 + 1)+1<5and R.HS.=5 (+. sec? o 2 1) 
So, L.H.S. = R.H.S. => sin 9 = — 1 and sec? 6 = 1 


SECTION—V (ASSERTION AND REASON TYPE ANSWERS) 


. (a) Clearly reason ts true. 


ee ee eee ee x al (=) 1 
sin | sin— |=sin™] sin] z-— ||= sin] sin] — | |=— 
( 3 ( | ( 3 3 


= Assertionis true and reason correctly explains the reason. 


(a) Clearly the reason is true. 
cos 'x + cosy =a + b (say); where a = cos” x, b = cos” 
'y €[0, p/2) as x, y > O and x? + y’< 1 1.., cos’a + cos’b < 1 
Now cos(a + b) = cosa . cosb — sina . sinb 


of RT ae A ee 
=> cos? [cos (a+ b)] = cos? (xy -vi-x*J1-y') 


Inverse Trigonometric Functions < 4.129 


a, b € [0, 2/2) => (at+b)e [0,7) 
a+b= cos ‘(xy —Vl-x°J1l-y*) 


=> cos!x + cosy = cos (xy-V1-x’ Vl-y’) 


= Assertion is true and reason correctly explains the reason. 


3. (b) tan“(1)+cos™ (+ +sin” (+ _2 20 a _ 3a 


4 3 6 4 


= Assertion is correct 
Clearly reason 1s correct but no correction with assertion 


+ 
. tne tan ty =tan( 2 » lor ay <1 
me 4 


Reason is incorrect 
Also 


mz +tan™ 22) x>0,y >Oand xy >1 


l-x 
tan x+tan y= i. 
x+y 


l-xy 


“+a | }forx<0,y-<dandy >1 


tan?2 + tan?3 = x +tan( ae )- z+tan” (-1) 
1-2~x3 


x 32x 


= Y | tt ol 


4 4 


= Assertion is correct 


. (a) Clearly reason is correct. Now let cot’ (-x) = 9 € (0, 2) 


cot(8) = —x => x-=-cotd 

cot!x = cot?! (-cot 0) ... (A) 
cot?x = cot’ (cot(z — 8)) 

cot'x = 1-9 as 0 € (0, 7) 

m—09 &€ (0,7) 

The above step is due to the reason that range of cot™'x 
is (0, 1) 

cot (cot x) = x for x € (0, 7) 


YUUYNY 


cot!x = nm — cot (-x) 


cot '(—x) = x — cot? (x) 


YUUY 


Both assertion and reason are correct and reason cor- 
rectly explain the reason. 


6. (c) Clearly the reason is incorrect. 


Now cot!2 + cot'8 + cot!18 + cot'32 + ....+ 00 

: =] ] -1 1 -] 1 th 
= lim| tan” —+tan” —+ tan” —+....+ upton” term 

x0 2 8 18 

hk ood 4h D3 
tan +tan “| ——— [+ 

1+1.3 14+3.5 

= lim 


ae { -1 ae, th 
an 1457 +....t+upton term 


= lim | tan” (2n +1) -tan™ 1 
= tan oo — tan’ 1 pee ese 
2 4 


= Assertion is correct 
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7. 


10. 


11. 


(b) Reason is correct. 
Range of sin” is 


2sin'x + 3siny = 52/2 


= sin’ x=—and sin y == 

2 2 
Sx yr y =kx—5 
=> x=kx—5 => (k-l1)x=5 
= kl sCex—1y SS k=6 
=> 


Assertion is true but reason has no correction with 
assertion 


1 1 
(d) Clearly reason is correct. Now cos{ Sos" ) 


0 
Letcos —= €]0,—]; thus to find cos] — 
8 2 2 
=> cos@=— => 2cos? ae 
2 8 
2,0 9 5,0 9 
= 2cos’—=— => cos —=— 
2 8 2 16 
= eee as = ae [-Z<00.2/4)] 
2 16 2 4 2 


= Assertion is incorrect 


(d) Clearly, the reason is correct. Further 3 € (=.2) 
ya 
So let 3 =(x — 9); 0 € (0,5) 
sin“(sin3) = sin“‘(sin( — 9)) = sin(sin8) = 6 as 9 € (0, 
m/2)=(n-—3) = Assertion is incorrect 
(d) Clearly, the reason is correct. Now for x < 0; 


1 
tan” (+) =-z+cot'x 
x 


tan? x + tan? 1/x = tan! x + (-1 + cot?!x) = (tan!x + 
ya 


1 
cot 'x) -m= ~-H=-— 
2 2 


= Assertion is incorrect 


(b) Clearly, reason is correct. Now x = cosec (tan™ (cos 
(cot (sec (sina)))); a € [0, 1] 


= cosec| tan | cos [xe ( 


| i 
| { 


all 


a a’ 


= cosec| tan 


1 
V2-a’ | 
= cose cosec 4(\B- a 


ie, 
) 
) ee 


12. 


13. 


Also y = sec (cot! (sin (tan ‘(cosec (cos“a))))); a € [0, 1] 


oi {nomex 
a {olen} 
of ols) 


«net (pg) mn VF) = 


X=y = Assertion is correct 
These is no connection between reason and assertion 


2-a 


(a) cos’x, (sin'y) > 0 
By A.M. G.M. inequality 


4 
(cos x) + (sinty)? > 2cos” x.(sin™ y)* =2, = = 


pr pn 2 
but given cos’x + (sin¢y)? = —— > ——2—_— 


> p22 
4 4 - 


Also (cos?x) + (sin"y)? < G = 
For p = 2, cos’?x + (sin'y)? 
pr x x’ x’ x’ 
= =— =| —+4+— |/<| 7+— 
4 2 4 4 4 


m = 2 1s the only permissible integer value. 


2 2 2 2 
For p=3,cos'x+(sin'y)?= pee a ae, Pea 
4 2 4 4 


m = 218 the only permissible integer value. 


Now for P = 2, cos! + (sin'y)* = > and (cos !x). 


4 


a 
sinty) = 
(sin“y) 16 


=> cos!x 
x" 1” a 
=—&(sin’ y)? =— > x =cos| — Jand y = +1 
4 ( ¥) 4 [ 4 4 


are the only solution for permissible integer value p = 2 
Both assertion and reason are correct and reason cor- 
rectly explain the assertion. 


2n — Pa 
(a) Clearly, reason is correct. > sin 2 =nr=2n =) 


i=l 


= For eachi, sin! = 2/2 (" sin? x, < 0/2) 


=> x,=1foreachi 
2» =D3 


= Assertion is correct 
Both assertion and reason are correct and reason cor- 
rectly explains the assertion. 


=> x; =n 


i=l 


SECTION-VI (LINKED COMPREHENSION TYPE ANSWERS) 


Passage A: 
1. (c) sin’ (sin8) =x — 80 


=> 


=> 


=> 


sin? (sin (x — 9)) =x —- 98 


(b) sin? x = 2sin“y 


=> 


=> 


L.H.S.€ eee for x €[-1,1] 
2° 2 


In 
R.H.S. must belong to -2.2| 
2.2 
sin? Ee == 4 ye as ao 
ys 144 MAD 
|= =| wae 
y 2’ J2 y\= 5 


3. (c) 2sin'x = sin! (2xv1 -3") 


=> 


For x € [-1, 1]; R.H.S. e ' 


NIA 
Nw]a 
| ee | 


[pS aust belonat = = 
1.8. Mus eion Oo: ) SSS 
Bt 1972 


2sin! x € == 
2 2 


; = = -1 1 
=> Sit x6. | — xé€ |= 
4 4 2 V2 
Passage B: 
a 3X 
4. (c) Let sin‘(-x) = 0; -x € [-1, 1]; 9 € =| 
=> sin(0) =-x => -sin(2nm — 0) =-x 
=> sin(2x-9)=7 
< ae| 3x =| 
ow — ee are 
2 


5 


=> 


we 3%\: Sas 
2n-0e|= lie, principal domain of sin™'x in 


which sin™x is one-one 

, sal feta A cae Pe er ee 
1.e., sin” (sinx) = x for x € principal domain of sinx 
sin? (sin (2x — 9) = sin'x 

(2x — 8) = sin!x => 0=2x-sin'x 


(b) f(x) = 3sin?x — 2cos?x 


=> 


=> 
=> 


f(-x) = 3 sin*(-x)-2cos?(-xX) a, (1) 
We earlier proved sin“\(—x) = 22 —sin™x ... (il) 
Now, let cos\(—x) = 9; -x € [-1, 1] and 0 € [z, 27] 
cos0 = —x => -—cos(3n — 9) =-x 

cos(3m — 80) =x 

(°° —8 €[-21,-1] => 3x — 0 € [, -n] principal domain 
of cos x) 


=> 


=> 


=> 


=> 


=> 


E= 


=> 


ee YE Ae PELE 


7. (c) Already proved that sin'x + cos’?x = 52/2 


Inverse Trigonometric Functions < 4.131 


cos! (cos(3z — 8)) = cos!x 

3x —8=cos!x => 0-32 -cos!x ... il) 
Using (ii) and (iii) in (1) we have, f(—x) = 3[2x — sin'x] 
— 2[32 — cos ?x] 

= —3sin'x + 2cos'x = -[3sin'x — 2cos'x] = —f(x) 

f(x) is an odd function 


. (a) Let E = (sin™x)3 — (cos?x) = (sin?x cos?x) [(sin?x)? + 


(cos?x)* + (sin™x) (cos?x)] 


= (sin!x—cos?x) [(sin™x + cos?x)*— sin?x cos?x] ....(i) 
; I 30K 
Let sin'x = 0; 80 € =.=] 
2° 2 


x = sin8 = cos( = 


cosx = cos” (cos (= _ 0)| 


5 
cos'x = = -8 , since —-8 €[z,2z] principal 


domain of cos x 


1 ; 1 5H 
cos x + sin’x = > 


... {i1) 
Using (11) in (1) we get, 


(sin x—cos™ x)| —— sin" x.cos™ x 


4 
aha (= os D3) ae (= es 
sin’ x—| —--sin™’x —sin™' x] —-sin™' x 
Zz 4 Z 
5 


2 
[2sin” x 228 (sin™ x) = oF ein Friis 
2 4 


(si 5 =) 252? 257? 
sin x*-— + = 
A A 16 


E is an increasing function 


$3 ee 5x 32 
Minimum value E occurs at sin x- i. = aaa 
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, 5a -32 
8. (a) Co-domain of sin™x is aia y .. (A) 
Also given sin'x + cos'x = 52/2 ... (Al) 


y 


=> 
=> 


For invertible function co-domain = Range 
Range (co-domain) of sinx = -=% 


ae , 5x 
sin-xX + Cos’x = > 


cos!x = 52/2 — sin-!x 


cos x= = ~9:9=sin'xe = 


2 2 
- “| & ) 
cos x=cos | cos fa ae 


5a 
Iff ore 6 € principal domain of cos x or co-domain of 


[= _ 6] €[4z,5z] 


co-doming of cos? = [4z, 5z] 

sec*(tan'!2) + cosec? (cot!3) + 2 = [sec(tan'2)]? + 
[cosec(cot!3)]? + 2 

= sec’9 + cosec’h + 2 (say); 8 = tan 2; d = cot'3 .....(i) 


Ge =.) and ¢ e( =] 
2 2 


tan = 2 and cotd = 3 
secO = —V5 and cosec $ = —V10 


Given expression = (-V5) +(-vi0) +2=17 


Passage C: 


10. (b) (cos x)+(sin™ y) -7* 


=> 


1. (c) 


=> 


2 


r and |x| < 1; ly| <1 


a” 
sn-le7\2 0,— 
(sin“y)” € r | 


xr’ 
cos 'x+(sin” y)’ e€ o.e = 


cos x €[0,z] 


ae 0,4 +1] 
ya 


ee 2 
Equation cos x+(sin ‘y) = 


ae 0,4 +1] 
t 4 
ya 
Now (cos™x).(sin™y)* = 76 
4 
ee: ya 
sin = ——___.— 
( ) 16(cos”')x 


2 


is valid for 


2 
an 


F 1), (C08 a) + = 
rom (i), ( ) 16(cos*x) 4 


y 


y 


WY VUNIUY 


y 


12. (a) 


16 (cos?x)? + 24 = 4an’cos!x 

16(cos™) x? —~4ax’ cos’ x+z* =0 

Let cos?x =t € [-l, 1] 

16t? — fan? t+ 2*=0 

Roots must be real and lying in [—1, 1] 

f(-1), (1) => 0 and Disc > 0 

16+ 4an?+ n*> 0; 16 —4an? + 2*>0 and 16a’n*- 642*> 0 
Aan? > —1* -16; 4an?< 16+ 24; a’n*t > 4n4 


=. ga ‘a’ >A 

a 2 
—m*-16 16+2% 4 
ip 1p Jn{eaeestola4 | 


4 
The equation (i) and (ii) hold for a € 2,441] < (2,3] 
1 


having integer value 2. 


13. (c) Integer value of a = 2 


Y YY | 


y 


14. (a) 


2 
cos x +(sin™ y) = > and (cos™x) (siny)? = — 


16 
4 2 
ie eee 
( ) l6cos'x 2 
16t? + 2* = 82’cos!x 
16t? — 82°t + n* = 0; t= cos?x 
a 827 +6477" -—642* 
2x16 
_ 82° es ae Te 
32 4 
2 xr’ 
cos) x =— => x= cos = 
4 
2 mc a" x 4 
(sin y) <= oom SxS 
l6cos x X 146 <x 4 
16] — 
4 
sin’ y =+— => ys=sin’ (+4) =+] 


cot’ | (cos a)” | —tan™ | (cos a)” | =x 
Let (cosa) = B 


cot'b — tan! b =x 
sinx = sin[cot'b — tan’b] 
= sin (cot'b) cos (tan™ b) — cos (cot™ b) sin (tan™ b) 


“eal leel 


a ee ee ee 
1+f? VJl+f? Vl+fh’ Vl4+Ph’ 
_ ({1-f* |\_1-cosa tan? 
1+ f°} 1+cosa 2 


Passage D: 


15. 


16. 


17. 


18. 


32 
(d) cos(tan (tand)) ; 4 € [2] 
= cos[tan”'(tan(z + ))] ; where 4 = 1+ 0 


= cos| tan” (tan 0) |;0 -4-zeE (0.2) 
a 
22 


(d) Given x € [-1, 0) 1s negative possible value for sinx 


= cos@; since tan! (tan x) =x Vx e 


= cos (4 — 2) = cos (1 — 4) = — cos4 


Let sin! x = 0; x € [-1, 0); Oe 2.0) 


=> sind =x = cos@=-vl-sin’@ 


0 € 2.0) for whichcos @ > 0 


=> cos0= y1-x’ => cos (cos0) = cos? ¥1—x? 


=> cos! (cos(—8))) = cos! Jj]—x? ~~... cos (-x) = cos x) 


=> -§0=-—cos! yl- x’ as #e(0.2|<[0.4] 


2 


— @=-cos vl-x 


| = 2 
= sin x=-cos Vl-— x’ = oe i} 


—Xx 


= _ . = cot? | I~ x" | (cot (—x) =t- cot” x) 


x 
= -7+cot” | 
x 


3 5 
(d) Given ——<x<—— 
2 2 


er er oe qT 
sin (sin x) = sin [sin(2x+0)}0e|-2.2 |.x=28+0 


= sin [sind];0 ¢| =.= | = @=x-2n 
2-2 


2x 
1+’ 


(c) Given x > 1 


tan! x+ sin” ( 


sin”| | for fsx 


1+x 


Weknowthat, 2tan™ x =4—z-sin™ - = 5 | for <-l 
x 


z-sin [22 | fora 
1+x 


19. 
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2 
For x > 1; in"; <\an-2tan"'s 
Ex 


From (1) required expression = 2tan'x + 1 — 2tan'x = 7. 


(7) 
(c) Let y=| — 


=> y-xy=l1+tx 
l1-x 


2.2 


> y—-1l=x(1+y) re) 


Now 0<x<l 


1+x 
=> xe [0,1)as 1 ¢ Domain of (==) 


as 0<2 <1 ig, Js sian 
y 


(y -1) (y +1)>0; y #-landy+1>0 
y € (-«,—1) U [1], ©) and y >-1 
y € [1, ») 


Thus [—) E[1,00) 


YUY 


tan@ is an increasing function for 9 € [1, «) 
Least value = tan'1 = 2/4 and greatest limiting value = 
tan“oo = 1/2 


=> 
=> 


Passage E: 


20. 


21. 


22. 


] fi gil 
tan} —}]+tan "| —/+4.....4+tan7 | ———— 
Y G) g [=] 


if 2-1 if 4-2 if 2"-2"" 
= tan | ——|+tan igs all: || ——— 
141.2 14+2.4 14+2".2" 
= (tan? 2 —tan"1) + (tan'4 —tan'2)+ .....+(tan'2"— tan2"") 
= tan'2"— tan"1 


— KK 
For limit n > 0, sum — tan™oo -tan!1 > a = rr 


(d) cosec” V5 +cosec?J65 +cosec 325 +....t00 


= lim] tan” G +tan” G +tan” () BE aa +n" term 
x0 2 8 18 
t =] 3 —] -] ( 5 = 3 =] 
an + tan + tan 
1+1.3 1+3.5 


4{ 2n+1-(2n-1) 
1+(2n -1)(2n +1) 


= lim| tan (2n +1)-tan™'1|=—-—=— 
lim[ tan \(2n +1)— tan] => 
-1 2 1 -1 3 1 
(c) s =cot’| 27+—]|+cot™] 2°+— |+ 
2 7 
=i 4 1 -1 n+l 1 
cot | 2 Pe tn COl 2 
2 pi 
2 2 De 
~ | +tan ——— | 
+2.2° 14+2°.2 
at 2? e an 
tan =a +...+tan oa 
1+2°.2 14+2°2 
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4{ 2’-2 gf 2 2" 4 5 3 
= tan” +tan” ue => cosa=—>seca =—> tana =— 
1+2.27 1+272° 5 4 4 
od 74 93 nee aml _on » aaale oes 2tana ates 3/2 )( j= 24 6 
an Cros Ma CP aie: Nee 
ya {24 
= tan? (2"') — tan '(2) = cot'2 => 2ae( 04) = 2a =tan (#) 


s= 5 —tan (2) =cot"2 


23. (d) S, =cot'3 + cot! 7+ cot! 13 +..... ca gti ats SECTION-VII (MATRIX MATCH TYPE ANSWERS) 


=tan™ (1/3) + tan? (1/7) + tan (1/13) +... .+ (upto n® term) 1. (i) > (a); Gi) > (©) (iii) > (b) 


2 
= tan? | 22! 5 | + tan” dase a | (a (i) tan =) ~Atan?=-5 =0 
1+ 1+2.3 1+3.4 3 3 
t? 


aod = — -] 
beees _ + = 
jeer epee) (x 
t=Sort=-1 = tan 2 =Sor-1 


wenn) = tan '(n +1)-tan™1 


s,=2-7- : 
= = tan5 al tan(-l)=— (.. tan (tanx) =x Vx e R) 


J UU UNY 


x = 3 tan 5 or x = -3 tanl 

[tan™ (3x + 2)]?+ 2 tan? (3x + 2)=0 
t? + 2t = 0; t= tan! (3x + 2) 
t=Oort=—2 

tan (3x + 2) = 0 or tan! (3x +2) = —2 
3x +2 =0 or 3x + 2 = tan(-2) 


—(tan2 +2 
x = —2/3 or go et) 


da 
4 
2 


x 
4 
24. (b) S. = tan" —s 


=) ae 
12742" 
tan” 5) +... + upto (nth terms) 
- tar (4. zl |= da = 
l-r? +r‘ = 1+r°(r° -1) 


= 2r 
= Ditan™ ean (iii) 3(tan x)? — 4x tan™x + x? = 0 
Poa Dey 3t? — 4nt + n? = 0; t = tanx 


= Stan rrt+)-r7-)) 3t? — 3nt — nt + 1? =0 
ol l+r(r+])r(r-1) 


3t(t — m) —n(t-— 2) = 0 
n (3t — 1) (t-12) = 0 > t=n/s0rt—7 
=> | tan r(r +1)-tan" r(r -1)| 


tan'x = 1/3 or tan'x = n (impossible) 
= tan'n (n+ 1) — tan? 1.(0) = tan’ n(n + 1) 


x = 13 
=> S,— tan'o=n/2 


UUUUS 


y 


VYUUNY 


2. () > (b, c); (i) > Cd, e); (ili) > (a, d, e) 
(i) tan’x+tan"y +tan’z=x.Lettan'=0, tan"y + tan'z=0, 


Passage F: 6,+0,+0,=2 => 00,-x-9, 
F 2 (4) ee (2) tan(O, + 0,) = — tanO, 
25. (a) @+P=cos |—|t+tan | — tan@, +tand@ 
5 3 ——_1_———+_ = -tan6, 


1—tan6@,.tan@ 

tanO, + tanO, + tanO, = tanO.. tanO,. tanO, 
X+Yy +t Z=XYZ 

All x, y,z <0 

tan'x, tany, tan'z < 0 


YU Y vy 


26. tan'x, tan"y + tan’z <0 


But Ltan'x = 2 => x,y,z all can’t be negative. 


“oa 

a 

ws’ 

R 

D 

Q 

o. 

iv) 
GN 
NY 

= 

9 

a 
fe 

wld 
| 
I 

ag & | Ww 

> 

P wily 
re 
NY 

Ss 

ry 

5 

7 
NS” 


3_2 \ If any two of x, y, z <0 say x, y <0 andz>0 
= tan} 4 - 3 ile tan” FA = tan"x, tan“y <0 and tan'z > 0 
ai 1 => tan’x+tan'y + tan'z<0+0+2/2=n/2 


But Xtan'x = 2, so no two of x, y, z can be negative 


27. (a) 2a = 2cos” (=| If any one of x, y, z is negative say x <0, y,z>0 
> = tan'x <0, tany e€ (0, 2/2); tan"z € (0, 1/2) 


=> cos” (=| =e (0, = 2a € (0,7) => tan'x + tan'y + tan'z e€ (2.x) 


tan? x + tan"y + tan'?z<17 
All x, y, z are non-negative. 
Thus by A.M. G.M. inequality, x + y + z > 3 (x.y.z)'? 
XYZ > 3 (x.y.z)'8 
(xyz)'3> 3 
xyz > (33? = 3V3 
tan‘x + tan"y + tan’ z = 7/2. Let tan’x = 0,, tan’ y = 
0,, tan'z = 0, 
0+ 0, +0, = 7/2 
0+ 0, = 2/2 —-9, 
tan(9, + 9,) = cotO, 

tan@,+tané,  —s 1 

1— tan @,.tan 6, ~ tan 0, 


> tan 6,.tan6, =1 


Y J 


=> (xyz) 23 


YUY 


aan 
iH 
co 


WY UY 


y 


y 


xy t+yz+zx=1 
If x, y, z <0, then Xtan'x <0; but Ltan! = 7/2. 
If any two of x, y, z is negative, say x, y <0; z > 0, then 
tan’x + tan"y + tan'z < 7/2, but Xtan' = 7/2. 
If any one of x, y, z is negative say x < 0, y, z > 0 then, 
Xx.Y.Z <0 

1 


> XY.Z< 3B 
So Let x, y, z are non- negative 
by A.M. = GM, for xy, yz and zx 
xy tyz+zx> 3(x? y22?)"3 


=> 1>3 (xyz) => (xyz)? < 1/3 


l 
=> xyz< 3B 
(iii) tanx + tany + tan z = 1/2 ... (1) and 
xtyt+z=v3 ... (1) 
From (i), 8, + 6, + 8, = 2/2 
SRY PZ ZR ge ce (111) 
(By part (11)) 


Now xX? + y?+27=(k+y+zy-—2 (xy + yz + zx) =3- 
21) = 1 
Also (x —y)? + (y —z)? + (z— x)= 2[x* + y? + 2?-xy - 
yz — zx] =2[1-1]=0 

V3 1 


= (Sy 2 = = SS 
a ae ar a 


1 
> Xy.z= —= 
X.Y.Z 3B 


l 2 1 2 1) 
Al +yzt+zx= |=] +|~]| +/=| =1 
orem (5) +[5] 5) 


=> (a). (d) are true 


- @)— ©, €); Gi) > (a, d); (ili) > (b, ) 


(i) sin” (5 +tan™ (V3) = = > = 7 = A(given) and 
cos” (5 sen: H (given) 
Z 3 


x 2m at4nr Sz 
=> Atpw=—+—= =— 
6 3 6 6 

x 2X -x 


x 
and 1l—m = —-—=— > u-Az=— 
6 3 2 2 
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(ii) sin” 


=> |1+m=7/2;m-1=52/6 


(iii) sin” -2 | =A; sin” corso el) =U 
2 2 
X - inl a = 
=> aa sin cos(=}] Ll 


=> |=7/3;m=n7/6 > |1+m=-nr/6;m-1=72/2 


- @— (b,c); Gi) > (, d, e); (ili) — (a, ©) 


(i) 2tan!(2x + 1) = cos? (-x) 


age E ~(2x +1) 


= cos '(—x); for (2x +1)>1 
nett] peo 


1-—(2x +1)’ 
1+(2x +1) 


L.H.S <0 and R.H.S > 0 

= Equality holds for both sides equal to zero 
1-(2x +1)’ 1-(2x +1)’ 
SY efor 2x + 1 > 0 and eke es 
1+(2x +1) 1+(2x +1) 


and x = —1 for x <—1/2 (ampossible) 
=> 1-(x-+ 1)?=-x-x(2x+ 1)for x > —-1/2 
=> (x-1)(2x+1)=-x-1;x>-1/2 


And —cos” | = cos '(—x)for(2x+1) <0 


1 1 
=> eae ry => ie es 


2x\[-3°)) 2) 


Vana 
= 479 |; whereas 2cos"x e€ [0,27] 


(ii) 2cos! x = sin! 


-] (2xv1 = x’ 


For equality (1) to hold, both must belong to 0.2 


=> cos'xe c 4 > xe + 1 
"A es 
Let x € cos0; 0 € 0.2] 


=> sind = v1l-x’ 


R.H.S. = 2cos?!x; Also L.H.S. = 2cos!x 


sin 


~~ 


| 
Both are same for x € Bal 
V2 


eee (5) “(=5)-4 
(iii) tan | ——_ |+tan =— 
x-2 x+2 4 
ao 2 (a, er: 
(x I) Get) _ x le x° -1l-x° +4 


7 r ; hone 
(x-2) (x+2) x’°-4 x“ -4 
x’?-4<0O1e., x € (-2, 2) 
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24 = sin’y —sin'x = cos \(2xy) 
7, 71 forx’—4>01¢., x € (20, -2) U (2, w) As above cos"xy and sin‘ y — sin’x é€ [0, 2/2] 
cos! (cos (sin“y — sinx) = cos? (2xy) 


and = aa => l-y vl-x? +y.x=2xy 
= vl-x Jl-y =x 


x-l x+l 
tant] 4-2 x42 _|_7 py €(—2, 2) and get es rs | eth eo 
= x =( od 4 4 (iv) For a = 2, b = 2, sin™ (2x) + cosy + cos(2xy) = n/2 
RAZ) RAZ Ir 
=> sin'2x— (= —cos” v) =—cos ‘(2xy) 
x-1l x+l 
4 ee pe | => sin'y —sin!2x = cos‘(2xy) 
a+ tan "(ely ae for x € (—0, -2) U (2, «) => sin'y > sin2x => y>2x 
7 (x? -4) ieee = sin y—sin!2x<— 
x-1 x+l1 2 2 
and (x — 1)(x — 2); (x + 1)(xk +2)>0as — 
2: XZ = sin’ y—sin 2x and cos ‘(2xy)e 0.—| 
-1 x —] =| x +] . z . : 
=> tan 5 + tan aes <0, which is contrary to “. cos? (cos(sin“y — sin !2x)) = cos(2xy) 
given equation. => Jl-y’ V1-4x° + y(2x)=2xy 
Thus tan” — a, x © (2,2) and => (1-y’) (1 —- 4x’) = 0 or (4x?-1) (y*-1) = 0 
3 4° ° 
| 2x’ —4 1a 
a +tan =—;x € (-0,-2) U(2, 0 SECTION-VIII (INTEGER TYPE ANSWERS) 
4° (—00, —2) U (2, 2) 
2x” -4 1{2x?-4) 32 a ol sel ya 
=> =1 fi —2,2) and tan” | ——— | =— 1. sin | cos| tan’ —+tan  — ||=—(gi 
= or xX € ( ) an [ 3 Fi 3 5 i (given) 
for x € (—0, —2) U (2, ©) (impossible) 11 
ra y Renders 
=> aa - O for x € (-2, 2) 25 odie gpl 3°93 2 
=> x= 2102 a 1 k 
5. (i) > (a, c); Gi) > (b); Gili) > (a); Gv) > Cd) 32 
sin(ax) + cos“(y) + cos(bxy) = 5 (given) 3 
Oi aes. 
(i) Fora=1,b=0,sin'x+cos"y=7/2, Butsin'x+cos'x=n/2 = SCO tan 5 k 
=> cos'y =cos'!x > <= y¥ 6 
=> 2sin'x = 1/2 => sin'x=7/4 
_ R\- 2 KR 
= x=1v2=y => x+y=1 => sin feos |= e Fok = 
1/1 4} k 4 &k 
= @-)o?-D-= (-3|(5]+0 
2)\2 2. tan cos Ff tan” 2} 4 (A, 4) =1 (g.c.d.) 
and (4x? — 1) (y* -1) = (1) (1/2) #0 
(ii) For a= 1, b = 1, sin’x + cosy + cos’xy = 1/2 x tan ta (3) +tan (2) _4 
= sin’x — sin'y =—cos’xy LU 
=> sin’y —sin'x = cos ‘xy ... (A) 3 
Now -—< sin” y—sin™' x < = and cos'xy e [0, z], 4.5) ra 5 A 
2 ae” = tan;tan” =— 
but for (1) to hold, both sides must belong to [0, 2/2] Oe 2 vi 
=> cos?! (cos(sin'y — sin'x)= cos xy “45 
> yl-y?V1-x° + yx = xy = “" si a Aa 
; 14 
> Vi-xJ/i-y=0 3 (-x)0-y%)=0 e 
(iii) For a = 1, b = 2; sin'x + cos"y + cos” (2xy) = 1/2 ay See ("tan (tan?x) =x Vx € R) 


=> sin x — (= —cos’ »] =-cos ‘(2xy) 
2 A+19 23419 42 


A =23, u=14 - 
= sin’'x — sin'y = cos1(2xy) = a L 14 14. 


1 1 5 
573 4 x 32 
= x-|tan?| 2 3_||=7-tan?| © |=2-—=—— 
1 1 5 4 4 
lex — 
Z 6 
0 3 
7 = = =9 (in digress) 
15 4x15 20 


. If cos? Vx-l=sin'J¥2—x V xe[a,b], we know that 
cos x =sin 'V1-— x? for [0,1] 


cos’) /x-1 =sin’ /2-x = sin” ,/1 -(vx=1) 
= vx-le[0.J;x21 > («-DeE[0,1] 
=> xe [1,2] =[a, b] (given) 
=> at+tb=3 


. Area enclosed by y = sinx and y = sin™ (sinx) V x € [-2z, 
2n| =1?-k 


Area enclosed = 4 (area enclosed between y = sinx and y = 
sin (sinx) in x € [0, 7]) 


= 4 Ac of AOAB-|sinx | 


. 3sin'x =-—n — sin’ (3x — 4x?) ... (1) 
has solution set 
[a, b] and 3sin'x = 2 — sin™ (3x — 4x?) 


has solution set [c, d] 


ii) 


We know that, 


sin '(3x —4x’) for = <x< i 
Z Z 


3sin x =4-a -sin’'(3x —4x°)for -l<x< - 
mz —sin ‘(3x —4x*)for = x<l 


= [a,b] =[-1,-1/2] and [c, d] =[1/2, 1] 
=> Jal + |b] +|cl+ ld) =1+12+12+1=3 
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f;,_.2). 
7. 2cos™x = sin? (2x I-x }xe [a,b] (given) 


10. 


ff _.2 aX 
Here 2cos"x € [0, 2p]; whereas sin” (2x 1-x € 2.2 


For above inequality to be valid range of both sides 


1 
must be same i.e., sor 


=> 2cos x e [0, 2/2] and sin! (2xVv1-x’)e 0.2 | 


=> cos! x e [0, 2/4] and sin’ (2xv1-x’)e 0.2 


Further let cos! = 0 1.e., cos0 = x 
sin20 = 2sinO cos® = 2cos@V1—cos’ @ 


Oe 0, 4 
A 
=> sin20= 2xV1-x? 
= sin ‘(sin26) = sin”(2xy/1 — x?) 
= 26=sin" (2xvi-x [20 €[0, 2/2] 
=> 2cos'x= sin! (2x1 - x? ) 


1 
Thus for x € | —=,1] given equality is valid 
a] sen ati 


] 
spades Tee oY 
J2’ oe ee 1 

2 


[tan'x]? — 2 [tan?x] + 1 <0 
for greatest integer < x 


=> ({tan"x]-1) <0 


et (1), where [x] stands 


=> [tan'x] =1 


=> 1<tan'x<2 
=> tan 1 < tan (tan'x) < tan 2 
(.. tan™x is an increasing function V x € R) 
=> tanl <x<tan2 (." tan(tan?x) =x Vx e R) 
=> xe [tan 1, tan2) = ik=] 


x? + ax + sin? (x*— 4x + 5) + cot? (x*?-4x+5)=0  ...@) 
For (i) to be valid x” — 4x + 5 € [-1, 1] 
=> -]<x’?-4x+5<]1 
=> x’-—4x+6>0 and x?-4x+4<0 

But x* -— 4x + 6 > 0 as Disc. < 0 and x?- 4x +4 <0 
=> (x?-2y¥ <0 a, 

4a + 2a + sin’ (1) + cot’ (1) =0 
=> 4+2a+n/2+7/4—-0 


(22216) (2244) | 
= 623) SS (given) 
8 HL 


=> A=16,u=8 => A-pw=16-8=8 


m = number of positive integer solution of equation tan™x + 
cot'y = tan’ = 3 i) 
and (1 + ax)? = 1+ 8x + 24x? + ... {i1) 
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Now, x,y < Z — tan'n + 2x — tan? eel = 
=> cot'ly =tan"' (1/y) and x—=—>-l (n° +3n +1) 
Mee Dy. 2n+3 
From (1), tan’x = tan’3 — tan” (1/y) = are 
3_1 n?+ 3n?-n—-3=0 
SS peal Z =n = n=lasneN 
143(2) a -[x+4) 
- 13. sin (cos‘y) = a Sos ; x #0 
= ya DT _ 3 t3)-10 10 ad 2 
yaa ae (y +3) only possibility is; 


sin (cos'y) =+ 1 & hence x =+ 1 
ifx = 1 > sin (cos"y) =— 1 
=> Not Possible [°. O<costy <7] 


For y,x € Z,y +3 € {-10, —5, -1, 1,5,10} 1e., y € 
{-13, —8, —4, —2, 2, q3 


+ 

Buty e Z => ye {2,73 if x =— 1 => sin (cos"y) = 1 
= REAL 2h re => y-=0;Sox =-l1 & y = 01s solution 
. (x,y) € {C1 2), (2, 7)} are two positive integer solution 

of (4) 14. 

m = 2, also (1 + ax)" 1 + 8x + 24x? +.... 

1+ nax + ae ae =14+8x+24x’ +..... 

2 

eee n(n-la" _,, The graph of |y| = cos x & y = sin (sin x) intersects at 5 
ay peugs> 2 points in [—27, 37] 

Thus (2m — a) = 2(2) -2 =2 15. 


11. cos (2sin™ (cot (tan (sec(6cosec™x))))) = — 1 
sin’ (cot (tan (sec (6cosec'x)))) = + 5 


cot (tan (sec (6 cosec™x))) = + 1 


tan! (sec(6 cosec™!x)) = a 


(-1,—n/2) 2 


sec (6 cosec!x) = + 1 


ty =+ 3n,+42n,+ 
6 cosec’x 3m, +20, +7 From graph it is clear that m € (o, 4 iS 


rete OE x x 
cosec?x =4 —,4+ —,4— 
2 3 6 . 
, 3sin2a@ tana 
=> x=l, ws Cx>0) | 16. tan"! 5 43cos2a | * tm} 4 
12. tan’n+ tan(n+1)+tan(n+2)=2 ee ( Otana ago (2) 3 3tan* a 1 
(n+1+n+2) 8+2tan’ a 16+4tan* a 


-] Ee 
tann + 7 + tan (l-(n+l\(n+2)) = tan’ (tana)=a=Ad/4>X1=4 


